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Abstract: We presented a procedure for multicriteria assignment problems. Assignment to a category
is based on the comparison between an action and categories’s boundaries. Boundary is represented by
the least typical action that can be included in the category, and is considered as the category’s
inclusion threshold. Comparison is executed considering performance on evaluation criteria and
calculation of a fuzzy inclusion relation, generalizing preference relations model with concordance and
non-discordance concepts as used in ELECTRE methods. An illustrating example is also presented to
demonstrate method’s application to assignment problems. The proposed procedure can be applied to a
variety of domains, such as production and operations, as well as financial and human resources.
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INTRODUCTION

Assignment of actions (numbers, people, etc) to
categories, often referred as classification, is a common
objective in decision problems including financial
decisions, medical diagnosis, human resources
management, and marketing and production
management ** 2. Operations research, neural
networks, —mathematics, and machine learning,
contribute with algorithms and methodologies to solve
such problems. Multicriteria analysis also provides
methodologies to solve sorting and classification
problems, as well as choice and ranking ones '
Classification can generally be distinguished in:

1. Supervised, which refers to predefined categories
and requires decision maker’s contribution and,

2. Unsupervised, which does not require decision
maker’s contribution.

Depending on whether categories are ordered or
not, supervised approach is referred as ordinal sorting
or nominal classification respectively, while in
unsupervised approach categories are not predefined
and it is referred as clustering.

We can further distinguish ordinal sorting
multicriteria approaches in direct judgment methods
and case based reasoning ones

1. Direct judgment methods. The majority of direct
judgment methods belongs to ELECTRE methods
family "® and utilizes outranking relation for the

aggregation of criteria scores. NTOMIC "*! and

ELECTRE TRI % are typical methods of this
approach, with ELECTRE TRI being the most well
known one. In ELECTRE TRI -categories are
defined by their limits and the upper limit of a
category is the lower limit of the next one.
Classification is based on the comparison result
between the action and the category limit, which is
executed according to the outranking aggregation
procedure. Lately, an extension has been proposed
allowing sorting without defining category limits
116 Within outranking approach sorting methods
based on PROMETHEE methodology *' have also
been proposed, such as PROMETHEE TRI [61,
PAIRCLASS *' and PROMSORT method "',

Case based reasoning methodologies utilize either
utility functions " or rough set method *” to sort
actions. Methodologies using UTA approach ™ are
M.H.DIS ' and UTADIS [251, where categories
are defined according to utility limits and
classification result is derived by comparison
between an action and the utility category limit.
Rough set methods are based on rough set theory
where classification is executed according to
specific rules which are defined by decision maker.
Methodologies using this approach are ORCLASS
“”, Koksalan-Ulu method UOJ, TOMASSO “31, and
work of Greco et al 7,
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Compared to ordinal sorting, multicriteria analysis
approaches for nominal classification problems are
limited. In these approaches, categories are usually
defined by their best representative action, which
belongs to the category and acts as category profile.
The profile is defined by decision maker and
classification is based on the comparison result between
this and the action to be classified. Nominal
classification approaches include multicriteria filtering
method USJ, PROAFTN method '* which is based on
fuzzy indifference relation, Scarelli and Narula’s (191
multicriteria assignment method and the work of
Malakooti and Yang ',

A detailed review of multicriteria sorting
methodologies as well as applications in financial
problems can be found in works of Zopounidis and
Doumpos > % From the analysis of existing
approaches, we notice that multicriteria analysis
focuses mostly in ordinal sorting problems, while there
is relative lack in approaches for nominal classification
problems, despite the presence of such problems in
several domains such as financial or human resources.

Within this framework we present a novel fuzzy
assignment procedure based on multicriteria analysis.
Our approach focuses on the case of non-ordered
categories, or nominal classification. Assignment of an
action to a category is based on the comparison
between action and category’s boundary, which is
defined by its least typical representative and is
considered as category’s inclusion threshold.
Evaluation is based on the calculation of a fuzzy

inclusion relation for each action, based on
generalization of preference relations model and
concordance/non-discordance concepts as used in

ELECTRE methods "®. The aim of this paper is to
present the methodology and an illustrative example
demonstrating its usage. The proposed methodology
can be utilized to support assignment problems in a
variety of fields, such as such as production and
operations, as well as financial and human resources.

Starting from the introduction, where we present an
overview on multicriteria classification approaches, we
continue with presentation of the procedure, and an
illustrative example demonstrating its applicability.
Results and discussion on the methodology are also
presented concluding with a short overview considering
contributions and future directions.

MATERIALS AND METHODS

In this section we present the proposed
methodology for multicriteria assignment problems.
The methodology is based on the concept of
inclusion/exclusion of an action a from a category C,
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which is determined by evaluating the fuzzy inclusion
degree of action for the specific category, following the
concordance/non-discordance concepts. Categories are
defined by an entrance threshold (or more than one in
the general case), which can be considered as the least
typical representative action that satisfies the inclusion
requirements. The objective of the methodology is to
classify actions to categories in a way to consider
inclusion/exclusion concept.

The following notations and basic definitions will
be used next:

1. A={a,,a,,...,a,} is a set of n actions to be
assigned to predefined categories,

2. C={C',C*,..C"} is a set of h categories,
defined by their least typical representatives
referred as entrance thresholds,

3. G=1{g,,.8,,---8,} is a set of m evaluation
criteria,

4. W ={w(g,),w(g,),....w(g, )} is the set of
criteria importance weights,

5. B= {blh,b;l,...,bbh} is a set of b entrance
thresholds for each category C" € C, in the
general case a category can be defined by more
than one threshold,

6. Each action’s a€ A score on the evaluation
criteria 8; is defined as
g;(a)i=..n/lj=1.m,

7. EBach category’s C" € C threshold score on the
evaluation  criteria g, is  defined as
gi(b: ),k=1,...,b, where b: is the k,
threshold of category C" € C,

8. Anaction a, € A, which is classified to category

C" € C, is defined as a;, € c".
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Based on the above notations the problem that we
want to solve is defined as follows:

Having a set of actions A ={q,,a,,...,a,}, aset

c={C",C>..C")

entrance thresholds

of non-ordered categories

which are defined by their

hoph h . .
B={b',by,...b,}, and a set of evaluation criteria

G= {gl’ 8rs98m }, assign actions to categories

with respect to their score on the evaluation criteria and
the inclusion/exclusion concept.

Definition of Fuzzy inclusion relation

The assignment procedure is based on the concept
of inclusion/exclusion, which defines at what degree an
action can be included in a category or excluded from
it. In order to utilize this concept for classification of

actions, we define the fuzzy inclusion relation P(a,b)
as a binary relation between an action and a category
threshold, where a,€ A and b: € B utilizing

concordance/non-discordance principle.
According to the concept of inclusion/exclusion

and considering category thresholds, an action @, € A
is preferred over a threshold b: € B (and can be thus

included in the category C" e C) iff there is a
majority of “reasons” supporting preference of action
a;, € A over threshold b: € B and there is no strong

opposition to this.
Following the above, fuzzy inclusion relation

P(a,b) can be expressed formally as

P(a,b) < C(a,b) A—D(a,b) (1)

where
-predicate C(a,b) expresses that there is a majority

of “reasons” to support action’s a, € A preference (or
inclusion) over threshold b: € B and,

-predicate D(a,b) expresses that there is a strong
opposition to action’s @, € A preference (or inclusion)

over threshold b: €B.

Associating the “reasons” to evaluation criteria we
get the following expressions instead:

-C(a,b) expresses that there is a significant coalition

of criteria for which action a, € A is preferred over

threshold b: € B and,
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-D(a,b)

opposition

expresses that there is a significant

to action’s a, € A preference over

threshold b: €B.

Partial inclusion relations
According to the definition of fuzzy inclusion

relation P(a,b) (Eq. 1), an action is classified to a

category a, € C if the action is preferred on

category’s threshold with respect to scores on every
criterion.

In order to evaluate the contribution of each
criterion, we define partial inclusion relations for every

criterion g ; as follows:
P(a,b) < g, (a)elg;(b)=) @
where g (@) and g, (b,f ) are the scores of action

a,€ A and threshold b: € B on criterion 8;
respectively. This definition states that an action
a; € A is preferred over a threshold b: € B if

h
g;(a)>g;b).

In order to overcome imprecision in definition of
data, we define two discrimination thresholds g(g ;)
and p(g;) for each criterion, which consequently
leads to three areas of preference (inclusion). These
thresholds act as indifference g( gi) and preference
p(g;) thresholds.

The three areas, which are defined with the
introduction of the thresholds, are the following,

1. Area of no preference (no inclusion). For
g;(@)<g; (b:)+ q(g;) there is no preference
(or inclusion) of action a@; € A over threshold
h
b' e B.
2. Area of weak preference (weak inclusion). For

g,(b)+q(g)<g;(a)<g,(B)+p(g))
there is weak preference (or inclusion) of action

a; € A over threshold b: €B,
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3. Area of strong preference (strong inclusion). For

g;(a)=g, (b:)+p(gj) there is strong

preference (or inclusion) of action a; € A over

threshold b € B.

Partial inclusion index
Having defined the partial inclusion relations (Eq.
2) and the two discrimination thresholds, we define an

index C,(q, ,b: ) for every partial relation, in order to

measure the degree of validity of the above three
preference (inclusion) situations. We name this as
partial inclusion index, and for each area we define
appropriate values for it as follows:

1. Area of no preference (no inclusion). For

g(a)=< gj(b,f)+q(gj) the index gets its
minimum value Cj (a, ,b:) =0,

2. Area of weak preference (weak inclusion). For

h h

8;(b)+q(g;)<g;(a)=g;(b))+p(g;)
the index gets value between maximum and
minimum values C; (a,,b!)e [0.,1],

3. Area of strong preference (strong inclusion). For
g;(a)=g, (b:)+p(gj) the index gets its
maximum value C; (g, by =1.

These statements can be represented with the following
function

gj(ai)_gj(bh)_q(gj)
p(g;)—q(g;)
g;(b")+q(g;)< g (a)< g, (") + p(g;) 3)

and
Ci(a,b")=0,g,(a)< g, (b")+q(g;).
C.(a,b")=1,g,(a)2g,(b")+ p(g,)

C/(a,b") =

, for

Comprehensive inclusion index
Fuzzy partial inclusion relations as defined in Eq. 2
and the inclusion indexes respectively as defined in Eq.

3, represent the credibility degree of the following
statement:

An action a;, € A is preferred over a threshold
b: € B (and can be thus included in the category)

with respect to criterion g .

In order to evaluate the contribution of all the
evaluation criteria, we define the comprehensive

inclusion index for action a; € A as

C(a,b))=>w,*C,(a,.b}) 4)

J=1
where (| (al.,b:)e [0,1] is the partial inclusion
index of action a, € A for criterion g j-and w, is

the importance weight of criterion g Iz

Comprehensive inclusion index is the aggregated
result of the partial indexes, where the aggregation
function is the weighted mean considering criteria
importance weights.

Partial discordance index
In some cases a criterion can express negative

judgment about classification of action a,€ A to a
class C" € C. More specifically, a criterion g, can
express a significant opposition to action’s a, € A

preference (or inclusion) over threshold b: €B. In
this case the criterion is discordant with the inclusion
a,€ A and threshold

relation between action

b: € B. To handle this situation, we define a veto

threshold V(g ;) for each criterion as the minimum
value which is incompatible with the assertion that An
action a; € A is preferred over a threshold b: €EB
(and can be thus included in the category) for criterion
8-

According to the definition of veto threshold
V(g ;), the following three areas of discordance are
distinguished
1. No discordance. For g (a;,) < g, (b:)+ r(g;)

there is no discordance for preference (or
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inclusion) of action a; € A over threshold
b € B,

2. Weak discordance. For
g;(b)+p(g;)<g;(a)< g (b)+v(g;)
there is weak discordance for preference (or
inclusion) of action a; € A over threshold
b € B,

3. Strong discordance. For
g(a)2g, (b: )+v(g;) there is strong

discordance for preference (or inclusion) of action
a;, € A over threshold b: €B.

In order to measure the discordance degree we
. . . h
define a discordance index D,(a;,b,) for every

criterion. For each of the above areas we define
appropriate values for it as follows:

1. Area of no discordance. For
g,(a)= gj(b:)+p(gj) the index gets its
minimum value D, (g ,b)=0,

2. Area of weak discordance. For

h h
g,(b)+p(g)<g;(a)<g;(b)+v(g;)
the index gets value between maximum and

. h
minimum values D, (a;,b,’) € [0,1],
3. Area of strong discordance. For

g(a)2g, (b: )+v(g;) the index gets its
maximum value D, (g, ,b: )=1.

These statements can be represented with the following
function

g,;(a)—g;(b")—p(g,)
v(g;)—p(g;)
g;,(b")+p(g;)< g (a)< g, (B")+v(g;)5)

D (a,,b") =

, for
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and

D,(a;,b")=0,g,(a)< g;(b")+ p(g,).

D (a;,b")=1,8,(a,) 2 g,;(b") +v(g;)

Comprehensive fuzzy inclusion relation
Utilizing the
principles we define the comprehensive fuzzy inclusion

concordance/non-discordance

relation aggregating the partial inclusion relations

weakened by discordance.
The comprehensive fuzzy inclusion relation is
defined as

P(a;.b}) = C(a;.b ) *[ ] (

Jj=1

1-D,(a;,b})

— ) (6
1-C(al.,bk’1)) ©

where

C(a,b))=Yw,*C,(a,.b)

J=1

is the

comprehensive inclusion index and D, (al.,b:) is the

discordance index.

Fuzzy inclusion degree : In order to measure the
credibility degree of the comprehensive fuzzy inclusion
relation (Eq. 6) we define the fuzzy inclusion degree of

each action a, € A for every category C'ecC,

which takes into account the strength of concordance
weakened by discordance in the general case of
multiple category thresholds as follows

¥(a,,C") = max{P(a,,b),...,P(a,,b})}.(7)
Assignment to classes

As defined, each category C" € C is represented
by one (or as set) threshold that is considered as the
least typical representative of the category and is
defined by its score on the evaluation criteria. Utilizing
the previously defined relations and indexes, in order to
classify an action a; € A to a category C "e C we
execute the following steps:

1. Calculate partial inclusion relations. For each

action a, € A we calculate the fuzzy partial

inclusion relations C;(a j,b: ) (Eq. 3) over all
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thresholds b: € B and categories C"e C

following concordance/non-discordance concepts.

2. Calculate comprehensive inclusion relations. For
each action a, € A we calculate comprehensive
inclusion relations C(a,b:) (Eq. 4) over all
thresholds b: € B and categories C" € C.

3. Calculate fuzzy inclusion degree. For each action

a;, € A we calculate fuzzy inclusion degree for

C'ecC

every

y(a,,C")=max{P(a,,b),...,P(a,b)}.

category as

Assign to category. Assign action a; € A to category
for which the fuzzy inclusion degree is the maximum

a e C" o ya,C")=max{y(a,C")}.

RESULTS AND DISCUSSION

In the following we present a numeric example of
the proposed methodology in order to demonstrate its
usage in assignment problems. The problem refers to
the assignment of a set of 10 actions in 4 categories.
The actions and categories’ thresholds are defined by
their scores on 13 criteria. Specifically
1. Four categories are defined for assignment C1, C2,
C3, C4. Following the methodology, thresholds for
the categories are defined setting values for each
criterion in the scales defined previously. These
values correspond to the least typical action that
can be included in the category, and are defined by
appropriate  values reflecting the problem
requirements. For simplicity, we also define low
indifference and preference zones, and set veto
thresholds in relative high values in order to restrict
exclusions only for extreme cases. So, eventually
thresholds are defined as depicted in Table 1,
where b and v are the category entrance threshold
and veto threshold respectively.

A set of 13 evaluation criteria are defined with
scales between 1-100 and importance weights as
depicted in Table 1.

Finally, a set of 10 actions is defined for
assignment, and their scores on the evaluation
criteria are depicted in Table 2.
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Having defined the parameters, all necessary
calculations are executed and classification result is
presented in Table 3, along with the fuzzy inclusion
degrees for each category.

From the results we derive that classification is in
agreement with category definition since
Alternatives with relative high performance in the
majority of profitability criteria (G1, G2, G3, G4)
and relative medium in the rest criteria (G5, G6,
G7, G8, G9, G10, G11, G12, G13) are assigned to
category Cl.

Alternatives with relative high performance in
criteria G4, G5, G6, G7 and relative medium in
criteria G1, G2, G3, G8, G9, G10, G11, G12, G13
are assigned to category C2.

Alternatives with relative high performance in
criteria G7, G8, G9, G10 and relative medium in
criteria G1, G2, G3, G4, G5, G6, G11, G12, G13
are assigned to category C3.

Alternatives with relative high performance in
criteria G10, G111, G12, G13, G1 and relative
medium in criteria G1, G2, G3, G4, G5, G6, G7,
G8, G9 are assigned to category C4.

A sensitivity and robustness analysis on the results
would provide details on parameter significance and
indicate considerations that have to be taken at the
problem formulation step. However, in real world
problems decision maker has to define values for
categories’ thresholds understanding the impact of
wrong definitions on the final result. In order to
overcome this, methodology accepts the definition of
multiple thresholds for each category. Moreover,
decision maker can define as threshold an existing
action, which considers as the least typical
representative of the category. However, if the problem
has been formulated with regard to methodology’s
limitations, it provides decision maker with robust
classification results.

CONCLUSION

In this paper we presented a novel multicriteria
procedure for nominal classification problems. Our
approach is differentiated to the existing ones in the
assignment procedure. While the common approach is
to profile a category with its best representative action,
we introduce a new concept where category is profiled
with its least typical representative. Assignment thus of
an action to the category is based on the comparison
between action and category’s profile, which is
considered as the category inclusion threshold. Both
action and category threshold are scored on evaluation
criteria and the calculation of fuzzy inclusion relation
for every action drives the assignment procedure. The
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Table 1: Categories’ thresholds and criteria weights

Criterion
Gl G2 G3 G4 G5 G6 G7 G8 GY GI10 Gl1 GI12 GI3
Weight 10 12 4 13 13 8 10 4 4 8 4 8 2
Category Threshold
C1 b 75 70 75 60 55 20 25 35 20 15 15 10 20
\ 65 63 65 54 48 18 22 30 18 13 13 9 18
Cc2 b 15 10 20 75 70 75 60 30 25 35 15 10 20
v 13 9 18 65 63 65 54 27 22 30 13 9 18
C3 b 15 10 20 45 45 40 75 70 75 60 15 10 20
v 13 9 18 40 40 36 65 63 65 54 13 9 18
C4 b 55 10 20 15 10 20 35 30 40 70 75 60 55
v 48 9 18 13 9 18 30 27 36 63 65 54 48
Table 2: Actions’ scores on criteria
Criterion
Action Gl G2 G3 G4 G5 G6 G7 G8 G9 G10 G111 GI12 Gl13
Al 29 22 28 25 69 25 61 52 25 39 58 61 68
A2 80 78 88 69 59 30 50 45 48 42 22 15 27
A3 77 90 88 61 63 28 35 33 51 33 22 28 33
A4 16 39 26 25 55 25 50 51 43 65 37 38 73
A5 28 56 51 21 34 8 37 61 30 37 55 66 98
A6 79 75 80 65 60 25 30 34 22 19 22 18 21
A7 50 6 54 25 38 21 47 41 40 57 65 65 88
A8 44 19 31 55 49 29 80 70 73 55 48 29 45
A9 21 15 22 86 79 83 68 40 30 41 20 19 25
Al0 18 12 25 82 81 79 64 38 29 39 19 15 27
Table 3: Classification results
Category
Retailer Cl1 Cc2 C3 C4 max inclusion degree Classification
Al 0.282 0.156 0.322 0.646 0.646 Cc4
A2 0.950 0.442 0.653 0.586 0.950 C1
A3 0.730 0.271 0.660 0.457 0.730 Cl
A4 0.058 0.128 0.510 0.445 0.510 C3
A5 0.034 0.014 0.016 0.254 0.254 C4
A6 0.840 0.117 0.302 0.011 0.840 Cl
A7 0.006 0.029 0.015 0.234 0.234 Cc4
A8 0.142 0.660 0.716 0.680 0.716 C3
A9 0.280 0.940 0.680 0.058 0.940 Cc2
Al0 0.137 0.693 0.391 0.018 0.693 C2

fuzzy inclusion relation is based on generalization of
preference relations model with concordance and
discordance concepts as used in ELECTRE methods.

In addition to the methodology, we presented a
application to demonstrate usage and
applicability for assignment problems. From application

numeric

of the proposed procedure to real world problems in
financial domain, derived results provide evidence that

the methodology can be applied with success to
nominal classification problems to a greater extent, and
not only to financial domain. Future development of the
methodology includes the case of minimizing decision
by
disaggregation approach, as well as development of

makers’ interference utilizing a preference

appropriate decision support tools.
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