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G-Partial Metric Space

Introduction

The establishment of common fixed point principle
was initiated by Jungck (1976). In the same reference,
the commutativity of one pair of maps was introduced.
Sessa (1982) later introduced weak commutativity of
maps. Jungck (1986) improved on this by initiating
compatibility. Furthermore, weak compatibility was
inaugurated by Jungck (1996). Many researchers
employed the concept of weakly compatible maps
currently for proving common fixed point theorems in
various spaces. Existence and uniqueness of common
fixed points of constrictive maps was first proved in
metric spaces. Subsequently, many authors developed
interest in this area and enlarged the space. Matthews
(1992) extended the metric space to partial metric space
by including the non-zero self-distance to the
assumption of metric spaces. Additionally, the
literature on metric space has also been improved by
Mustafa and Sims (2006) where every triplet of an
arbitrary set is being given as real numbers. The
general view of G-metric space has additionally been
improved by introducing partial metric space to the
condition of G-metric space leading to G-partial metric
space (Eke and Olaleru, 2013). The authors proved that
Banach constriction principle has unique fixed point in
ordered G-partial metric spaces.

The literature has also been enriched with new
theorems on fixed and common fixed point of contractive
and expansive operators in this space. For instance, fixed
point of ciric-type constrictive operators was proved in
ordered G-partial metric spaces (Olaleru et al., 2014).
Eke (2015) establishes some fixed point theorems for
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two expansive operators in G-partial metric spaces.
Existence of coincidence point for contractive operators
in generalized metric space is proved (Abbas and
Rhoades, 2009). The existence of common fixed point
for four mappings that satisfy generalized contractive
conditions in cone metric space without allowing the
continuity of any of the maps has also been proved
(Abbas et al., 2010).

Motivated by these results, we establish some
common fixed point theorems for two set of operators
satisfying certain enlarged contractive conditions in G-
partial metric spaces.

Consistent with Eke and Olaleru (2013), we present
the following definitions and results.

Definition 1.1

Suppose A4 is a nonempty set and further if
G,:Ax Ax A—R" is a function fulfilling the following:

e (G,1)G,(a.b.c)2G,(a.a.a)=0for all
(small self-distance)

e (G,2)G,(a.b.c)=G,(a.a.b)=G,(b.b.c)=G,(c.c.a)
ifand only if a=b=c, (equality)

* (G,3)G,(a.b.c)=G,(c.a.b)=G,(b.c.a)
in all three variables)

° (Gp4)Gp (a,b,c) <G, (a,e,e) +G, (e,b,c) -G, (e,e,e) (re

ctangle inequality)

a,b,ce A

(symmetry

Then we have G-partial metric space which
comprises of the set (4, G,), where G, is called G-
partial metric.
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Example 1.2
Suppose A=R"and G,:AxAxA4—R"is a G-partial
metric characterized by G, (a.b.c)=max{a,b.c} then

(4,G,) is a G-partial metric space.
Introducing the following:

Definition 1.3

If a sequence {a,} of points in a G- partial metric
space (4, G,) has a limit at a point ec4 then we have
limG,(a,.a,.¢)=1imG,(a,.a,.a,)=G,(e.ec.e) .

n—o

Definition 1.4

A sequence {a,} of points in a G-partial metric space
(4, Gp) is Cauchy if the number G,(a,, a,, a;) converges
to some e€A as n, m, [/ approach infinity.

The proof of the following proposition easily follows
from definition.

Proposition 1.5

Let {a,} be a sequence in G-partial metric space A4
and eed. If {a,} converges to e€A, then {a,} is a
Cauchy sequence.

Definition 1.6

A G-partial metric space (4, G,) is said to be
complete if every Cauchy sequence in (4, G,) converges
to an element in (4, G,). That is,
Gp(a,a,a)=£i_>ncchp(an,a,a)= lim G,(a,.a,.4a,) .

n.m—>o

Definition 1.7

Let 4 and j be self-maps on a set 4. If u = ha = ja, for
some a in A, then a is called coincidence point of / and ;.
Where u is called a point of coincidence of /# and .

Definition 1.8

Let /4 and j be two self-maps defined on a set 4. Then
h andj are said to be weakly compatible if they commute
at every coincidence point.

Main Results
Theorem 2.1

Let 4, j, K and L be self-maps of a G-partial metric
space A satisfying h(4)cL(A), j(A)cK(A4) and G,(ha, ha,
Jb)<qu, o » (B, j, K, L), where ge(0,1).

and:
Gp (Ka,Ka,Lb),Gp (ha, ha, Ka),
U,y (1. ). K.L)€4G,(jb. jb.Lb), (1
G, (ha.ha,Lb)+G,(jb. jb.Ka)
2

and:
G,(Ka,Lb.Lb),G,(ha,Ka.Ka),
umb’b(h,j,K,L)e G, (jb,Kb,Kb), 2)
Gp (ha,Lb,Lb) + Gp (jb, Ka, Kas)
2

for all and a, beA. If one of h(A), j(4), K(A) or L(4) is a
complete subspace of 4, then {h, K} and {j, L} have a
unique point of coincidence in 4. Moreover, if {h, K}
and {j, L} are weakly compatible, then 4, j, K and L have
a unique common fixed point.

Proof

For any arbitrary point ayeA, since h(A)cL(4) then
there exists a;€A4 such that hapcLa,. If the range of j(4)
is contained in the range of K(4) then there exists a,€A4
such that ja;cKa,. Continue the process, we can
construct two sequences {a,} and {a,} in 4 such that:

hay, = Lay,,, = by,

Jy =Kay, =by,s

For a given neN, if n is even, say n = 2k for some
ke N then, using (1), we obtain:

Gp (bn+l’bn+l’bn) = Gp (b2k+l’b2k+1’b2k)
= Gp(hazwhazwfanfl)
<u,,,(h.j.K.L).n21

where:
ua7a7b (h’j’ K’L)

G,(Kay.Kay,,Lay ,).G,(hay,.ha,,.Ka,,),

€16, (Jy s Jas s Lay. ),
Gp (ha2k hay, Lay, | ) + Gp (ja2k—17ja2k—17 Kazk)
2

Gp (bZk’b2k>b2k—1 )’Gp (b2k+1>b2k+1’b2k)>
= Gp (bzk*b2k>b2k—l)’
Gp (b2k+17b2k+17b2k—l ) + Gp (bZk’bZkvak)
2
Gp (b2k’b2k7b2k—l )’Gp (b2k+l’ b2k+1>b2k )va (bZk’bZk’bZk—l )7
Gp (b2k+1*b2k+l’b2k ) + Gp (bzk’b2k>b2k—l)
2
_Gp (bzk*bzwbzk ) + Gp (bzk’bzk’bzk)
2

IA
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G, (b2k> bynbyy )> G, (b2k+1> by i1y ),
= Gp (b2k>b2k’b2k—1)>

Gp (b2k+1’ bzkw bzk ) + Gp (bzw bzka bZk—l )
2

Gp(brﬂbn’bn—l)’Gp(bn+l’bn+l’bn)’
=1G, (b,.b,.b,.,).
G, (b,.1-b,.1-b,)+ G, (b,.5,.b,.,)

n+1°“n+1°
2

Ifu, o 6(h, j, K, L) = G, = (by, by, by.y) then G, = (b1,
bn+la bn) < qu (bna bm bn—l) If ux,x,y(haja Ka L) = Gp (bnﬂa
bn+la bn) then Gp = (bnﬂa bn+la bn) < qu (bm bm bn-l)a a
contradiction.

G, (by1b15,)+ G, (B,.5,.5,1)
2

uu,a,b (h’ j’ KaL) = then:

Gp (bn+1’bn+1’bn) < %[Gp (bn+1’bn+1’bn ) + Gp (bn’bn’ bn—l ):I
(1 - %ij (bn+l7bn+1’bn) < %[Gp (bn7bn’bnfl ):|

2—
(quGp (bn+l’bn+1>bn) = %I:Gp (bn’bnibnfl ):|
(2 - q)Gp (bn+l7bn+1’bn) < Z[Gp (bn7bn’bn—l ):|

q
Gp (bn+1’bn+1’bn) < T[Gp (bn’bn’bn—l):|

-q

Let 6= max{q,q} <1, then:
2-q

Gp (bn+l’

bysb,) <3G, (b,.b,.b,,)

n+1°>~n

(€))

If nis odd, so n =2k+1 for some ke N. Then using (1)
we obtain:

Gp (bn+l’ b, bn) = Gp (b2k+2’ b2k+27b2k+l)
=G, (ha2k+1> hazk+1>ja2k)
< uu’u’b(h,j,K,L),n >1

where:

Ma.(r.h (h’./’K’L)

Gp (Ka2k+l’Ka2k+l’ La,, )> Gp (ha2k+l’ ha,,.,,Ka,,,, )=

€ Gp (jazmjazmlfazk)’
Gp (ha2k+1’ hay,.,,»Lay, ) + Gp (jazk’ Jay-Kay, )
2

G, (bypsrsbrgsbrr)- G, (bypszsDrgasboir)-
= Gp (b2k+l’b2k+l> bzk)’
G, (byrasbens bu») +G, (b2k+l’ byrs b2k+l)
2
G, (byttsDris bt ) G, (bytrsbopa b)) G, (bytsDrgsboe )

Gp (b2k+2’b2k+2 >b2k+l) + Gp (b2k+l’b2k+l ’bzk)
2
)

IA

_Gp (b2k+1’b2k+l Ny Gp (b2k+l’b2k+l >b2k+l)

+
2
G, (b2k+l’b2k+1> bzk)’ G, (b2k+2’b2k+2’b2k+l)’
= Gp (b2k+l7 byrs bzk)ﬂ
G, (b2k+27b2k+27 b2k+1) +G, (b2k+1’ bys bZk)

2

b

Gp(bn’bwbn—l)’Gp(bml’ n+12 n)’
= Gp(bn,bn,bnfl),

G, (b,1-b,00b,

n+1°“n+1°>"n

)+Gp(bn,bn,bn71)
2

Following the similar argument as above we obtain:

G, (byysbysh

n+1°“n+l>“n

) < 5GP (bn’brﬂbn—l) (4)

Consequently, we obtain:

G,(b,,1.b,.1.b,) < 8"G, (b, b, b,)

n+1>
For m>n and using the rectangle inequality, we get:

Gp (bn’bn’bm) Y Gp (bn’bn’bn+l) + Gp (bn+l’bn+l’bn+2)

+ Gp (bn+2>bn+29bn+3)+ et Gp (bm—17bm’bm)
- Gp (bn+19bn+l’bn+2)_ T Gp (bm—17bm—17bm—l)

S Gp (bn’bn’brwl) + Gp (bn+l’bn+l’bn+2)
+ Gp (bn+2’bn+2’bn+3)+ ot Gp (bmfl’bm’bm)

SﬁnGp (bwbwbl)"'5n+le(b0’b0’bl)

+...+§m_1Gp(b()sb05bl)

S(5n+5n+l+,..+5mil)Gp(b0;b09bl)

Sé\n(l+é‘+...+5min71)Gp(b(nbwbl)
S"

SSGp(bO,bO,bl).

This shows that G,(b,, b,, b,) converges to zero as m
and n tend to infinity. Thus {b,} is a Cauchy sequence in
A. Suppose K(A) is complete, then there exists a u in
K(A) such that Kay, = byy—>u as k—oo. It is equivalent to

374
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Ka;k =ja2k_1 = b2k—>u and b2k_1 = La2k_1 = ha2k_2—>u as
k—0. Also
Gp(u,u,u)=£i£}CGp(b2k,u,u)=m!irllmGp(bn,bn,bn)=0. is,

Suppose there is v in 4 such that Kv = u. Then we show
that 4v = u. On the contrary, we have:

G, (hv.hv.u) <G, (hv.hv, jay, )+ G, (jay, . jay, .u)
=G, (Jay.,»jay . jay,,)
<G, (hv.hv, jay, )+ G, (jay_ jay, ,.u)
<qu,, (h,j,K,L) + Gp (jaZkfl,jaz,H,u)

where:

G, (Kv, Kv, LaZk_l),Gp (hv, hv, Kv),
h,j,K,L) € Gp (ja2k71>ja2k71>Lazk—1)>
G, (hv.hv.Lay, ) +G, (hay,_,.hay, . Kv)
2

Uy,
V.-

for ke N. Minimum of one from four possible elements
could result from the set u,,, 1 (%, j, K, L) many times.
Hence, four possible outcome can occur.

If Uy, v, a2k-1 (h, j, K, L) = GP(KV, KV, Lazk_l) then we
have Gp(hv, hV, M)SQGP(KV, KV, La;k_l)'i‘Gp(]-azk_], jazk_l,
u). As k—>o we obtain G,(hv, hv, u)<0. This implies that
Gy(hv, hv, u) = 0.

If w01 (B, j, K, L) = G, (hv, hv, Kv) then we have
G, (hv, hv, w)<qG, (hv, hv, Kv)* (jay.., ja, u). As
k= we get Gy(hv, hv, u)< qG, (hv, hv, Kv) = qG, (hv,
hv, u), a contradiction.

If wyyiok1 (B, J, K, L) = Gp(jass.y, jas, La.,) then
we have G,(hv, hv, u)<qGp(jasy.1, jar1, Laz1)+ Gy(jaa.
1 J@i1, 1). As k—>o0 we get G,(hv, hv, u)<0. This implies
that Gp(hv, hv, u) = 0. If
. G, (hv.hwu)+G,(jay._. jay . Kv)

vy )
then we have G,(hv, hv, w)<q/2{G,(hv, hv, Lay.
DTG (jark1, jazer, KV)TGp(jay.t, jar., u)}. As k—>0 we
get G,(hv, hv, u)<q/2G,(hv, hv, u), a contradiction.

Thus, in all four cases we have that G, (hv, Av, u) = 0.
This implies that u = A, = k,. Therefore u is a point of
coincidence of /4 and K. Since ueh(4)cL(A), then there
exists a weA such that Lw = u. We claim that jw = u. On
the contrary, let jw=u, then using (1) we have:

(hj.K,L)=

G, (u,u,jw) <G, (u,u,haZk)+ G, (hay,, ha,,., jw)
— G, (hay.hay. ha,,)
<G, (w.u.hay )+ G, (hay. ha,,, jw)
<G, (w,u,hay, )+ qunlk"w(h,j,K,L)

375

where:

G, (Kay,.. Kay, Lw), G, (hay.hay. Kay,),
uz,‘,vzw(h,j,K,L) e Gp (jw,jw,Lw),
G, (hay,.hay,.Lw)+ G, ( jw, jw.Ka,,)
2

for ke N. Minimum of one from four possible elements
could result from the set u,,, .1 (4, j, K, L) many times.
Hence, four possible outcome can occur.

If w21 v (B, J, K, L) = (Kay, Kay, Lw) then we have
Gy, u, jw)<Gp(u, u, hay)+qG,(Kay, Kay, Lw). As k—o0
we obtain G,(u, u, jw)<0. This implies that G,(u, u, jw) = 0.

If wuy ., (h.j.K.L)=G,(hay.hay.Ka,) then we have

Gp(u, u, jw)<Gp(u, u, hay)tqG,(jw, jw, Lw). As k—o0
we obtain G,(u, u, jw)<qGp(jw, jw, u) = qG,(u, jw, jw).

If Unge ke (h’j’K,L) =
Gp(h“Zk’h”Zk*Lw); G, (jw. jw.Kay,) then we have G,(u,
u, WISGp(u, u, hay)+q/2{Gp(hax, haxy, Lw) +Gy(jw, jw,
Lw)} . As k—x© we obtain
G, (u.u, jw) S%G,,(jw,jw,u) = %Gl,(u,jw,jw).

Let max {q,%} =q . Then:
G, (1t )2 4G, 1. ) G

Also using (2) we obtain the following:

G, (u.u, jw) <G, (u.hay. ha,,)

Gp(haZk,jw,jw)—Gp(haZk,haZk,haZk)
G,(
G,(

P

A+

u, ha,,. ha,, ) +G, (hay, jw, jw)
u, hay,, hay, ) +quy,,,(h.j.K.L)

IA

where:

G, (KaZk,Lw,Lw),Gp (haZk,KaZk,KaZk),
h.j.K.L)e1G,(jw.Lw,Lw),
G, (haZk,Lw, Lw)+ G, (jw, Ka,,, KaZk)
2

If Uy, (1) K, L) =G, (Kay, Lw, Lw) then
G, (u, jw. jw) <G, (u.hay.ha,, )+ qG,(Kay. Lw.Lw) . As
k—o we haveG,(u. jw,jw)<0. This implies that

G, (u,jw,jw) =0.
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If uaZk,wvw(h, j, K, L) = Gp(hCIZk, KaZk, KaZk) then
Gp(u, jw, jwILGy(u, hay, hay)+qGy(hasy, hay, Kay).
As k—o we have G,(u, jw, jw)<0. This implies that
Gy(u, jw, jw) = 0.

If waww(h, j, K, L) = Gp(jw, Lw, Lw) then G,(u, jw,
JWIEG(u, hay, hay)tqG,(jw, Lw, Lw). As k—o we
have G,(u, jw, jw)2qG,(jw, u, u) = qG,(u, u, jw).

If (hj.K,L)=

G, (hay, Lw.Lw)+G,(jw.Ka,,.Ka,,)
2
JWEG,(u, hay, hay)+ql2{Gy(hay, Lw, Lw)+G(jw, Kay,

Man. oW

then Gy(u, jw,

Kay)}. As k—© we have
Gp (u,jw,jw) < %Gp (jw,u,u) = %Gp (u,u,jw) .

Let max {q, %} =g . Then:
G, (u,jw,jw) <qG, (u,u,jw) (@))

Combining (3) and (4) yields:
G, (u,u,jw) <qG, (u,jw,jw) < qZGp (u,u,jw)

This is a contradiction since g<1, hence u = jw = Lw.
Thus {h, K} and {j, L} have common point of
coincidence in A. Now, if {4, K} and {j, L} are weakly
compatible then hu = hKv = Khv = Ku = w (say) and ju
=jLv = Ljv = Lu w, (say).

Now we show that the points of coincidence are
unique:

G, (W w,,wy) <G, (hu,hu, ju)<qu,,,(h.j.K.L)

where:

u117u7u (h’j’K’L)
G, (Ku,Ku,Lu),G, (hu,hu,Ku),G, (ju, ju, Lu),
€\ G, (hu,hu,Lu)+ G, (ju, ju. Ku)
2

G, (wl,wl,wz),Gp (wl,wl,wl),Gp(wz,wz,wz),

=16, (W wy) + G, (wy, . w,)
2

G, (m.w.w,) + G, (wyow,.
{Gp(WprWz)’ p(Wl i wz); p(W2 ke Wl)}

Gp(wl,wl,w2)+ Gp(wz,wz,wl)

, then
2

If u,,,(hj.K.L)=

we get:

376

G, (wl,wl,wz) S%{Gp(wl,wl,wz)+ Gp(wz,wz,wl)}

< 4
2-q

(&)

Gp(wz,wz,wl)

=LG1'(W19W27W2)

In like manner, we rely on (2) and follow same step
to achieve next result:

Q)

G, (w.w,,m,) Sz%qu(wl,wl,wz)
Combining (5) and (6) gives:

2
Gp (wl,wl,wz) < [21}) Gp(wl,wl,wz)

A contradiction. Thus w; = w, and hence hu = ju =
Ku=Lu.

Next, we show that « is the common fixed point of A,
J, Kand L. We claim that u = ju:

G, (uu, ju)=G,(hv.hv, ju)<qu,, , (h.j.K.L)

where:

0, (hJ. K. L)
G,(Kv.Kv,Lu).G, (hv.hv.Kv).G, (ju, ju, Lu).
€\G, (hv.hv, Lu)+ G, (ju. ju.Kv)
2
Gp(u,u,u),Gp(u,u,u),Gp (ju,ju,u),
= Gp(u,u,u)+Gp(ju,ju,u)
2

o 1 A
= {Gp(]u,ju,u),EGp (ju,]u,u)}

If u,,,(hj.K.L)=G,(ju, ju,u) then
G, (u.u. ju) < qG, (ju. ju.u)=qG, (u, ju. ju) .
If “V,v,u(hﬁjﬁK>L)=%Gp (Ju. ju.u) then
<26 (in inu)=2L .
G, (u.u, ju) < 2G],(ju,]u,u)— sz(u,]u,]u) .
Let max{q,%} =q then:
G, (w.u. ju)<qG, (u. ju. ju) )

With the aid of (2) and following the same procedure
as above yields the understated:
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G, (u. ju. ju) < qG, (ju.u.u)=qG, (u.u. ju) (8)

Combining (7) and (8) gives, Gp(u, ju, ju)quGp(u, u,
1), a contradiction.
Hence:

u=hu=ju=Ku=_Lu

Suppose there is a different common fixed point of 4,
J, K and L say ¢ such that u # ¢ then using (1) we have:

G, (uu.t)=G, (hu,hu, jt)< qu,, (h j.K.L)

where:

G, (Ku,Ku,Lt),G, (hu,hu,Ku),
u,,,(hj.K.L)eqG,(jt. jt.Lt).
Gp (hu,hu,Lt) + Gp (jt,jt, Ku)
2
G, (wu.t),G, (uu.u).G,(1.1.1),
G, (uut)+G, (t.t.u)
2

{Gp (w.1), G, (uu.t)+G, (t,t,u)}

2

Uy, u, N, j, K, L) = Gp(u, u, t) then Gp(u, u, )<qG(u, u, ),
G, (uut)+ G, (1.t,u)

a contradictionu, ,, (h. j.K.L)= 5 then:
G, (uut) < %(c;p (.u.1)+ G, (1.1.u))
q
<———G (t.t,u
-6, 1)
Let max{q,q} =g then:
2-q

Gp(u,u,t)Squ(t,t,u)=qu(u,t,t) 9

Similarly, we have:
G, (u,t,) < qG, (u.u,t) (10)

Combining (9) and (10) yields Gp(u, u, t)quGp(u, u, 1),
a contradiction since g<l. Thus, the uniqueness is proved.

Corollary 2.2

Let A, j and L be self-maps of a G-partial metric
space A satisfying A(A)Jj(A)cL(4) and Gy(ha, ha,
Jjb)<qu, v, o(h, j, L), where ge(0,1) and:
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Gp (ha,ha,Lb),Gp (ha, ha,La),
Uy (h,j,L) € Gp(jb,jb, Lb),
G,(ha.ha,Lb)+G,(jb. jb.La)
2

an

and Gy(ha, ha, jb)<qu,, », »(h, j, L) where ge(0,1) and:

Gp(ha,Lb,Lb),Gp (ha,La,La),
ua_h_,,(h,j, K,L) e Gp(jb,Lb, Lb),
G,(ha,Lb,Lb)+G,(jb.La,La)
2

(12)

for all a, beA. If one of h(A4), j(A) or L(A) is a complete
subspace of 4, then {A, L} and {j, L} have a unique point
of coincidence in 4. Additionally, if {4, L} and {j, L} are
weakly compatible, then 4, j and L have a unique
common fixed point.

Theorem 2.3
Let 4, j, K and L be self-maps of a G-partial metric
space A satisfying h(4)cL(A), j(A)cK(A4) and:

Gp (ha,ha,jb) < pGp (Ka, Ka,Lb) + qu (ha, ha, Ka)

+rG,(jb. jb.Lb) (11)
+1[ G, (ha.ha.Lb)+ G, (jb. jb.Ka)]

and:

G, (ha, jb, jb) < pG ,(Ka,Lb,Lb)+qG,(ha,Ka,Ka)
+7rG, (jb, Lb, Lb) (12)

+1[ G, (ha.Lb.Lb)+ G, (jb.Ka.Ka) |

for all a, be A, where p,q,r,t,€[0,1) satisfy p+q+r+t<1.

If one of h(A4), j(4), K(A) or L(A) is a complete
subspace of A, then {A, K} and {j, L} have a unique
point of coincidence in A. Additionally, if {#, K} and {j,
L} are weakly compatible, then 4, j, K and L have a
unique common fixed point.

Proof

For any arbitrary a,eA4, we can generate two sequence
{a,} and {b,} in A as in the proof of Theorem 1. Then:

G, (by1:b,0b,)

=G, (byyroborobyy)

=G, (hay.hay,. jay, )

< pG,(Kay.Kay. Lay, ) +qG, (hay.hay. Kay, )
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+er (jaZkfl,jaZkfl,LaZkfl)
+(G, (hay, . hay,. Lay, )+ G, (jay_. jay_ . Kay, )]
< PG (bybyynbyy )+ 4G, (Byyrsbyr by
+7G, (byybybyy )
+[ G, (byiobogrsbog 1)+ G, (byg by by ) |
< PG, (b byl )+ 4G, (byybye by
+7G, (byybybyy )
G, (byarsbryrsby )+ G, (b by by )
=G, (byyabyysby ) + G, (byabyy by )
= PG, (bybyyby )+ 4G, (by by by
+7G, (byybybyy )
+] G, (Byy1-bs1obo ) + G, (bygabygbye ) |
=pG,(b,.b,.b,,)+4G,(b,...5,..,)
+G,(b,.b,.b, ;)
1[G, (bb,108) 4G, (5,0,
<(p+r+1t)G,(b,.b,.b, )
+(q+1)(b,.1.b,,1.5

n+1>“n+l2 n)

S7Gp(bn7bn7bn—l) (13)

If n is odd, so n = 2k+1 for some keN. Then using
(11) we obtain:

G, (byursbynsb,)

=G, (byesbrpir b))

=G, (ha2k+1’ha2k+1>ja2k)

< pG, (Kay,,. Kay,,. Lay,)

+4G, (hay,..,.hay,.,.Ka,,.,)

+rG, (Jasyr jan- Lay, )

0, (1) G s K. )
) PGp (bkabZk”’ by ) + qu (b2k+z» by b2k+1)
+er (b2k+17b2k+1,b2k)

+[ G, (byerobyeraob ) + G, (Bry by b)) |
< PG, (Byorsbyprnby )+ 4G, (Byyybyyr b))
+rG, (Bygarsbrper b))

» Gp (b2k+1>b2k+l’b2k+1 ) + Gp (b2k+1> bypors bZk)
_Gp (b2k+la byrs by ) + Gp (b2k+1’b2k+1=b2k+l)

=rG, (b2k+l’b2k+l’b2k ) +4G, (b2k+2ab2k+2’b2k+l)

+rG, (b2k+1’bz;;+1,b2k)

+ [Gp (b2k+2’ byazsbrp ) +G, (b2k+1’ bypirsbyy )]

= PG, (b,.b,.5, )+ 4G, (b,...b,.,.b,)

+rG, (bn’bnab,,,l)

+t|:Gp (bn+1’bn+1’bn ) + Gp (byy’ by,a b"“l)]
S(p+r+l)Gp(bn,bn,bn_l)
+(q+t)(bn+l>bn+l’bn) (14)
ptr+t
<——G,(b,.b,.b,
l—q—f 17( n>=n>"n l)
GP (bn+1>bn+1>bn) < /1Gp (bn’bn?bnfl)

p+r+t<
l1-g-t¢

where, 1= 1.

Consequently, we  obtain
b)S)"G (b1, by, by).

For m>n and using the rectangle inequality we get:

Gp(bnn, b1,

G, (B,-b,8,) <G, (bbb, ) + G (B by )
+G, (bysbyniby )+ + G (b, 1.b,.5,)
=G, (byosbyiby) = =G, (bysby1ib, )
<G, (by-b,.b,.1)+ G, (b,.1:b,.1:b,.)
+G,(b,135,2:b,5 )+ + G, (b,1.b,.b,,)
SA'G,(bybysby) + A"'G, (by. by b))
++ A"G  (by, by b))
(2 + A 4+ 27) G, (byaby.By)
<A (14 A+-+2"")G, (bbb

ln
SmGp(b()’b()’bl)

This implies that G,(b,, b, b,)—>0 as m, n—o0. Thus
{b,} is a Cauchy sequence in 4. Suppose K(4) such that
Kay, = byy—u as k—oo. It is equivalent to Kay, = jay.; =
b2k—>u and bZk-l = Lay, = haZk_z—)u as k—oo. Also
G, (u,u,u) = %ig}po (bZk,u,u) = ml.iTopo (bn,bn,bm) =0.

Consequently, we can find a v in 4 such that Kv = u. We
claim that #v = u. On the contrary we have:

G, (. hvu) <G, (hv,hv, jay, )+ G, (jay . jay,_.u)
— Gp (jaZkfl,jaZkfl,jaZkfl)
< Gp (hv, hv, ja,, ) + Gp (jaZkfl,jaZkfl,u)
< pG,(Kv.Kv,Lay, ) +qG,(hv.hv,Kv)
+rG,(Jjay, . jay, . Lay )
+ t[Gp (hv.hv, Lay, )+ G, (jay_. jay, . Kv)]

+G, (.ja2k—l’ Jay “)

As k—o0 we obtain:
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Gp (hv,hv,u) < pGp (Kv,Kv,u) + qu (hv,hv,Kv)
+er (u,u,u)
+ t[Gp (hv.hv,u)+ G, (u,u,Kv)}
+G, (weu,ut)
< qu (hv,hv,u) + tGp (hv,hv,u)
< (q + t)Gp (hv,hv,u)

A contradiction, hence /v = u.

Since A(A)cL(A), it implies that ueL(A). Therefore,
we can find a w in 4 such that Lw = u. Thus using (1) we
shall show that jw = u:

G, (hv.hv.u) <G, (jw. jw.ha,, )+ G, (hay, hay, .u)
-G, (hay,.hay, . ha,,)
< Gp (jw,jw,v)+ Gp (haZk,haZk,u)
=G, (hay,. jw. jw)+ G, (u.hay,.ha,,)
< pG, (hay,.ha,,, Lw)+qG, (ha,,.ha,,.Ka,,)
+1G, (jw, jw,Lw)
+1[ G, (hay.hay,. Lw)+ G, (jw. jw.Kay) |

As k—»o0 we obtain:

G, (jw. jw.u) < pG, (uu, Lw) +qG , (u,u,u)
+1G, (jw, jw,u)
+ t[Gp (u,u,Lw) +G, (jw,jw,u):l
=rG, (jw. jw.u) +1G,(jw. jw.u)
=(r+1)G,(jw. jw.u)

A contradiction, hence jw = u. Therefore Kv = hv =
Lw=jw=u.

Since {4, K} and {j, L} are weakly compatible
then we have, Ku = Khv = jKv = hu = w and ju = jLw
=Ljw= Lu=w,.

We shall show that w; = w,:

Gp (wl,w2,w3) = Gp (hu,hu,ju)
<G, (Ku,Ku,Lu)+qG , (hu, hu, Ku)
+rG, (Jju, ju,Lu)
+ t[Gp (hu,hu, Lu)+ G, (ju,ju,Ku)]
= pGp(W1>W1>Wz)+ qu (W1’W1’W1)
+er(wz,wz,w2)
+t[Gp(w1,wl,w2)+ Gp(wz,wl,wl)J
= pGp(W1>W1>W2)
+t[Gp (w. w,w,)+G, (wz,wz,wl)]
= (P"' t)Gp (WI,WI,W2)+ tGp (Wz’wz’wl)
t
<
1-p—t
<zG, (w,w,w,)

Gp (Wz>Wz>W1)

where:

<1 (15)

Using (12) we have:

G, (w.w,,w,) =G, (hu, ju, ju)
< pGp (Ku,Lu,Lu)+qu(hu,Ku,Ku)
+ er (ju,Lu,Lu)
+1[ G, (. Lu. Lu)+ G, (ju. Ku. Ku) |
= pGp(wl,wz,w2)+qu(w1,wl,wl)
+7G, (wy, wy, w,)
+t[Gp(W1’W2’Wz)+Gp(Wzﬁwl’Wl)}
= pG, (W, wy.w,)
+t[Gp(W1’W2’Wz)+Gp(Wzﬁwl’Wl)}
=(p+1)G, (W wyo w)) +1G, (wy W, w,)

< t
I-p-t

G, (i, m,)

<zG, (wl,wl,wz)

<1 (16)

Combining (15) and (16) yields:
Gp(WvaWz) SZGp("Vv"Vz"’Vz) SZZGp(""19""19"‘}2)

This implies that Gp(wy, wy, w,) = 0. Hence w; = wy.
Since the point of coincidence is unique we have
Ku = hu = Lu = ju. Now we shall show that u = ju.
Using (11):
G, (u,u, ju) =G, (hu,hu, ju)
< pG, (Ku,Ku,Lu)+qG, (hu, hu, Ku)
+1G, (ju, ju, Lu)
+t|:Gp(hu,hu,Lu)+Gp (ju,ju,Ku)J
1
= pG, (u,u,u) +qG, (u,u,u) (17
+1G, (ju, ju, Lu)
+t|:Gp (uu)+G, (ju,ju,Ku):|

=(r+1)G, (ju, ju,u)

Using (12):
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G, (u,u,ju) = Gp(hu,ju,ju)
< pG,(Ku, Lu,Lu)+qG , (hu, Ku, Ku)
+ er (ju,Lu,Lu)
+1[ G, (hu, Lu. Lu)+ G, (ju. Ku, Ku) |
(18)
=pG,(u.u,u)+qG, (u.u,u)
+ er (ju,u,u)
+Z[Gp(u,u,u)+ Gp(ju,u,u)}
= (r + t)Gp (ju,u,u) = (r + t)Gp (u,u,ju)
From (17) and (18) we
Juy<(r+0*Gp(u, u, ju).
Since (r+£)<I then Gp(u, u, ju) = 0. Thus ju = u; u is
the common fixed point of 4, j, K and L. The uniqueness
of the common fixed point of 4, j, K and L is proveable.

Corollary 2.4

obtain Gp(u, u,

Let 4 and L be self-maps of a G-partial metric space
A satisfying h(4)cL(A) and:

Gp (ha,ha,hb) < pGp (La, La,Lb) + qu (ha, ha, La)

+rG, (hb,hb,Lb) (19)
+1[ G, (ha.ha.Lb)+G, (hb.hb.La)]

and

Gp (ha,hb,hb) < pGp (La,Lb, Lb) + qu (ha, ha,La)
+rG, (hb,Lb, Lb) (20)

+1[ G, (ha.Lb.Lb)+ G, (hb.La. La)]

for all a, b €A, where p, q, r, t €[0,1) satisfy ptg+r+t<l.

If one of /A(A4) or L(A4) is a complete subspace of 4,
then ~# and L have a unique point of coincidence in 4.
Moreover if /# and L are weakly compatible, then / and L
have a unique common fixed point.

Conclusion

We prove that the common fixed point exist and it’s
unique for four maps which satisfy some generalized
contractive maps in G-partial metric spaces. We avoided
the use of any map to arrive at our outcome.
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