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Introduction convex of order (0<y<p) in U@ if
Let Z(p) denote the class of functions f{z) of the form: Re{—[l+ Zj/j((z))]} S 7(2 cU'(r):0<r<0<y < p) (cf.
z
f(z)=z7"+ ianzn(l’ eN={1.2.3..}) (1.1 e.g., Duren, 1983; Goodman, 1983; Srivastava and Owa,

1992). Let B be a subclass of the class £'(p). We define
the radius of meromorphically p-valent starlike of order y

Which are analytic and p-valent (multivalent) in the and the radius of meromorphically p-valent convex of
punctured unit disk U": = U'(1) where. order y for the class B by:

n=p

U (r)={z:0<|d <r0<r <D} =U(r)\ {0} R, = inf(supsup{r  (0.1]:
/ ismeromorphicallyp — valent starlike of ordery inU" (r)}

Let =(p) denote the subclass of X(p) consisting of

functi f the form:
nctions of the form R, = ifng (supsup{r e (O, l] : f ismeromorphically

respectively.
x — valent convex of ordery inU" ()},
f(z)=z"-Ya,;"(a,20.peN) (L.1) P 7 iU ()}
n=p
The convolution or the Hadamard product of two
Which are analytic and p-valent (multivalent) in the =~ meromorphic p-valent functions fand g, where fis given
punctured unit disk U o ) by (1.1) and g(z)=z"-35,2"(h,20:peN)is denoted
A function feX (p) is said to be meromorphically p- n=p

valent starlike of order (0<y<p) in U'(r) if by f*g and defined by (Aouf, 2009):
Re{—zj{((z))}>y,(zeU'(r);O<r£1;O£y<p), also a
z

N *o)z)=z"- y ab,z" 1.2
function feX (p) is said to be meromorphically p-valent (7" )(z) ,,zp (12)
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Recall (Aouf and El-Ashwah, 2009) that an analytic
function f is said to be subordinate to an analytic
function g written f<g, if f(z)=g(w(z)).]z
analytic function w with |w(z)|<1.

The significance of the geometric properties and
characteristics of various interesting subclasses of the
class Z(p)of meromorphically univalent and multivalent
functions with negative coefficients or positive
coefficients has comprehensively been investigated by
many well-known complex analysts. For instance,
(Uralegaddi and Ganigi 1987; Srivastava et al., 1998;
Aouf and Hossen, 1993; Liu and Srivastava, 2004,
Aouf and Shammaky, 2005; Aouf, 2009; Aouf and El-
Ashwah, 2009; Aouf, 2010; Kamali et al., 2011;
Makinde, 2012).

By making use of the following definition for
Hadamard product and subordination, a new subclass
S,(4,B.a.p.j) of functions in ¥"(p) is introduced.

Definition 1.1. A function f{z)e X'(p) is said to be in
the class S;(A,B,a, p,j)if it satisfies the following

subordination condition:

z((f*g)(z))(“l) .
(/* )"
~ (p+j)+[B(p+j)—(p+j—a)(A—B)]z}
1+ Bz

(1.3)

where, -1<A<B<I; 0<B<l; 0<a<p+tj; j<p<n,; peN;
JE2NU{0} = {0, 2, 4, ...}zeU*. or, equivalently, if:

2(f*g)=)"

" ot (p+J)
(/*g (Z))H <1 (1.4)
pi(f*2) )@V
(f*g)="”

+[B(p+j)=(p+j-a)(4-B)]

The aim intended to be achieved in the current
analysis is to identify coefficient estimates, distortion
theorem, radii of meromorphically p-valent star
likeness and convexity of order (0<y<p),
neighborhood property, partial sums. Moreover, the
convolution properties and integral operator and
integral representation are investigated.

Upper Bounds

In the following section, we establisha
characterization property which provides a necessary,
sufficient condition for a function f{z), defined by (1.1),
belongs to the class SQ(A,B,a, p.j) and obtain the

coefficient estimates.

607

Theorem 1. Let the function f{z) be given by (1.1).
Then f{z) € S,(A,B.a. p.j) if and only if:

S6(n /)[(1+ B)(n+ p)+ (p+j—a)(B-4)]

n=p

o 2.0
anbns(p+j—a)(B—A)([z;J_1_):)'
Where
n!  [n(n=1)...(n=j+1)(j#0)
s(n. J)_(n j)!_{l Gooy @2

Proof. Suppose that the function f{z) defined by
(1.1) is in the classS,(4.B.a.p.j). Then from (1.1)

and (1.4), we have:

2f* )V @)+ (p+ ) * ) (2)
Bz(f* )" (2)+[B(p+ /)
~(p+j-a)(4-B)f "))

—Zi S(n, j)(n+p)a b,z""

) — 22)
okt
[B(n+p)-(p+j-a)(B-4)]apb:""

<1(zeU‘)

The choice of z to be real and letting z—1~ through
real value when |Re{z}|<|z| for any z, then the inequality
(2.2) directly gives the desired condition in (2.1).
Conversely, assume that the condition (2.1) holds true
and let |z| = 1, then we have:

21 * )V @)+ (p+ ) * ) (2)
B(f* )" () +[B(p+ )
~(p+j-a)(4-B)(*2)(2)

< zn:p5(n,j)(n+p)anbn 23)

) (p+j-1) © )
(p+i=a)(B= ) 25 P 3(0)
I:B(n+p)—(p+j—a)(B—A):|aﬂbn

<l(zeU*)
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By hypothesis. Hence, by the maximum modulus
theorem f(z2) € S,(4.B.a.p.j).

Corollary 1. Let fiz) be defined by (1.1). If
f(2)€ S,(4.B.a. p. ), then:

(p+j—1)!
(p-1)
(=B p) = s-ayB-n =Y

(p+j-a)(B-4)

<
S(
(j<p<n. je2NU{0},peN)

The result is sharp for the function f{z) given by:

(+ j-a)(5- L)

- p-1)

= " 2.5

o P RN s
n?.] n

+(p+j-a)(B-4)

(jSpSn,jeZNTU{O},peN)

Distortion Theorem

The following theorem proves the distortion

inequality for the function feS,(4,B.a.p.j). Such

property for another class is investigated by many
researchers among them Aouf and El-Ashwah (2009).

Theorem 2: If a function f{z) given by (1.1) is in the

class S, (4. B.a. p. j) . Then:
(p+q-1!
(p-D!
+j-1)!
(p+j-a)(B-a)LI2Y)

[ 1+B)2p+(p+j-a)(B-4)]b,

r—l’—q

(p- q)
(p—J

r"qs‘fq) z)‘

< (p+q—1)!r7p7q
~ (p-1)

(p+j—a)(B—A)M

(p-1)!

[(1+B 2p+(p+j-a)(B- A)]b

G3.1)

e

(p q)!
(p-J)

(0<|z|=r<10<q<j<p:geN,je2NU{0}:peN)

Provided b,>b,>1(n=p). The result is sharp for the
functions f'given by:

608

/(2)=
) (p+j-1)
(p+-a)(B-A) 0 )

“5(p)[(1+B)2p+(p+j-a)(B-4)]b,

(3.2)

(j<p<n.je2NU{0}.peN)

. o N e
Proof. Since f(z)=:z Zn:p“nz is in the class
S,(4.B.a, p, j) and from Theorem 1 together with:

(p=9)!
(p=N
(=9
(n L

[(1+B)2p+(p+j-a)(B-A4)]b,

—[(1+B)2p+(p+j-a)(B-A4)]b,(n=p)

We have:

Ep ! [(1+B 2p+(p+j-a)(B- A]b
p-
p+_j—l)!

(p-1)!

n!

Z:=pman S(p+]—0t)(B—A)

Or:
(p+j-1)
(p-1)!

(;’ q)[l+B)2p+(p+j a)(B-4)1b,

(p+j-—a)(B-4)——=+

= n!

n;(n—q)! !

0

a,z"(q)

n=p "

Now by differentiating f(z)=z7"-)

times, we have:

f(q)(z) (l)q(17(+q )l) P Z

a,z"” q(]ﬁpﬁn,]GZNU{O},peN)

o (n- fJ)‘

We have for |z| = r<I.

n-q

(@) <(p 9- ) p P N n! ar
RO ey DN Tl

prg-1)

(p-1)!
+j=1)!
(p+j-a)(B- A)[z%)!

Ep ‘1) [(1+B 2p+(p+j-a)(B-4)]b,
p-

—17‘1_'_’,.”‘1
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And similarly:
pHq-1"
|f(q)(Z)|2( pPTE
(p-1)!

(p+j—a)(B—A)%

(p-1)!

[(1+B)2p+(p+j-a)(B-4)]b,

(p-9)!
(p=J)

The sharpness of the inequality in (3.1) satisfies by
the function f{z) given by (3.2).

Radii of Starlikeness and Convexity

This  section  considers the radii of
meromorphically p-valent starlikeness of order
v(0<y<p) and meromorphically p-valent convexity of
order y(0<y<p) for the functions that belong to the
class S;(4.B.a.p.j), by using methods applied by
Kamali ef al. (2011) and others.

Theorem 3: Let /(z) € S,(4.B.a. p. j) . Then:

f is meromorphically p-valent starlike of order
1(0<y<p) in |z|<r,, where:

e pen 1)
i Ll

R s

4.1)

f is meromorphically p-valent convex of order
1(0<y<p) in |z|<r,, where:

B i (1+B)(p+n) n+p
o pp-15( »J)L(p”_a)(B_.AJ , )
(p+]—1)!

n(n+y)(p+j-a)(B-4)

(p-1)!

Each of these results is sharp for the function f(z)
given by (2.5).
Proof. (i) From the definition (1.1), we obtain:

n+p

Z}(((ZZ))JFP . Z::p(n+p)an
SE_pygy| 2Ap-r)-X 0-p+2a,
/)

z

n+p

Z|

Thus, we have the desired inequality:

70, ,
7/((2) <10<sy<p;peN)
EAC T
f(2)
If:
> (i’l+}/) n+p<l 4.3
;(p_y) Lzl < (4.3)

So, by Theorem 1, the condition (4.3) will be true if:

ni {(1+B)(p+n) ]
((n+}/))‘z‘n+p£ ’ +(p+j—az(B—A))”
- . +j—1)!
pP-v (p+]_a)(B_A)}zp+l)!

(p<mpeN)

Therefore:

(1+B)(p+n) }7 e
+(p+j-a)(B-4)|"

(n+}’)(P+j—0:)(B—A)W

(P-7)5(n»f)[

“4.4)

7| <

Putting |z| = r; in (4.4), we get the radius of
starlikeness.

In order to prove the second assertion of Theorem 3,
we find from the definition (1.1) that:

7 (2) ” "
Yo - > nn+ pla, |
1+ZJ/:-((Z))—1?+27 2p(p—}/)—2j=pn(n—p+2}/)ansz
z

Thus, we have the desired inequality:

76
1 EET—
et
7
£

<1L,(0<y<p;peN)
1+

-p+2y
If:

n+p

= n(n+y)
;p(p—y)a"z

<1 (4.5)

Hence, by Theorem 1, the condition (4.5) will be
satisfied if:

609
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n(n+y) Zn+p<5(naj)[(P+J-a)(B-A)+(1+B)(p+n)]bn
plp-r)" VNI R '
(p+J a)(B A) (p—l)!
(p<n,peN)
Therefore:
(p+j-a) o

p(p=7)o(n.j) (B-A)+(1+ B)(p+n) ’

7)o+ j-a)(5- )2

(p-1)!

[l

Setting |z| = r; in (4.6), we obtain the radius of
convexity, which completes the proof of Theorem 3.

Neighborhood Property

Depending on the earlier works by (Goodman, 1957;
Ruscheweyh, 1981; Liu and Srivastava, 2004; Aouf,
2009; Aouf and El-Ashwah, 2009) that based upon the
familiar concept of neighborhood of analytic functions,
we introduce the definition of the d-neighborhood of a
function f(z) e S,(4,B.a, p. j)by:

peS,(AB.a.p.)):4(z)

—Zdz

N,(f)= andié‘(n,j)[(l+3)(n+p) (P+J—0!)(B—A):|bn

] (p+j-1)
(p+J—a)(B—A)lEp+1)I

a —d

n n

<0

-1<4<BL;0<BLL0<a<p
—jij<p<mpeN,;je2NU{0};6>0

Theorem 4: If f(z)eS,(4.B.a.p.j) satisfies the
f(z)+oz7

+0
complex number o,|o| =

Nﬁ‘ (f) < S;(A’B,a,p,_/) .
Proof. It is easily obvious that f(z)e S;(4.B.a.p. )
if and only if:

following condition e S;(A, B,a,p,j) for any

1 such that |o|<d, then

(/9 @+ (p+)( ) .,
B(f* )™ (2) +[B(p+ )~ (p+j-a)(A-B)I(/*2) ()|

For any complex number € with |e| =, we have:

A * ) @) +(p+ ) * ) ()
B(f* )" (2)+[B(p+j)+(p+j—a)(B- AN S *2) @

610

Consequently:

| (eB=1)(n+p)
L )Lg(m-a)(s—g)}“" "o
T e(pr j-a)(B-a) L)

(p—l)!

Which is equivalent to:

2, 8(n.j)[(£B=1)(n+ p)+&(p+j-a)(B-A4)]a,b,

Z*P_z Z"#0
- ) (p+j—1)!
=r g(p+j-a)(B-A)—=—
(==

Thus, f(z)eS,(4.B.a.p.j) if and only if

L_hp)(z);tO(zeU‘), where h(z)=z’p—§cnz” and
z

n=p

_3(n)(eB-1)(n+ p)+e(p+j-a)(B-A)]b,
(p+s-a)(s-4) D)

,  We

n

(p-1)!
have|c,|< 5(”’j)[(1+B)(n+p)+(p;pj+_.a)£§_'4)1b” .
. J—1)
+j—a)(B-A) LS
(p+j—a)(B-4) (r-1)
-p
Since L)t o7" Si(A.B.a.p.j),
+0
+ -P
[

therefore - # 0, which is equivalent to:

z
U*h=z) , o

0 5.1
(1+0)z” 1+0'¢ (-1
Now suppose that w <5 Then by (5.1), we
z

have:
(e, o | ol 1 [(RE) fel-d
‘(1+0')z"’ 1+O"_‘1+6‘ 1+o]| z7 ‘ 1+o]

This is contradiction by |o|<d and however, we

(* h)(z)>5 If ¢(z) —Zdz e N,(f) then:

have

5. (¢*h)(z)}£

Z*P

< i\an —-d,||c
n=p

n
|12

z ‘

<iﬁ(n,j)[(l+3)(n+p)+(p+j—a)(B—A)]bn

(p+j—a)(B_A)w

a —d

n n

<o
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Partial Sums

By following (Silvia, 1985; Silverman, 1997)
previous investigations, we are able in this section to

identify the bounds J@_ and ot (2 )
p+k (Z) (Z)

Theorem 5: Let fz)eX’(p) be in the
class S;(A, B,a,p,j) and define the partial sums as
follows:

s, (z) =z7?
s,(z)=z"- ianz"(m >p)
n=p

Also suppose that:

[(+B)(n+p) }

s(n. b
ida <1 d, = " J)L(P+j—a)(B—A) 61
AR ~ (p+j-1) :

e

Then we have:

{ f((zz))} : (62)
Re{s;((;)}> I dmdﬂ (zeU") (6.3)

The results in (6.2) and (6.3) are sharp for #.
Proof. We can see from (6.1) that 1< d,<d,+1 (neN).
Since {d,} is an increasing sequence, we obtain:

Za +d, Za <1

n=m+1
- 1= 1
dm+l

we JJ:I_

‘gl l‘ deZ:O:panzﬁp
‘gl Z)+1‘ 2-— 22 dp+k2j:p+ka"

This proves (6.2). If we take f(z)==z"

(6.4)

By

gl(z) = dm+l{

(6.4)

setting

n+p

1(2) )

5,(2)

from

that

p+k

then

m+1
/(@) 2
=1-
Sm (Z) dm+1
bound in (6.2) is best possible.

Las z—1 which shows that the

m+1

—->1-

611

Similary, if we let
1+d N P
2, (Z) — (l + dm“)(sm (Z) _ dm+l Jz + ( ”’*‘l)gn:mﬂa”z
f(z) 1+d,, 1- zn:panz'”p
and make use of  (6.4), we obtain
1+d -

‘g l‘ ,(n m+l)2n:m+la” - Sl,(ZEU*)
2 z)+1\ 2-2% a4, (4, -DX .0,

p+k
which yields inequality (6.3). If we take f(z)=z" - Z

m+1
hen 22 () = d’"*lz - mil—gsz—1 which shows

f(Z) dm+1 -z dm+1 -

that the bound in (6.3) is best possible.

Convolution Properties

This section concentrates on a way to derive the
convolution properties by using Schild and Silverman
(1975) techniques. At the beginning, let’s recall the

following definition: Let the functions f(z)(i = 1,2) be
defined by:
f,(z)=z"’—zw:an',z"(an >0;peN;i=12) 7.1

n=p

The modified Hadamard product (or convolution) of
fi(2) and f5(z) is defined by:

fi* fz)(z —zp Zamz

n=p

(7.2)

Theorem 6: Let the functions fi(z) (i = 1,2) defined by
(7.1) be in the class S;(4.B.a.p.j)andb,>b,>1(n2p).

Then (fl*fz)(z)GS‘(A B,}’,P,j),
(p+j-a) (B-4)(2p )L:)
where y=p+j— I -
S(p.J)[(1+ B)(2p) + (p+1—a)(B—A)]
B RV _ 2(p+]-1)'
b,—(p+j-a) (B-A4) 7([)_1)!
The result is sharp for the functions fi(z) (i = 1,2)
given by:
i —1)!
(p+J—a)(B—A)(i;il)!)
f,(z)= z- z?
(7.3)

RIE: B)Zp
ﬂp,l)L(Pﬂ‘-a)(B-A)]b

(i=1,2;peN;jeZNU{O};zeU*)

Proof. In view of Theorem 1, it suffices to prove
that:
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5(n,j)|:(1+B)(n+p)+(p+j—.}/)(B—A):|
(p+-r)(5-a) )

(p-1)!

anJan,an S l’(p € N?j € ZNU{O})

n=p

Since f;(z) € S,(4,B.a, p.j)(i =1.2) , we have:

w 5(n’]')[(1+B)(n+p)+(p+j—a)(B‘A)]
‘ (p+j-1)
(pi=a)B=a) L

a,b,<1(i=1.2:peN:je2NU{0})

n=p

Therefore, by the Cauchy-Schwarz inequality, we
obtain:

ié‘(nj [l+B)(n+p)+(p+j—a)(B—A):|
(p+j-1)!
(p-1)!
Ja,.a,,b,<1(peN:je2NU{0})

" (p+j-a)(B-4) (7.4)

Hence, we need to show that

5(n,j)[(1+B)(n+p)+(p+j—}/)(B—A)]

(p+J~_},)(B_A)M

(p-1)!
(n])[(1+B)(n+p) (p+j a(B A):|
(p+j-a)(B- A)M

(p-1)

an.lan.zbn

an,lan,lbn >
(n=p:peN;je2NU{0})
Or, equivalently, that:

N](p+i-7)
A](p+j-a)

[(1+B)(n+ p)+(p+j-a)(B-

itz = [(1+B)(n+ p)+(p+j-7)(B-

(np:peN;je2NU{0})

From the equality (7.4), we have

(p+j—1)!
(p-1)
n+p)+(p+j—0{)(B—A):|bn’

(p+j-a)(B-4)

Vi = 8(n. /) (1+ B)(

(an;peN;jeZNTU{O})

So, it is sufficient to prove that:

612

s

5(n,j)[(1+ B)(n+p)+(p+j—a)(B—A)]bn
L+ B)(n+p)+(p+j-a)(B-A)|(p+J-7)

< , (7.5
[(1+B)(n+p)+(p+j—y)(B—A)](p+j—a) (7.5)
(an;peN;jeZNTU{O})
It is follows from (7.5) that:
(p+j—1)!

(p+j—a)2(B—A)(n+p)

(p-1)
5(n.j)[(1+B)(n+p)+(p+j—a)(B-4)]
2(p+j-1)

(p—l)!

y<p+j-
b,—(p+j-a) (B-A)

Now, defining the function ¢(#) by:

(p+j-1)
(p-1)
N(1+B)(n+p)+(p+j-a)(B-4)]

bn—(p+j—a)2(B—A)2w

(p+J a) (B A)(n+p)

<p(n)=p+j—5(n’

We easily see that ¢(») is an increasing function of ».
So we have:

Rt (p+j-1)
(pe=a) (B=A)2p) 0 25

p)(1+B)(2p)+(p+j—a)(B-4)

bp—(p+j—a)2(B—A)2(1z;{1‘):)!

7S¢(p)=p+1—5(

Which completes the proof of Theorem 6.
Theorem 7: Let the function f; (z) defined by (7.1) be in
the class S,(4.B.¢. p.j) and the function f;(z) defined by

(7.1)  be the S, (4.B.&. p. j) provided
b2by>1(n=p). Then (f,* f,)(z) € S,(4.B.0.p. ), where:

in class

| (p+j—a)(P+j—€)(B‘A)(zp)m
S 5V 75 s e payy
. 2(p+j-1)
(p+Jj-¢)(B-4) ﬁ
Where:

p)=[(1+B)(2p)+(p+ - p)(B-4)]
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The result is sharp for the functions f{(z)(i = 1,2) given b:

(e i-a)s- 710

’ (. )[(1+B)2p+(p+ j—a)(B-A)]b, :
(an;peN;jeZN[U{O};zeU*)

h(z)==

) (p+j-1)
(wr@(“@ﬁ )

“o(p )+ B)2p+(p+j-2)(B-A)]b,
(an;peN;je ZNU{O};ZEU*)

-p

f(2)=

Theorem 8: Let the functions fi(z)(i = 1,2) defined by
(7.1) be in the class S,(4.B.¢.p.j)and b=b,>1(n=p).

Then the function /(z) defined by:

o

h(z)=z" =3 (a; +a,,)"

n=p

Belongs to the class Sg (4,B,¢.p, j), where:

(p+j—1)!
(p-1)!

5(n.j)[(1+B)(2p) +(p+j-a)(B-4)]

(p+j-1)
(p—l)!

2(p+j-a) (B-4)(2p)

Ow=p+j-—
b,-2(p+j-a) (B-4)

The result is sharp for the functions fi(z)(i = 1,2)
given by (7.3).
Proof. Since f,(z)e S,(4.B.a.p.j)i=12). Thus, by

Theorem 1:

= 5(n./)[(1+B)(n+ p)+(p+j-a)(B-4)]
(p+j-a)(B-4) e

(p-1)

n=p

<L(i=12peN;je2NU{0})

Note that:

5(n,j)|:(1+B)(n+p)+(p+j—a)(B—A):| )

, (p+j-1)! mio
(p+j-a)(B-4) [zpfl)!

0
n=p

< ié(”’f)[(“B)(”+P)+(P+J—a)(B—A)]

17 e

a,b, | <1(7.6)

n=p

(i=12:peN;je2NU{0})

Implies that:

21| 3(n )1+ B)(n+p)+(p+j—a)(B-4)]

SRR

(a),+a, )b, <1, (i=1.2:pe N:j e 2NU{0})

n=p

So, we need to find the largest ® such that:

5(n,j)|:(1+B)(n+p)+(p+j—a))(B—A):|

) (p+j-1)
<p+f—wa—Ar§;%ﬁr

b

n

5(n,j)|:(1+B)(n+p)+(p+j—a)(B—A):|

(p+J—a)(B—A)W

n

1
<=
2

(n=p:peN;je2NU{0})
That is:

(p+j-1)
(p-1)!
5(n.j)[(1+B)(n+p)+(p+j-a)(B-4)]
2(p+j-1)
(p—l)!

2(p+j—a)z(B—A)(n+p)

w<<p+j

b,=2(p+j-a) (B-4)
(n= p:pe N:je2NU{0})
Now, defining the function v(») by:

2(p+j—0:)2(B—A)(n+p)(?;{1_);)!

5(n)[(1+B)(n+ p)+(p+j-a)(B-4)]

bn—2(p+j—a)2(B—A)2W

v(n)=p+j-

(an;peN;jeZNTU{O})

It is clear that @(#) is an increasing function of n.
Thus, we have:

(p+j—1)!
(p—l)!
5(p.))[(1+B)(2p)+(p+j-a)(B-4)]

b= = (5= UL

2p+j-a)(B-4)(2p)

y<v(p)=p+j-

Which complete the proof of Theorem 9.
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Integral Operator

By using the techniques presented in
(Srivastava et al., 1998; Aouf, 2010) the below theorem
shows the obtained integral transforms of functions in
the class S, (4. B.a. p. ).

Theorem 9: If Az)eX*(p) is in the class
S,(4,B.a.p,j)and  b=b>1(n2p), then the integral
transforms:
1
Fc+p_1(2)=cﬁ4”p’1f(uz)du,(0<u£1;0<c<oo) 8.1

0

Are in the class S, (4, B,a, p. j) , where:

c(p+j—a)(1+B)(2p)
(c+2p)[(1+B)(Zp)+(p+j—a)(B—A)]
—c(p+j-a)(B-A)

9=

p+Jj-

The result is the best possible for the function f{z)
given by:

(P+f—aXB—A“i+jUP

“S(p )1+ B)(2p)+ (p+j—a)(B- A)]b ’
(peN:je2NU{0})

f(z)=z

Proof. in the class

Let f(z)=z"—- Zw:anz"
n=p

S,(4.B.a.p.j). Then:

Fopa(2)= Cﬁt”“ (uZ)du—Z”—Z a,z

SCtp+n

We need to find the largest 3 such that:

ic é‘ I’l_j I: l+B)(n+p)+(p+j—3)(B—
(c+p+n)(p+j-9)(B- A)M

(p-1)!

n=p

Since f(z) € S,(4,B.a.p.j) and by Theorem 1, we get:

w 5(n,j)[(1+B)(n+p)+(p+j—a)(B—A)]
z — ab, <1
(p”_a)(B_A)M

(p-1)!

Note that the inequality (8.2) is satisfied if:

n=p

614

c|:(l+B)(n+p)+(p+j—3)(B—A):|
(c+p+n)(p+j-9)
[(1+B (n+p)+(p+j-a)(B- A)]
(p+j-a)

Or equivalently:

I<p+j-—

c(p+j-a)(1+B)(n+p)
(c+p+n)[(1+B)(n+p)+(p+j—a)(B—A)]
—c(p+j-a)(B-A)

(8.3)

Let:

c(p+j-a)(1+B)(n+ p)
(c+p+n)[(1+B)(n+p)+(p+j—a)(B—A)]
—c(p+j—a)(B—A)

F(n)=p+j—

Then F,.1(n) is an increasing function of ». Since:
c(p+j—a)(l+B)(2p)
(c+p+n)[(l+ B)(Zp)+(p+j—a)(B—A)}

—c(p+j—a)(B—A)

F(p)=p+j-

This completes the proof.

Integral Representation

In the following theorem, we determine the integral
representation of functions that belong to the class
Si(A.B.a.p.)).

Theorem 10: Let Az)eX’(p) be
S,(4.B.a.p.j). Then:

in the class

“o(z )[(1+B)(n+p)+(p+]7&)(37A)J7(p+])
(f* (1) Z) ol z(1-¢(2)B

where, [p()<1, zeU':

2 * )" ()

Proof. By putting =M(z)in (1.4), we

r*9"(2)
have:
| M) +(p+J) \
|BM(2)+[B(p+j)+(p+j—a)(B- A)]
Or equivalently:
M(z)+(p+))
BM(2)+[B(p+j)+(p+j-a)(B-A4)]

<lzeU
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So:

(*9""@) _ o) B(p+i)+(p+i-a)(B-4)]-(p+))
(r*2") 2(1-¢(z)B)

After integration, we get:

u*@“%n]
log| ~—=——=
((f*ngn

_ ]rp(Z)[B(p+J)+(P+J—a)(B—A)]—(PH)
; z(l—(p(z)B)

Thus:

. o[ B(r+1)+(p+s-a) (B-A)|-(p+))
AT N C I EED

r*oe)

This completes the proof.

Conclusion

The purpose of this study was to introduce a certain
new subclass of class of meromorphically multivalent
functions with negative coefficients. We also
investigated the geometric characterization of the
coefficient estimates for functions in this subclass.
Moreover, we obtained the distortion theorem, radii of
meromorphically p-valent starlikeness and convexity,
neighborhood property, partial sums, convolution
properties, integral operator and integral representation.
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