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On Permutable Subgroups of n-ary Groups

Awni Fayez Al-Dababseh
Department of Mathematics and Statistics, Al-Hus&h Talal University, Ma'an, Jordan

Abstract: It is proved that every permutable subgroup ohaein-ary group is subnormal.
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INTRODUCTION Lemma 1?: Let H and T are subgroups of n-ary group
G such that
We remind that, the system G = < X, ( )> with one[ o n-1 n17
n-ary operation ( ) is called n-ary group, if it is { T}=[T H} , then B :[H T} is a subgroup of G

associative and every one of the equations.

(@& ... 1 X341 vvnnes a)=a

is solvable in X, whereja... g, ald X,i=1, 2, ..., n.

Throughout this study all n-ary groups are finltet G

be n-ary group and let H is a subgroup of G, theB H T 4 £ @ and{H 'lrl} :P—IH}

called permutable n-ary group if HT=TH for all

subgroups T of G. Lemma 2?: Let H and T are subgroups of n-ary group
It is known however, that every permutableGg. |fH n T# ¢, then

subgroup of a finite group is subnorfdl In this | [HT|

study we prove this property for n-ary groups. ‘{H T} = |H . T|

andB O H.

Subgroup H of n-ary group G is called permutable
if for any subgroup T from G we have

PRELIMINARIES
MAIN RESULTS
Notation is standald

xmk -the sequencE,Xms1... % (if m = k then X" = x ). We are now to prove the following.

— K) Lemma 3: If Hu T are permutable subgroups of n-ary
Definition 1: Let G be n-ary group, them; is an -

identity if (xxlk(n—l)) :()Sk(n—l) x) — xforall xO G. group G, ther[H T} is permutable subgroup of G.

n-1)

Proof: Let D any subgroup of n-ary group G, then by
Definition 2: Let G be n-ary group and let(x G, then the definition of permutable subgroup 41D # @. By
i i n-1
thg sequence of glemem’sofG is called an inverse of lemma 1 K |HT | and it is mean that MD O
x if XX is an identity.
LetH< G andx, Y, are sequences of elements of [ n-r
S HT | nD#ao.
G, where i + j = k(n-1) [kO N], then the symbol
[ X, Hyi | denote all elementfq hy!) where hi H. Now since

By analogous of binary groups n-ary subgroup H ofHH ”.Iil} ”E‘)l} =[H 1 U—l:‘ =[ H WTZFBT} _
a group G is called normal if for anyixG and for any

sequenceXx we havexHx = H. [H nt-)lnT-l} =|:BIH ﬂ :F)‘[ H :rl_lﬂ

Definition 3: N-ary subgroup H of a group G is called n-1

subnormal in G if: So [H T} is permutable subgroup in G.
H=N,sN<.<N,<N=G

Where Nis a normalin Ny, i =0, 1, .., t-1. Lemma 4: Let H be a subgroup of n-ary group G. Then

~ If Hand T are subgroups of n-ary group G, thenjt for some element X1 G and for some sequence of
[H T}is the set of all productéh, ..h t ), where b inverse X) of x we have [HH"] = G, where
OHand{OT. H, =xHx , then H = H.
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Proof: Letx = (al ... b,.1) where ad H and b0 H,. We show that N is a normal subgrpyp of G. let Nis
Let b be a sequence of elements from Wwhich are nokt) normal subgr?ug. Byeg:g def|hn|t|hon Ol\fi nol\rlmal
. - ) subgroup we can find som such that x\X #
|n\ierses for blb L 2b— : % Theg where Error! Bookmark not defined. is some
a= (ab_ e By b D) = (XD, "_"bl)' sequence that is inverse of x. igf:G - G defined by

It is clear, that b .. b; x is the sequence of 4 (g) = xgx for all g0 G. by lemma 5,4, -is an
inverses for a. That means & is any sequence of ** ’ ' e
elements of H that inverse for a , then H[al—lz‘a]z automorphism n-ary group G. That meansNs a

B permutable subgroup of n-ary group G/N|=|xN¥X .
[(Bsh) H(B b X ] =] xif= H . o
Applying lemma 1 we haveD =[N N} {N N}
Lemmab5: Let x be an (_element of n-ary group G and IetWhiCh contains N subgroup n-ary group G, where
¢, - G ~ G amap defined by, (g) = xgx where gJ N, = xNx. According to lemma 2 the order of this
G and X is some sequence that is inverse for x. The%ubgroup is:
¢, is an automorphism of G. e ‘ N[N

— 1

N:i N| =
IN, 0 N|
Since N# xNx and N=| xNk, then d > N. But by

Lemma 3 subgroup D is permutable in G. That means
D = G and this contradict lemma 4. So N is a normal

d=

Proof: For any sequence of elemegf from G we
have

6,(9--9,)=xg...9,) %=

(x(a39( g3 g Xk g k= subgroup of g. SincgN|<|G| and H is permutable
((Xgﬁ())(xgﬁ@ ----- ( X9_>)=( g g.. ﬁ) subgroup of N, then by, choosing group G we can
So ¢, is an endomorphism of n-ary group G. conclude that H is subnormal subgroup in N. It nsean

If g 0 G, theng, (Xgx) = ((Xgx) X) = g. It means H is a subnormal subgroup of G.

that ¢ x is an epimorphism. It is obvious thgt is an REFERENCES
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Proof: We prove by induction on the order of n-ary 3.
group G. let N is the greatest permutable subgofup
(N# G) that contains the subgroup H.
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