American Medical Journal 5 (2): 56-62, 2014
ISSN: 1949-0070
© 2014 R. Shanmugam, This open access articlesishdited under a Creative Commons Attribution

(CC-BY) 3.0 license
doi:10.3844/amjsp.2014.56.62 Published Online 2@ (http://www.thescipub.com/amj.toc)

PROBING NON-ADHERENCE TO PRESCRIBED
MEDICINES? A BIVARIATE DISTRIBUTION WITH
INFORMATION NUCLEUS CLARIFIES

Ramalingam Shanmugam
School of Health Administration, Texas State Unsitgr TX 78666, USA

Received 2014-06-13; Revised 2014-06-17; Accepted-B7il7
ABSTRACT

No illness gets cured without the patient's adhegeto the prescribed medicine (s). Reasons sutboas
many medicines, lack of health insurance coveraigl, co-payment cost, loss of cognitive memoryalet
are commonly noticed for non-adherence. In somesbes, the patients who do not adhere to therjiredc
medicines end up again in hospital. How shouldoéréinent data be analyzed to learn? Currentlyetiseno
suitable methodology to scrutinize the data folearcassessment about the significance of a redsofulfil
such a need, this article develops and demonstiatesy underlying bivariate probability model fhetdata
and a statistical methodology to extract pertineftrmation to check whether the non-adherent priago

of patients to medicine (s) is significant enoughlcome up with strict remedial policies. To staithwthe
case of too many prescribed medicines is examifiden, the repeated hospitalization due to non-
adherence is examined. The contents of this artioldd be easily extended to other reasons of non-
adherence as well. In the presence of a reasom thight exist a number of non-adhermrind a number

of adherenty patients. BottX andY is observable in a sample of sizewith the presence of a reason and
in another random sample of sizgwith the absence of a reason. The total sampleisize n; + n,. Let
0<@<1 and Op<1 denote respectively the probability for a reaspexist in a patient and the probability
for a patient to be non-adherent to the prescribedicines. Of interest to the medical communityhis
trend of the sumT = X+Y and Z = n-X-Y denoting respectively the total number of non-aeheand
adherent patients irrespective of a reason. Hahiearticle constructs a bivariate probabilitytdisution

for T and Z utilize it to explain several non-trivialities. Tibustrate, non-adherence patients’ data in the
literature are considered. Because the bivariabdaility distribution is not seen in the literagyiit is
named as non-adherent bivarialistribution. Various statistical properties of then-adherent bivariate
distributionare identified and explained. An information basggothesis testing procedure is devised to
check whether an estimate of the parametés,significant. Two closely connected factors thoe patients
not adhering to the prescribed medicines are exainiiihe first is a precursor and it is that too ynan
medicines are prescribed to take. In an illustrafar the first reason, the probability for a pati@ot to
adhere the medicines is estimated to be 0.78 wisicdtatistically significant. The second is the tpos
cursor and it is that the patients not-adheringh® medicines are more often hospitalized agairarin
illustration of the second factor, the probabilityr the diabetic patients not to adhere the medgiis
estimated to be 0.44 which is significant. The istigal power of accepting the true non-adherence
probability by our methodology is excellent in bdthstrations. A few comments are made about theré
research work. Other reasons for the patients’aditerence might exist and they should also be @i

A regression type prediction model can be consdidt additional data on covariates are available.
principal component analysis might reveal clust#rseasons along with the grouping of illnessesuith
multivariate data become available. The usual alccomponent analysis requires bivariate normally
distributed data. For the data governed by theadirerent bivariate distribution, a new principainpmnent
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methodology needs to be devised and it will be dorgefuture research article. The contents ofdhiigle is
the conceptual foundation for such future reseamtk.

Keywords: Healthcare Cost Saving, Hospital Readmission R&@rrelation, Conditional Mean and
Variance, Information, p-Value, Statistical Power

1. MOTIVATION professionals, patients’ relatives, the healthcare
insurance industries among others.
A concern to the medical community, families of the

patients, hospital management, insurance industries 2. NEW BIVARIARE DISTRIBUTIONS
healthcare agencies is the non-adherence of mat@ihe
prescribed medicines. If the medicines are notrtake To be specific, let Og<l and Op<l denote
accordance with the prescription, it guarantees norespectively an unknown probability that a patiést
complete or delayed cure. In some illnesses such agrescribed with less number of medicines and amawk
cardiac vascular illness, the patients may havebeo Probability that a patient adheres to the presdribe
readmitted in the hospital and it increases thdtheae m.edlcmes. Four mutually exclusive outcomes arsiptes
cost. There may be many reasons for the patiertts noVith respect to these two aspects. They are: (19rOv
taking the prescribed medicines as advised by thgnedication and non-adherence with a probability(D<
physicians. When the patients are elderly, havéniired =~ @(1-P)<1, (2) lesser medicineand adherence with a
memory, or possess cognitive inability to adhere th probability 0 p<l, (3)__Iesser medicineand non-
medicines, they are in need of support memberden t adherence with a probability 0g(1-p) <1 and (4) over

. . . dication and adhereneé&th a probability 0< (lg)p <1.
family or social networks but the support persoightrbe me NV )
busy with their job or far away on a tour. The et Suppose that there axeY andZ = n-X-Y number of non

L : . adherent in less-medicated, non-adherent in over-
procrastination mlght_a reason. The health inswranay medicatedand adherent in both groups in a random
not cover the medicine cost or the co-payment er t sample of sizen. The probability trend of the random
m_edlcme might be not aﬁordat_"‘?- More Importardsen variablesX andY is a bivariate distribution Equation 1:
might be that too many medicines are prescribeé Th
over-medication is not uncommon but is inappropriat
practice by some physicians and this practice b PrX=xY=y]=
challenged. The over medication may happen bedhese
physician is unaware of other medications the ptiie Mi DI - o) 1 -] (1)
taking, physician’s human error, or an excessivefitpr P P
motives on the part of physicians for the pharmacaiu 0<@p<l0<p<i;
industry. In the illustrations, this article focgsen the x=0,1,2,.ny= 012,.n .
over-medication and the hospitalization again \@rsn-

adherence to medicines by the patients. . - The expression (1) is indeed a bona-fide Probgbilit
How the data on the number of prescribed medicinesy;,ss Function (PMF) sincBr [X = x, Y = y] is non

versus the number of non-adherent patients be zathly negative and sum to one over the sample spazeanfl
i 2 i : S
and interpreted? A search of the literature revdasan y. Marginally viewing, the numberX of over-

appropriate pr_obablhstlc conc_eptuall framewprk O medicatedand adherent follows a probability pattern
statistical technique does not exist. While therteés of Equation 2:

high practical importance, it is time to develop a
methodology to fulfill the need and it is done imst

article. Bivariate distributions have been of ietgrto the ~ Pr{X =x]=
data analysts. For an example, (Teamah and Ahmed’s

20009) illustration of bivariate exponential distitions. [ﬂi —1)]X[[i—¢(£—1)] n-x (2)
From the basics, a new bivariate probability disttion p b P

is created and its statistical properties are éstaul to 0<p<L0<p<1x=012.n

understand whether a significant proportion of gras

exists not adhering to the prescribed medicinesafor Likewise, the numbery of none over-medicatednd
stated reason. The findings will be useful to tredival adherenfollows a probability pattern Equation 3:

n! .
xyl(n=-x-y)! P

n! n
x!(n—x)!p
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n! And:
P o n
MY =yl= Yin- y),
oL S |\ L PrT =t]=
@ ¢J)(p DI+ ¢J(p ) 3) rr=t]= t,(n t),p ( -1)'; (5.2)
O0<@<l0<p<ly=012,.n O0<p<it=0,12,..n
The expected value and varianceXadre X = ng(1- Note that the marginal means are Equation 6.1 @hd 6
and o2 = i, 1- #<ywhich is a concave function of
7 " .NX( o ) _ =(n-)(-p), (6.1)
the mean. Likewise, the expected value and variahte
are i = n(1-¢)(1-p) and o2 = yy(l—”—r:) another concave  # =(n-1)p (6.2)

function of the mean. Consequently, an intrinsitabee But the variances are Equation 6.3 and 6.4:

2 2
exists and it is2x + ¥ =1+ p which is a plate in a three

Hx  Hy
dlmensmna_l graph. _ o a% = iy [+ Hz 1 (6.3)
Of real interest to the medical community is indeed (n-1)

the probability pattern of the total numbé&r= X+Y of
non-adherentand the total numberZ = n-(X+Y) of
adherent patients irrespective of the number of
prescribed medicines. The bivariate probabilitytqrat

of T andZ is obtained with a transformation of variables 07 = 4[4 + £l (6.4)
in (1). That is Equation 4:

And:

A regression type projection of one among the two:

Priz=2T=t] Total number, T of adhereahdZ of non-adherentatients,
n! Nt(]— pyTHz. ) based on the other requires finding their conditizeans.
thl(n z-1)! P p) The first step in this direction is finding theiorditional
0<p<1z=012,.0t= 0,120 MPFs and it done next. That is Equation 7:
. . . . -t
The expression (4) is a bona fide PMF siRedZ = PriZz = 2|T =t] :[nz j(l_'op)z(l—p)”“; %

z, T =] is non negative and sum to one over the sample
space ofz andt. The PMF in (4) is not found anywhere
in the literature and hence, it is named Adherence
Bivariate Distribution (ABD) here. Notice that the With the conditional mean (regression equatiorz of
adherence bivariate distribution is free of theapasterp = Z for a givenT = 1) is sy = no-pt with a

and hence, it is a member of one parameter bieariat homosecedacity  levef, =4, (1-p). A  lesser
family type. The usual Wald’s likelihood ratio cemt to  homosecedacity means less volatility in the préatict
construct a hypothesis testing procedure is nolicgipe process. The regression results suggest a practical
for a lack of a nuisance parameter. Hence, thislart interpretation of the parametex, That is, for an increase
innovatively creates an information concept to trs of non-adherent patient, one could expect a percent

0<p<1z=012,..n-t;

a hypothesis testing procedure later in the article 0<p<1l decrease of adherent patients with an increased
Interestingly, their marginal PMFs are binomialayp prediction volatility. The converse is similar but
That is Equation 5.1 and 5.2: opposite. That is Equation 8:
PI[Z = 7] = 0 (L- p)" 2 Pr[‘l’-tZ—z]—(n_Z](—l)‘ -z,
l(n 2)! (5.1) t J'p (8)
0<p<1z=0,12,.n 0<p<1z=012,.n-z;
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With the conditional mean (regression equation of 3, NUCLEUS OF INFORMATION ABOUT

T =t for a givenZ = 2) is t; = n(1-0)-(1-0)z with a
homosecedacity leveby, = 4,0 . For an increase of

adherent patient, one could expect a percenp<@<

decrease of non adherent patients with an increased

prediction volatility.
Hence, the random variabled and T must be
inversely correlated. The importance of dispersamal

the correlations have been demonstrated in Shanmuga completeness

(2013b). One wonders what might be their corretfatio
level. Using the PMFs (4), (5) and (6), the cottielg
corr(Z.T) = E(ZT) - E(Z)E(T) .

is obtained and it is, after
JvarZ)var{ )
algebraic simplifications, that Equation 9:

corr(Z,T) = —,/(1—p){%+(1—p)}

where,n is the sample size and @<1 is the unknown
probability that a patient would adhere to the
prescribed medicines.

Next, we need to estimate the parameterso For

9)

NON-ADHERENCE IN BIVARIATE
DISTRIBUTION

Information is an interesting concept and it is
popularly applied in scientific studies over fifyypars.

In a seminal article, (Shannon, 1948) introduced an
information concept in an attempt to describe the
of receiving the sent electronic
messages with no distortion. Broadly speaking,
Shannon’s information is applicable in any stocitast
system. In fact, it has been used and appreciated i
variety of fields like satellte communication,
medicine, public health, marketing, globalized
business, economic, social studies.

However, the Shannon’s information is not fault
free. The Shannon’s information is unnecessarily
overloaded in the way it is expressed. The oveintwaid
correctable as it is done in another article bg tuthor.
The Shannon’s information has been modified and
recognized as entropYhe entropy captures disorders in
a system of communication. Like the Shannon’s
information, the entropy concept also has flawse Se

the approach to be useful in practice. The Maximumthe book by (Ben-Naim, 2008) for a catalogue of

Likelihood Estimators (MLE) are preferable over erth
as the MLE are most efficient and optimal (Stuard a
Ord, 1994). For this purpose of finding the MLE,
consider a random samplg, ¢),i = 1, 2,...n of sizen >

2 from the bivariate PMF (4). Differentiating thegl
likelihood In Pr [Z = z, T = t] with respect to the
parametelp, equating to zero, its Maximum Likelihood
Estimator (MLE) is obtained and it is Equation 10:

" (n—t)= z

pMLE = (n+t) (n+t) (10)

Likewise, the MLE of the parametegy is obtained and
it is Equation 11;

n

11
(n +n,) (D

é\?\ALE =

serious flaws in entropy.

In the past, (Fisher, 1925; Kullback and Leibler,
1951) introduced a different way of capturing
information in the data. However, this article amign
the Shannon’s approach to redefine the information
based on what is now named the nucleus in the model
connecting the parameters and the observables. IMode
is an abstraction of the chance oriented reality.
Shanmugam (2013a) for an illustration of Poisson
model to capture the rareness in a chance oriented
reality with respect to the incidences of rape ations
around the world.

A case in point is the bivariate PMF in (4). The
nucleus which contains the information in the
observableg andt about the parameteris p™* (1-p)""%,

where the component———
Zt(n-z-1)!

relevance and hence is be omitted. Because thdtluga

is void of any

Next, a procedure to test the significance of the Presérves monotonicity of any ftrend, why not

sample estimate of the adherence paramegteis

needed. The usual Wald’'s (Stuart and Ord, 1994) is

not applicable as there is no nuisance parametivisn
set up. Hence, there is a necessity to invent amoth

defineld,, :(i—l)t(li)z, as the information nucleus,
P —-p

ignoring the constants? The expected logarithmic
information nucleus is & (In 2y, where the notation

approach to do the hypothesis testing. For thisE,; refers the mathematical expectation with respect to

purpose, a new information concept is introduced an
utilized in the next section.
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E,«(In0,)=(n-1)p(1-p) (12)
Using (6.2) and (6.3). Additionally, if the expedte

logarithmic information nucleus is normed in the

interval (0, 1), it is easy to comprehend its rekat

importance. For this sake, a normed ratio,
~Ezt(n0zt)

R d. After algebraic

DZ)T-l+e_EZYt(mDZ‘t) is constructed. g

simplifications, it is Equation 13:

e = PTA-p)*
a7 — VT + T (1= pY2
A-p)T + 0T (1= p)

(13)

In comparison to its marginal counterpart’s Equefid:

Qe @-p)”

= 14
Lp (- p)” 4
And Equation 15:
/IT
ne=— P 15
Toa-pyT (19

A sample counterpart of (12) is named observed

logarithmic information nucleus and it is Equatibt

I, =@-p)T +pZ (16)

p—value
t Z
P (0= hue) (18)
~Prz > Pue (rE_l/)OMLE -1)

The power is the probability of accepting a spedifi
true alternative hypothesis i = p-and it is Equation 19:

power = Pr(Z| < (1+ z,,, )a

{ ,27M|_E (1_ i)MLE%

19
p.A=p) (19)

@Q-pt +pz y 4
= — 7
(1_ Pue )t * PueZ

4. ILLUSTRATION

In this section, the contents of the previous sesti
are illustrated using non adherence data in terinthen
number of medicines prescribed of (Claxton, 2001) i
Table 1. In this example, the prescription of medicines
precedes the non-adherence. In the Group-1, a mando
sample ofn; = 50 patients taking two or less number of
prescribed medicines. In the Group-2, another
independent random sample mf= 100 patients taking
three or more numbers of prescribed medicines are
selected and enquired about their non-adherence to
medicine in the survey. Thirty-seven in Group-1 and
fifty-eight in Group-2 did not adhere to the présed

Which could be exercised for testing a hypothesismedicines. The percent non-adherent in both grasips

about the parametep, since it is asymptotically normally
distributed with mean (12) and variance Equation 17

Var(In{d,,)

= in(L -1} 202 H{in - g} %07
P a7
~20,0,Corr (T .Z){In(% ~DHInE - 9}

=(n-1)p°1-pYy’

Using the means (6.1) and (6.2), variances (6.8) an
(6.4) and the correlation (9).
To test whether the estimateh,, . in (10) is

significant, we first formulate the null and resgar
hypotheses  respectively as H,:p=p,, and

H,:p> puce- The p-value for the null hypothesis to be
true is, after simplifications, that Equation 18:

% Science Publications 60

t =95/150= 0.6:@and the percent adherent in both groups
isZ=55/150= 0.3¢. Using (9), the correlation between
the adherence and non-adherence in this data sl ftzu
be -0.78 which is quite impressive. It means thahe
number of non-adherent patients increase, then the
number of adherent patients will decrease dranibtica
Independent of the number of prescribed medicities,
probability for a patient to adhere the prescribed
medicines is estimated to bg,, . =0.22according to
(10). Using (11), the probability estimate for digiat to

be assigned two or less medicinegyig: = 0.33.

The p-value ofp,, . =0.22is about 0.23 according to
(18) meaning that the estimate is not significkignce,
the probability, 1-5,,.=0.78 of non-adherence is
highly significant. In an event, the true value of
adherence is 0.7 (that i3, = 0.7), the probability that the
methodology of this article will accept is the powead it
is 0.61. The power is good.
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A consequence of not adhering to the prescribedis z=72/100= 0.7z Using (9), the correlation between
medicines is the likelihood of hospitalization agas it the adherence and non-adherence in this data il fmu
is evident according to the dataTrable 2 in the case  be -0.44 which is not negligible. It means thatttie
of diabetic patients. In this illustration, not &dimg to number of non-adherent patients increase, then the
the prescribed medicines occurs first and the number of adherent patients will decrease. Indegeind
hospitalization again follows the non-adherencee Th of the number of the hospitalization rate, the piulity
Group-1 contains a random samplengf= 60 diabetic  for a patient to adhere the prescribed medicines is
patients whose hospitalization_rate is Ies_s _tha% toe estimated to bep,, . = 0.56according to (10). Using (11),
to non-adherence of prescribed medicines. In thethe probability estimate for a patient to be hajzied

Group-2, another independent random sample,of S A Th | fa = is about
40 diabetic patients whose hospitalization ratenge ~ 292IN IS@e =0.60. The p-value of p,, ¢ =0.56 is abou

than 10% due to non-adherence to prescribed0.21 according to (18) meaning that the estimateois

medicines. Three in Group-1 and twenty-five in Grou significant. In an event, the true value of adheeeis 0.7

2 did not adhere to the prescribed medicines. (that is,p- = 0.7), the probability that the methodology of
The percent non-adherent in both groups isthis article will accept is the power and it is @.9he

T =28/100= 0.2¢and the percent adherent in both groups power is excellent.

Table 1. # Medicines versus non adherence survey adhesemeey

# prescribed medicines Non adherent patients Adheaients Sample size
2 orless 37 13 n; =50

3 or more 42 n, = 100
Total T=95 Z=55 n =150

. ~  _(n=t) _

Puie Pwmie = m =0.22

» A | R

= =0.33
%LE %LE (nl + nz)

Correlation between totaldherent - {(1—;7){1 +(1-p)} =-0.78
n

andnon-adherenpatients
p-value for Py, e 0.23

Power forH,: p=0.7 0.61

Table 2. Hospitalization again among diabetic patientsnforadhering to the prescribed medicines

Hospitalization rate Non adherent patients Adhepatients Sample size
Less than 10% 3 57 n; =60

10% or more 25 15 n, =40
Total T=28 Z=72 n =100

N ~  _(n=t) _

Puie MLE _m =0.56

» R | S

= =0.60
Bue Bue (n+1y)

Correlation between total - /(1— ,o){1 +(1- )} =-0.44
n

adherent and non-adhereatients
p-value for Py, e 0.21

Power forH,: p=0.7 0.99
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5. CONCLUSION Kullback, S. and R. Leibler, 1951. On informationda
sufficiency. Annals Math. Stat., 22: 79-86.

One of the concerns to the National Institute of Shanmugam, R., 2013a. Informatics about fear tortep
Health and other healthcare agencies is the is§ue o rapes using bumped-up Poisson model. Am. J.
patients’ non-adherence to the prescribed medicines Biostat., 3: 17-29. DOI10.3844/amjbsp.2013.17.29
Reasons for the patients’ non-compliances are $tecl  Shanmugam, R., 2013b. Does over or under dispeirsion

and are verified only in some instances. The casteh inverse binomial data suggest anything? A case in
this article are helpful to extract the data evitteabout point is the waiting time for both heart-lung
the patients’ non-compliance to take the prescribed  transplants. Am. J. Biostat., 3: 30-37.

medicine and check the statistical significancthefdata DOI: 10.3844/amjbsp.2013.30.37

based estimates. The health insurance industreésh@n  ghannon. C.A.  1948. Mathematical theory of
medical professionals would also benefit from tleavn communication. Bell Sys. Tech. J., 27: 379-423.

s}agstli.cald metdh0d|0|09yt.0f thtir? artitqle.t In this‘:‘;"f Stuart, A. and J. Ord, 1994. Kendall's Advancedofpe
globalized medical practices, the patients  noneaehce of Statistics, Distribution Theory. 1: Arnold Press
to the prescribed medicines is a vital factor tecdss to London

avoid legal law suits and promote the medical eogno ,
of nations around the world which play a promirere. Teamah, A'A'M' and AM.T.E. Ahmed S 2009. Rando_m
sum of mixtures of sum of bivariate exponential
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