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Finite Element Analysis of Frictional Contact Problem During the  

Process of Metal Working 
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North University of Baia Mare, Romania 
 

Abstract. The quasistatic contact problem with dry friction, contributes to the achievement of a 
numerical model for the simultaneity of different kinds of viscoplastic, incompressible materials 
forming. Starting from a variational formulation of the problem, which extends the static case, a 
perturbed Lagrangean, discrete formulation within the framework of finite element method is obtained. 
On the contact boundary we have used a method based on contact finite elements, with three nodes, for 
the unilateral contact conditions with the friction law. One numerical example is presented. 
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INTRODUCTION 

 
The paper presents a formulation of the basic 

approach for finite element modeling of material 
forming processes with a viscoplastic, incompressible 
and frictional contact approximation. 

Assume that the body is subject to volume forces 
while the input and output velocities are given and on a 
part of the boundary it is in a unilateral frictional 
contact with a rigid fixed support. Our interest is 
focused on the discretization by finite element of the 
contact area, such as the geometry of the contact area, 
the contact conditions and the frictional law is well 
approximated. The main numerical problems presented 
are: variational problem, evolving contact friction, 
modeling with finite contact element, incremental 
approach, meshing and remeshing of the domain, 
solving the non-linear set of equations using Newton-
Raphson method. 

The problem is also reduced to a set of 
optimization constrained problems. We solve this 
problem by using the Lagrange multipliers method. In 
order to illustrate the physical model the quasistatic 
problem is considered. The purpose is to find such 
velocities for the given boundary and constrained 
conditions that the forming processes are steady-state 
 

MATERIALS and METHODS 
 

Consider a Lipschitzian domain Ω  on NR , 
1, 2,N =  with boundary Γ . Let 0Γ  and 1Γ  be open 

and disjoint parts of Γ  so that 0 1Γ = Γ Γ� . We 
suppose that in the initial stage the body occupies the 
domain Ω  and we restrict it to small displacement and 
small strains case. 

Assume that the body is subjected to volume 
forces of density ( )1 2,= f ff on Ω , while the 
 velocities are given on 0Γ  with ( ) 0m Γ >  and on 

1Γ  it is in unilateral contact with a rigid fixed support. 
We use the following notations for the normal and 
tangential components of the velocities and of the stress 
vector: 

n i iv n=v , ti i n iv v v n= − , n ij i jn nσ=σσσσ , 

t ij j n in nσ σ= −σσσσ  where , 1, 2,i j =  1 2( , )n n n=  
are the outward normal unit vector on Γ  and the 
summation convention are used for i and j. 

The contact problem with friction law of 
elastoviscoplastic incompressible material model as the 
following classical formulation [1]: 

Find the field of velocities 

1 2( ) ( ( ), ( ))v x v x v x= , defined Ω , which satisfy the 
following equations and conditions}: 

the equilibrium equation 
div 0+ =fσσσσ  on Ω   (1) 

- the incompressibility condition 

div 0=v  on Ω    (2) 

- the constitutive equation 

2D
IIη= D Dσσσσ  (3) 

where  
tr

;
3

D I= − σσσσσ σσ σσ σσ σ  
1
2

ji
ij

j i

vv
D

x x

� �∂∂= +� �� �∂ ∂� �
, 

 
1
2II ij ijD D D= , 

1
2

D D
ij ijσ σ σ=  and 0η >  is 

viscosity coefficient. 
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- the boundary conditions for field 
velocities: 

1v=v  on '
0Γ   (4) 

2v=v  on ''
0Γ   (5) 

- the unilateral contact conditions with 

friction law on ' ''
1 1 1Γ = Γ Γ� : 

0 with

0 0

0 0 and

0

0

with

n

n n

n n

t n t

t n

t t

vµ
µ λ

λ

≤
< � =
= � ≤

< � =

< � ∃ ≥
= −

v
v
v

v

σσσσ
σσσσ

σ σσ σσ σσ σ

σ σσ σσ σσ σ
σσσσ

 (6) 

The classical formulation of this problem is as 
follows: 
Problem P1: Find the velocities 1 2( , )v v v= , which 

satisfy (1) – (6), where 1 2, , ,v v µf  and η  are given. 
It is known[2] that a variational formulation of the 

Problem P1 is the following inequality: 
Problem P2: Find 1 2( , )v v=v  such that 

1
( , ) div div( )

( , ) ( , ) ( , ) , ,

a v u v v u v dx

J v u J v v L u v u K
ε

− + − +

+ − > − ∀ ∈

�         (7) 

where 
1

' ''
0 0

1

{ ( ( )) ,

a .i . on , a .i. on ,

div 0 on , and 0 a .e. on },

N

i e

n

K u H

u u u u

u u

= ∈ Ω
= Γ = Γ

= Ω ≤ Γ

     (8) 

1

( , ) 2 ( ( )) ( ) ( ) ,

, ( ( )) ,

II ij ij

N

a v u D v D v D u dx

u v H

η
Ω

=

∀ ∈ Ω
�     (9) 

1

( , ) ( )n tJ u v v u dsµ σ
Γ

= � , (10) 

1( ) , ( ( ))N
i iL u f u dx u H

Ω
= ∀ ∈ Ω� ,        (11) 

where 1, 2N = ; 1
1 2( , ) ( ( ))Nf f f H= ∈ Ω , ε  is 

the penalty parameter of the unsatisfactory of the 
incompressibility condition. 
 
Finite element discretization of the 
problem: We consider a discrete variational problem 

P2 using four nodes isoparametric  finite elements on 
Ω , and three nodes contact element [3, 4] on 1Γ . 

The contact finite elements with 3 nodes (see 
Figure 1) is a bilinear isoparametric element which 
associates one gap with a typical slave node s  is given 

by 1( )sg x x n= − , where n denotes the normal 

master segment 1-2, s s sx X v= +  defines the current 

position of the slave node, and 1 1 1x X v= + , 

2 2 2x X v= +  define the current position of the master 
segment. 
 

 
   Fig. 1: Geometry of a slave node with a master    

segment 1-2 
 

In all numerical applications we have derived a 
perturbed Langrangean formulation for the case of 
frictional stick and for the case of frictional slide. For 
the case of frictional stick the perturbed Lagrangean 
functional for bodies in contact has the following form:  

( , , , ) ( )

1 1
2 2

1
2

T
n t v n n

T T T
n t n n t t

n t

T
v v

L v D v G

G

D D

ω ω

ε

	 	 = ∏ +	 +

+	 − 	 	 − 	 	 +

+

        (12) 

where v is the vector of nodal velocities n	 , t	 , are 
the vectors of normal and tangential nodal contact 
forces, respectively, Gn and Gt are the vectors of normal 
and tangential nodal gaps, and nω , tω  are the normal 

and tangential penalty parameters respectively, ( )v∏  
are the total potential energy, ε  is the penalty 
parameter of the unsatisfaction of the incompressibility 
condition and Dv is the vector obtained from the 
incompressibility condition. 

For the case of frictional slide the relation 

t nµ	 = 	  must be considered, as a direct 

consequence of the Coulomb's friction law. 
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The Newton-Raphson method was applied to the 
discrete variational formulations that can be derived 
from these perturbed Lagrangean functional. 

In the three dimensional case[7], a four node 
contact element consisting of three "master" nodes 1, 2, 
3 and one "slave" node’s, is employed (see Figure 2). 
 

 
 
Fig. 2: Three-dimensional contact finite element 

 
Normal vectors on a defined plane by the nodes 1, 

2 and 3 and respectively the vectors, defined by 
directions of the nodes 1-2 and 1-3 will be: 

2 1 3 1

2 1 3 1

( ) ( )
( ) ( )
x x x x

n
x x x x

− ⋅ −=
− ⋅ −

; 2 1

2 1

x x
t

x x
−=
−

; 

3 1

3 1

x x
x x

τ −=
−

 

where 1 1 1x X u= + , 2 2 2x X u= + , 3 3 3x X u= +  
signify the current positions of master nodes; X1, X2, X3 
are reference coordinates and u1, u2, u3 are current nodal 
displacements of points 1, 2 and 3. 

In addition, we define the current "surface 
coordinate" as following: 

1

2 1

( )s
t

x x
a t

x x
−=
−

; 1

2 1

( )sx x
a

x xτ τ−=
−

 

where s s sx X u= +  denotes the current position of 
the slave node. The normal and tangential gaps gn, gt, 
gτ  are defined as 

 1( )n sg x x n= − , 

 0
2 1( )t t tg a a x x= − − , 

 0
3 1( )g a a x xτ τ τ= − − , 

where 0
ta  and 0aτ  are the old surface coordinates at the 

last time step known. 

Note that the gap g depends on the slave node s as 
well as on the master nodes 1, 2 and 3. Thus, the 
variation of the gap is obtained according to 

1 1 2 2

3 3

[ ( , , ,

]

s s

d
g g x x x

d
x

αη αη αη
α

αη

= + + +

+
 

where 

1 2 3 1 2 3( , , , ) ( , , , )s su u u u uη η η η η δ δ δ δ δ≡    (13) 
With respect to finite element 

implementations, explicit matrix expressions for the 
Lagrangean multiplier formulation and the penalty 
formulation are derived as follows. 
The discrete variational equation associated with (12) 
take the form:  

( ) 0T T T
u n u n t u t uu G G Gτ τδ δ δ δΠ + Σ + Σ + Σ =  (14) 

1
0T

n n n
n

Gδ
ω

� �
� �
� �
� �� �
� �

Σ − Σ + =    (15)  

1
0T

t t t
t

Gδ
ω

� �
� �
� �
� �� �
� �

Σ − Σ + =    (16) 

 
1

0T Gτ τ τ
τ

δ
ω

� �
� �
� �
� �� �
� �

Σ − Σ + = ,   (17) 

where 1
2( ) ( ) ( )Π = , −u a u u L u  is the total potential 

energy of the bodies in contact, 
1 2 ,

Ts
u n u n u n u nG g g … gδ δ δ δ� �

� �
� �

= , , ,
1 2 Ts

u t u t u t u tG g g … gδ δ δ δ� �
� �
� �

= , , , , 

1 2 Ts
u u u uG g g … gτ τ τ τδ δ δ δ� �

� �
� �

= , , , , S = total number of 

slave nodes in contact 1 2= , , ,s … S , analogous for nδΣ , 

tδΣ , τδΣ . 

The variational of a typical nodal normal gap n ng G∈  
take the form:  

3 3 3

1 1 1

j jn n
n s ij j

j i js i

g g
g

u u
δ η η

= = =

∂ ∂= + ,
∂ ∂	 		  with the 

notation (13) and  

( )1 2 3 1 3
1 3

n n n n n

s s s

g g g g g
n u u u u u

c …∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

= , , , , , , 

1 2 3 1 3
1 3s s s …η η η η η η� �

� �
� �

= , , , , , , we obtain:  

T
n ng cδ η= .  
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Similarly, the variation of a typical nodal 
tangential gap t tg G∈ , g Gτ τ∈  can be obtained 

according to T T
t tg c g cτ τδ η δ η= , = .  

Moreover, the residual vector BR  and the tangent 

stiffness BK  associated, with the total potential energy 
of the contacting bodies simply read, result  

( ) andT T
B B Bu R R Kδ η δ ηΠ = = .  

With, the convention:  
1 12 1 2 3 1 3

1 3s s su … u u u u u … u� � � �
� � � �
� � � �

, , = , , , , ,      (14) become:  

      
1

0
S

T s s s s s s
B n n t t

s

R c c cτ τη σ σ σ

 �
� 
� �

� �� 

� �� 
=� �

+ + + =	   (18) 

and analogously for  (15)-(17) where  

n n t t τ τσ σ σ∈Σ , ∈Σ , ∈Σ .  
To apply Newton’s iteration scheme, consistent 
linearization of  (18) and those corresponding  (15)-
(17), at ( )u tu τ,Σ ,Σ ,Σ  is performed and leads  

11 2 3 4

22 2

3 3 3

4 4 4

T
nT t T T

n t T
t

T

u RA A A A

RA B O O

RA O C O

RA O O D

τ

τ

η δ δ δ

� �� � � �
 �
� �� � � �� 

� �� � � �� 

� �� � � �� 

� �� � � �� 

 �� � � � ��
� � � � ��� 
� 


� �� � � � ��� 

� � � � ��� 

� � � � ��� 

� � � � ��� 
� 
 � �� �� �� �� �� �� �

∆
∆Σ

, Σ , Σ , Σ = −
∆Σ
∆Σ

 

where  

1 2 3
1 1 1

4 2 3 4
1

1 1 1

S S S
s s s s s

B n t n t
s s s

S
s

s n t

A K k k k A c A c

A c B I C I D I

τ

τ ω ω ωτ

� �
� �
� �

= = =

=

= + + + , = , = ,

= , = − , = − , = − ,

	 	 	

	
 

1
1

S
s s s s s s

B n n t t
s

R R c c cτ τσ σ σ� �
� �
� �

=

= + + +	  

 

2 3

4

1 1

1

n n t t
n t

R G R G

R Gτ τ
τ

ω ω

ω

= − Σ + , = − Σ + ,

= − Σ + ,
 

 
O is the matrix zero, and  

2 2si s si s
s sn n t t
n tji ji

j i j j i j

c g c g
k k

u u u u u u
� � � �
� � � �
� � � �

∂ ∂ ∂ ∂= = , = = ,
∂ ∂ ∂ ∂ ∂ ∂

 

 
2si s

s

ji
j i j

c g
k

u u u
τ τ

τ
� �
� �
� �

∂ ∂= = .
∂ ∂ ∂

 

Finally after the discrete formulation within the 
framework FEM, a standard assembly procedure can be 
used to add the contact contributions of each contact 
element to the global tangent stiffness and residual 
matrix and thus we obtain: 

K U R= ,  (19) 

where 
1 1

S S
s s

B C B C
s s

K K K R R R
� �
� �
� �
� �

= =� �

= + , = − +	 	 ,  

BK , BR  are mechanical global tangent stiffness 

matrix and residual vector, s
CK , s

CR  are mechanical 

contact contributions of contact nod s , 

( )Tn tU u τ= ∆ ,∆Σ , ∆Σ , ∆Σ , S  is the total number of 

the slave nodes. And for n t τω ω ω ω= = = , and 

n ngσ ω= , t tgσ ω= , gτ τσ ω=  result  

1

C

S
s s s s s s sT s sT s sT s
n n t t n n n t t

s

K

g k g k g k c c c c c cτ τ τω � �
� �
� �

=

=

= + + + + +	
 

1

S
sT s sT s sT s

C n n t t
s

R g c g c g cτ τω � �
� �
� �

=

= + + .	   (20) 

For the case of frictional slide we used the 

relation tan nµΣ = Σ , where µ  is the coefficient of 

friction and tanΣ  is the result force of the tΣ  and τΣ , 
forces in the tangent plane of the contact surface.  

Note with β  the angle between the sides 

2 1x x−  and 3 1x x− ; we obtain cos tβ τ=  and  

2 2
tan 2 cost tg g g gτ τλ µ ε β= + + where 

sgn ( )tg gτε = . As a direct consequence of 

Coulomb’s friction law, it results ng rµω ω= , 

where 2 2 2 cost tr g g g gτ τε β= + +  therefore  

tan sgn ( ) ,tt t gg g
t n t n nr r rg g g gλ λ ω µ ω µ ω= = − = −

g
nr gτ

τλ µ ω= − . 

If we write tg
t rd = , g

rd τ
τ = ,  td

t ub ∂
∂= , 

d
ub τ

τ
∂
∂= , 

from linearized kinematics (i.e., by neglecting non-
linear terms tk  and kτ ), we obtain: 

1 2
1

S
s S

C
s

K SL SL� �
� �
� �

=
= +	 , with  
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(
)

1

2

1

 and

S s s s s s s s sT s
n n n t t n n n

s sT s
t n t

s sT s sT s sT sS
t n n t t n

S
sT s sT s sT s

c n t t n n n
s

SL g k g d k g d k c c

d c c

SL d c c g b c g b c

R g d c g d c g c

τ τ

τ τ τ

τ τ

ω µ µ

µ

ω µ µ µ

ω µ µ

� �
� �� �
� �

� �
� �
� �

=

= − − + −

−

= − − −

= + − .	

 

 
The Newton-Raphson method was applied to the 

discrete variational formulation that can be derived 
from these perturbed Lagrangian functional.  
The scheme of solving the linearized problem is 
following:  
(i) initialisation set the iterative count 0k = , 

(0) 0u = ;  
(ii) compute the system stiffness and residual excluding 
contact;  
(iii) compute contact stiffness and residual for each 
finite element s , 1= , ,s … NC   
  a) compute the normal gap ( )( )s k

ng ;  
  b) check for contact finite element status:  
    IF ( )( ) >s k

ng TOL  then out of contact  
    ELSE in contact. Check for frictional stick or 

slip; compute 
( ) ( ) ( )k k k

n t τ
, ,	 	 	  and  

       
 

IF ( ) ( )2 2( ) ( ) ( )
SQRT

k k k

t nτ
µ� �+ ≤� �

� �
	 	 	  then  

frictional stick;  
      ELSE frictional slip;  
      ENDIF      
ENDIF    
         c) compute the total stiffness and residual;  
(iv) solve the total system to obtain displacement 
increment ( )∆ ku ;  
(v) check for convergence:  
     
IF ( ) ( 1) TOL1+∆ − ∆ <k ku u  then converge and exit.  

     
ELSE go to step (vi);  
(vi) update the displacement field ( 1) ( ) ( 1)+ += + ∆k k ku u u ;  
(vii) set 1= +k k  and go to back to (ii).  
Several examples have been taken from other works to 
be compared and the results obtained by us agreed to 
the ones [7].  
 

RESULTS and DISCUSSION 
 

Based on these matrices, a standard assembly 
procedure can be used to add the contact contributions 
of each contact node to the global tangent stiffness and 
residual. 

We consider[5,6] a simplified model with the 
geometry and loading given in Figure 3, a discretization  
with 32 nodes and 20 finite elements with four nodes 
isoparametric and for contact boundary, three nodes 
contact element [4]. Data of the problem: 

38 mmih = ; 

0 9,5 mmh = ; 
' ''
1 10,001 on and 0,1 onµ µ= Γ = Γ ; 

710 mε η−= , with mη  in average value of η , and 

0 0, 278η =  Mpas; 
070β = , 0,19iv =  m/s, where we have used index i 

for input data and index o for output data. 

Obtained values for 1v  and 2v , where 1 2( , )v v=v , 

are represented in Figure 4, respective Figure 5. 
 

 

 
 

Fig. 3:  Geometry of domain Ω  
 
 

from 0,19 to 0,25 m/s    from 0,25 to 0,35 m/s     from 0,35 to 0,76 m/s 
 

Fig. 4: Values of the 1v  
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from 0 to 0,04 m/s           from 0,04 to 0,2 m/s    from 0,2 to 0,5 m/s 
 

Fig. 5: Values of the 2v  

 
CONCLUSION 

 
This study investigates the simulation model 

of different kinds of viscoplastic, incompressible 
materials forming. Starting with the initial value 

0 0, 278η =  MPas for viscosity coefficient, a fast 
convergence of the sequence (7) in the discretization 
variant had been observed. Only three iterations are 
enough to obtain a relative error less than one percent. 
The problem can be extended in the three-dimensional 
case  and for crack analysis [8]. 
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