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Abstract: A new recursion formula for computing the thn −  derivative of the composition of two 
functions has been introduced in this contribution.  The importance of this new formula is associated 
with its counterpart; Leibniz rule for finding the thn −  derivative of the product of two functions. 
Furthermore the process of computing this formula has been presented in   algorithmic format herein. 
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INTRODUCTION 
 

The object of this research is trying to 
introduce a formula to find the thn −  derivative of the 
composition of two functions, like the Leibniz rule of 
differentiation the product of two functions[3].  This is 
one of the basic theorems in applied mathematics, and 
the most useful formula in differentiation[1, 2, 3].  The 
Leibniz rule to find the thn −  derivative of the 
product of two functions )(xu , )(xv  is given by 
formula : 
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A generalization of  this formula to three functions 

)(xu , )(xv , )(xh , is given by: 

∑
=

=
n

i
n

n

xhxvxu
dx
d

0
))()]()(([ 








i
n  

)]()([ xvxu
dx
d

i

i

)(xh
dx
d

in

in

−

−
 

=∑
=








n

i i
n

0
∑
=








i

r r
i

0
)(xu

dx
d

r

r

)(xv
dx
d

ri

ri

−

−

)(xh
dx
d

in

in

−

−

 

 
The proof of the Leibniz rule follows from the 

binomial theorem 
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and by assuming an operator: 

vu DDD
dx
d

+==: , 

where uD  acts only on u  and vD  acts only on v . 

Then )]()([)()]()([ xvxuDDxvxu
dx
d n

vun

n

+= . 

The operator vu DD +  can be expanded by 
the binomial theorem to give the Leibniz rule. 

Now, we will try in the next section to find a 
general formula like that in the Leibniz rule, to find the 

thn −  derivative of the composition of two functions 
given by ))(())(( xvuxvuy == .  An algorithm 
for computer programming to find the formula derived 
in section 2, will be presented in section 3. 
 

RESULTS AND DISCUSSION 
 

Description of the Formula: To have an idea about a 

possible formula for the  derivative 
n

n

dx
yd  of the 

function ))(( xvuy = , let us write the derivative when 
4,3,2,1=n . We will use the dots to represent 

differentiation with respect to x  and the primes 
represent differentiation with respect to v  

vuy ′=  

vuvuy ′+′′= 2  

3
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3 3 vuvvuvuy ′+′′+′′′=  

41312
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144 436 vuvvuvuvvuvuy ++++= , 

where iu  is the thi −  derivative of u  with respect to 

v  and iv , iy  are the thi −   derivatives of v , y   
with respect to x , respectively.   
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The thn −  derivative of ))(( xvuy =  is 

founded by differentiating the stn )1( −  derivative of 
))(( xvu . 

The stn )1( −  derivative of ))(( xvuy =  has the 
form: 
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where ),...,,( 1 ippia  is a strictly positive integer 

depends on ippi ,...,, 1 .  The above formula can be 

proved by induction on 1−n . And thus 
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 The coefficient ),...,,( 1 ippia  depends also on 

1−n , but the 1−n  is dropped because also 

ipp ,...,1  depend on 1−n . The equation )2.2(  can 
also be written in the form: 
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under the conditions 1...11 −=++ nprpr ss  and 

irr s =++ ...1 ,   

where  ss pprrs ,...,,,...,, 11  are all strictly positive 
integers. 
The above equation can be rewritten in the form: 

∑
=

=
n

i

t
q

t
qivvn

s

v
vvutqtqiby

1
11 ...)),(),...,,(,( 1

1

                       (2.4)  

under the conditions nqtqt vv =++ ...11  and 

itt v =++ ...1 , where  vttv ,...,, 1  vqq ,...,1  are all 
strictly positive integers.  Thus this derivative is 
completed by determining the coefficients 

)),(),...,,(,( 11 vv tqtqib associated with 
v
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1
 under the mentioned conditions 

ni ≤≤1 , nqtqt vv =++ ...11  and,  

itt v =++ ...1 .  In order to find a possible recursion 
formula for these coefficients; that is writing the 
coefficients of the thn −  derivative in terms of the 

coefficients of the stn )1( −  derivatives, the following 
remarks must be noted: 
1. In differentiating )3.2( , the rule of 

differentiating the product of functions is used, iu  

is first differentiated to give 11vui+ ; which causes 

only a multiple of 1v . 
2. The other factors in the product are also 

differentiated; i.e. s

s

r
p

r
p vv ...1

1
, which gives: 

s

s

r
p

r
pp

r
p vvvvr ...2

21

1

1 1
1

1 +
−

1
1...... 1

1 +
−++

s

s

s p
r

p
r

ps vvvr  
 
Recursion formula: Thus, by the above argument, the 

thn −  derivative ny  of  y  with respect to x  has the 
form: 
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1...11 −=++ nprpr ss and irr s =++ ...1  

nqtqt vv =++ ...11 and itt v =++ ...1 . 
Specifically, we have:  

===+ 1))1,1(,1( npb s  coefficient of 11
nvu . 

==1)),1(,( nnb  coefficient of n
nvu 1 . 

So, for possible factorization of the form 
nqtqt vv =++ ...11 , where itt v =++ ...1  the 

coefficient )),(),...,,(,( 11 vv tqtqib  associated with 
v

v
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1
, are to be founded, where sql '  are 

distinct and 
12 ll qq >  whenever 12 ll > .  These terms 

come from:  
I.  For all lq , vl ≤≤1 .  It comes from the derivative 
of a term of the form: 
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under the conditions 
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II.  If 1=lq .  A term is also added from the derivative 
of 
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 Combining these together gives the coefficients 
)),(),...,,(,( 11 vv tqtqib  

by the formula 
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where the sum is taken under the conditions 1S  and 

2S , which proves the following theorem: 
 
Theorem 2.1: The thn  derivative of composite 
function ))(( xvuy =  is given by the formula: 
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where the second sum is taken under the conditions in 

1S  and 2S  and the first sum is taken under the 

conditions in 1S  and 3S , where, 

=:3S nqtqt vv =++ ...11  

and the sa'  are the coefficients of the stn )1( −  
differentiation of ))(( xvu  
 
3.  Algorithm: The following algorithm can help to 
find computer programming  to compute the 
composition rule.   
 
 
 
 
 

For fixed n  
1. 1)),1(,1())1,(,1( == nbnb . 
2.  For 12 −≤≤ ni , we find all possible 

distinct pairs ),( jj rp , where sj ≤≤1  

which satisfy nprpr ss =++ ...11  and 

irr s =++ ...1  
3. For possible factorization 
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where the sa'  are the coefficients of differentiating 
1−n  times. 

 
CONCLUSION 

 
A new recursion formula for computing the nth 
derivative of two functions has been introduced in this 
paper. Furthermore, an  algorithm  for  the  formula has 
been constructed. This  algorithmic approach enables us 
to write a  program  to compute the required result. The 
obtained formula is important in many application areas 
of applied mathematics such as physics, engineering 
and computer science. Further work that can be done on 
this contribution is automating the introduced algorithm 
using one of the high-level programming languages. 
Our newly-introduced formula is considered as 
important as the well-known Leibniz Rule with respect 
to computing the nth derivative of two functions. 
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