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INTRODUCTION 

 
 We remind that, the system G = < X, ( )> with one 
n-ary operation ( ) is called n-ary group[1,2], if it is 
associative and every one of the equations.  
(a1 a2 …. ai-1 x ai+1 …… an) = a 
is solvable in X, where a1, … an, a ∈ X, i = 1, 2, …, n. 
Throughout this study all n-ary groups are finite. Let G 
be n-ary group and let H is a subgroup of G, then H is 
called permutable n-ary group if HT=TH for all 
subgroups T of G.  
 It is known however, that every permutable 
subgroup of a finite group is subnormal[3,4]. In this 
study we prove this property for n-ary groups.  
 

PRELIMINARIES 
 
 Notation is standard[2] 

k
mX -the sequence XmXm+1…Xk (if m = k then m

m mX x= ).  

 

Definition 1: Let G be n-ary group, then ( )1
1
k nx −  is an 

identity if  ( )( ) ( )( )1 1
1 1
k n k nx x x x x− −= =  for all x ∈ G.  

 
Definition 2: Let G be n-ary group and let x ∈ G, then 
the sequence of elements x  of G is called an inverse of 
x if xx  is an identity.  

 Let H ≤ G and 1
ix , 1

jy  are sequences of elements of 

G, where i + j = k(n-1) [k ∈ N], then the symbol 

1 1
i jX H y    denote all elements ( )1 1

i jx h y  where h ∈ H.  

 By analogous of binary groups n-ary subgroup H of 
a group G is called normal if for any x ∈ G and for any 
sequence x  we have .xHx H=  
 
Definition 3: N-ary subgroup H of a group G is called 
subnormal in G if:  

0 1....i t tH N N N N G−= ≤ ≤ ≤ ≤ =  

Where Ni is a normal in Ni+1, i = 0, 1, .., t-1. 
 If H and T are subgroups of n-ary group G, then 

i n i

H T
− 

  
is the set of all products ( )1 1.. i n ih h t t − , where hi 

∈ H and tj ∈ T.  

Lemma 1[2]: Let H and T are subgroups of n-ary group 
G such that  

1 1n n

H T T H
− −   =      

, then B = 
1n

H T
− 

  
 is a subgroup of G 

and .B H⊇   
 Subgroup H of n-ary group G is called permutable 
if for any subgroup T from G we have  

T H∩ ≠ Φ  and 
1 1n n

H T T H
− −   =      

 

Lemma 2[2]: Let H and T are subgroups of n-ary group 
G. If H ∩ T ≠ φ, then  

1n H T
H T

H T

−  =  ∩ 
 

 
MAIN RESULTS 

 
 We are now to prove the following. 
 
Lemma 3: If H u T are permutable subgroups of n-ary 

group G, then 
1n

H T
− 

  
 is permutable subgroup of G.  

Proof: Let D any subgroup of n-ary group G, then by 
the definition of permutable subgroup H ∩ D ≠ φ. By 

lemma 1 H≤ 
1n

H T
− 

  
 and it is mean that H∩D ⊆ 

1n

H T
− 

  
 ∩ D ≠ φ.  

Now since 
1 1 2 2 1

1

1 1 1 1 1 1

....

n n n n n
n

n n n n n n

H T D H T T D H T D T

H D T D H T D H T

− − − − −
−

− − − − − −

      = = =            

      = =             

 

So 
1n

H T
− 

  
 is permutable subgroup in G.  

 
Lemma 4: Let H be a subgroup of n-ary group G. Then 
if for some element x ∈ G and for some sequence of 

inverse (x ) of x we have 1
1
nH H −    = G, where 

1H xHx=  , then H = H1.  
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Proof: Let x = (a b1 … bn-1) where a ∈ H and bi ∈ Hi. 

Let ib  be a sequence of elements from H1 which are 

inverses for bi, i = 1, 2, …, n-1. Then  

a = (ab1 … bn-1 bn-1 … b) = (x 1 1....nb b− ).  

 It is clear, that b1 .. bn-1 x is the sequence of 
inverses for a. That means if a  is any sequence of 

elements of H that inverse for a , then H = [ ]aHa = 

( ) ( ) [ ]1 1 1 1 1... ....n nxb b H b b x xHx H− −
  = =  .  

 
Lemma 5: Let x be an element of n-ary group G and let 

xϕ  : G → G a map defined by ( )x g xgxϕ =  where g ∈ 

G and x  is some sequence that is inverse for x. Then 

xϕ  is an automorphism of G.  

 
Proof: For any sequence of element 1

ng  from G we 

have 

( ) ( )
( )( ) ( )( )

1 1

1 2 1

.... ....

....
x n n

n n

g g x g g x

x g xx g xx g xx g x

ϕ
−

= =
=

 

( )( )( ) ( ) ( )1 2 1 2..... ....x x x
n nxg x xg x xg x g g gϕ ϕ ϕ=  

So xϕ  is an endomorphism of n-ary group G.  

 If g ∈ G, then xϕ ( xgx) = (x( xgx) x ) = g. It means 

that ℓ x is an epimorphism. It is obvious that xϕ  is an 

injection.  
 
Theorem: If H is a subgroup of n-ary group G that is 
permutable with any subgroup of G, then H is a 
subnormal in G.  
 
Proof: We prove by induction on the order of n-ary 
group G. let N is the greatest permutable subgroup of G 
(N≠ G) that contains the subgroup H. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 We show that N is a normal subgroup of G. let N is 
not normal subgroup. By the definition of normal 
subgroup we can find some x∈ G such that xNx ≠ N 
where Error! Bookmark not defined. is some 
sequence that is inverse of x. let xϕ :G → G defined by 

xϕ (g) = xgx  for all g ∈ G. by lemma 5, xϕ -is an 

automorphism n-ary group G. That means xNx  is a 

permutable subgroup of n-ary group G u N xNx= . 

Applying lemma 1 we have 
1 1n n

D N N N N
− −   = =      

 

which contains N subgroup n-ary group G, where 

1N xNx= . According to lemma 2 the order of this 

subgroup is: 
1

1
1

1

n N N
d N N

N N

−
= =

∩
 

 Since N ≠ xNx and N xNx= , then d > N. But by 

Lemma 3 subgroup D is permutable in G. That means 
D = G and this contradict lemma 4. So N is a normal 
subgroup of g. Since N G<  and H is permutable 

subgroup of N, then by, choosing group G we can 
conclude that H is subnormal subgroup in N. It means 
H is a subnormal subgroup of G.  
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