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Abstract: It is been proved that the theory of rough set is very beneficial in
working with conflict problems induced by the information endearment. The
original idea of the rough set is not accurate, however, when preference
orders of characteristics domains (standard) are to be considered. Seeking the
issue of covering approximation relative to a control relation in interval-
ordered information systems is a new mathematical tool to set up a control-
based rough set approach. These Mathematical tools apply some topological
generalizations, and control relations, covering approximations, and interval
information systems. These results using our approach are more accurate
than using a classical approach such as the approach of Pawlak. Topologies
reproduce types of information systems with one value. By defining a control
relation to interval information systems, we generalized the Pawlak
approximation space to a covering approximation space and then we involve
this approach to work with the interval-ordered information systems. Results
gained by the proposed approach to generate two different rough
approximations called j-lower and j-upper approximations. We applied j-
rough notions such as j-rough membership, j-rough equality, and j-rough
inclusion relations using topological generalizations. Our proposed method
has improved the results gained from interval information systems. In this
Research, there are many improved approaches to investing generalized
approximation relative to a control relation in interval information systems,
and we use the covering approximation in the rough set approach. This is a
generalization of the Pawlak approach applied to interval information
systems. This approach opens the way for other generalizations by making
new algorithms, which simplify the calculations on it, and we can add more
topological concepts to support decision-making in real-life applications.
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structure that consists of a class of subsets of the universe
classified according to its satisfaction with some

Introduction

We addressed in this study how to generalize
classification approximation spaces to new spaces using
topology. The research problem here is how to take an
accurate decision from the available data of ordered
information systems. The process of solving this problem
count on the ability to assort objects of this system using
topological tools and making use of applications. Tools
used in this approach are linked with the selection of
topologies (Salama, 2018a; El Barbary and Salama, 2018;
Abu-Gdairi et al., 2022). This view of classification and
approximations is near to the theory of abstract
topological spaces. This view is based on a topological
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axioms. Accordingly, the topological spaces used in
this approach are not metric spaces for most types of
information representations.

There are many methods and tools for studying
classification problems using data in different types of
information systems. The theory of rough set is a kind of
recent method which can be generalized to topological
tools. This theory depends on a particular kind of relations
called equivalence relations that generalized a special
class of topological spaces known as quasi-discrete
topological spaces. This theory concerns knowledge
representation that assumes objects under study as
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functions, which maps these objects into the
corresponding value sets (Al-shami et al., 2021a;
El-Bably and Al-Shami, 2021; Al-shami et al., 2021b)

Previous Studies

Pawlak (1982) Pawlak published his first paper on the
theory of rough set, which is a mathematical key for
decision-making and knowledge discovery. Many
researchers around the world contributed fundamentally
to its improvement and use it in different applications. In
a simple period, many extensions of this theory
appeared online using fuzzy sets (Chakrabarty et al.,
2002; Yang and Hinde, 2010). Other novel approaches
to fuzzy sets depending on fuzzy covering and
rapprochement of different kinds of rough sets introduced
by covering are addressed by (Deng et al. 2007; Liu and Sai,
2009). The concept of a generalized fuzzy rough set and the
measures of it depending on fuzzy covering appeared and
studied by (L.i et al. 2008; Chen et al., 2008). The study took
another turn when the researchers directed to change the type
of relations used from its foundation to use tolerance
relations to generalize rough sets in (Ouyang et al., 2010) and
use similarity relations (Slowinski and Vanderpooten, 2000).
Researchers specializing in topology have used this
theory from the point of view of topological concepts to
generalize it on digital topology (Abo-Tabl, 2014) and
topological spaces (Lashin et al., 2005). In addition, the
properties of fuzzy rough sets are sought from a
topological view (Qin and Pei, 2005). Topologists have
produced much research to generalize and solve many
problems using rough sets to complete and incomplete
information systems (Salama, 2010). When you drop
some conditions of the equivalence relation you can use
the neighborhood approach to information retrieval as
done by (El Barbary et al. 2018). Topologists studied
several interesting and meaningful generalizations and
applications (Salama, 2016; Salama, 2008b) to rough
sets using topology such as Feature selection for
document classification (ElI Barbary and Salama,
2019), retrieve-missing values in incomplete
information systems (Salama and El-Barbary, 2017).
Different approaches have been achieved using
topologies such as sequences of topological near open
and near closed sets (Salama, 2020a), bitopological
approximation space (Salama, 2020b) and approaches
for rough continuous functions (Salama et al., 2021).
(Abu-Donia, 2008) Abu-Doina achieved a new
comparison between different kinds of approximations
by using a family of binary relations without any
conditions. The approaches that tried to generalize rough
sets tried to change some properties of binary relations
such as those that appear in (Zhang et al., 2009; Zhu, 2009;
Zhu, 2007). A model of a human heart via graph Nano
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topological spaces is a real-life application of rough sets
using topology (Nawar et al., 2019).

It is noteworthy that rough sets play a critical part in
decision-making in an information system via new
topology (Paul, 2016), approach to incomplete information
systems (Kryszkiewicz, 1998), soft rough approximation
(Feng, 2011), and also Naveed (Yaqoob and Aslam, 2012)
found a notion of generalized rough set.

Philosophy of Generalized Rough Sets

The beautiful feature of the theory of rough set, which
is the basis of its philosophy and its widespread, is that it
does not use many tools and depends entirely on the
available data. The basic tool of this theory is considered
to be the approximation space. It is a couple A = (U, R),
such that U is a universe set and R is an equivalence
relation that is the generator of the approximation space. [y]x
< U, is called the elementary set of this theory that is used in
defining rough approximations. The rough lower and rough
upper approximations of Y < U are known by

R(Y)=U[Y [yl =Y} =Nyl [y, NY =2
respectively. Lower and upper approximations are the
main openers to the theory of rough set and are used to
define other regions using the subset Y < U. For instance,
the affirmative, passive, and edge regions of Y < U are
known by lower and upper approximations respectively:

POS\J:(Y) = 5B(Y)
NEGut(Y) =U _‘ﬁ(Y)

BN‘.R (Y) = ﬁ(Y)_iB(Y)

The set Y is called an exact set relative to R if the edge
region of it is empty: BNx(Y) = ¢. Otherwise, the set Y is
rough relative to R. To compare the quality of the results
when changing the relation used in the approximation, a
tool must be defined that was used with this theory, and
this tool is called the accuracy measure. The accuracy
[R(Y)
[9(Y)
where |Y| denotes the number of the elements of Y. Clearly
0 < am(Y) < 1. If om(Y) = 1, then Y is called exact,
otherwise, when awx(Y) < 1, the set is called rough. A
topological space is defined as a couple (U, t) where U is
a non-empty set, equipped with a collection t of subsets
of U satisfying the following: &, U € t and t is closed
when taking an arbitrary union or finite intersection. The
topological closure is mentioned by
ol (Y)={F:Y cF,F ez} forY c U the interiorY c U

is defined by int, (Y)=(J{G:GcY.Ger}.

In this study, we introduce two classes by a general
binary relation (not equivalence) R on U. The class S

measure of the subset Y < U is known by «,Y =
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{Ry:y € U} and Ry = {x e U: yRx} that generates the
topology = and the class Sw— = {R—y:y € U} and R—y =
{x e U: xRy}that generates the topology 7.

Rough approximations of Y < U using Sk defined in
the following: RY)={J(HeS,: HeY ) and

RY)=({HeS,:H Y=g} Also, if 7= 7 N 7 we can
define two other approximations in the following:

R =J{Her:HcY}and R, (V) =[){H er:HNY = ¢}

Control Relation in Interval Information Systems

Interval systems of information (Qian et al., 2008) are
recognized as a significant kind of information table and it is
a reproduction of information systems of one-value.
Nowadays, some issues of decision-making in the situation
of interval systems of information have been investigated
(Bryson and Mobolurin, 1997; Xu and Da, 2002). Mostly,
they count on the notion of a potential class amidst two
interval numbers (Qian et al., 2008; Xu and Da, 2002).

This section is reserved to define a control related to
an interval information system (Qian et al., 2008) and
recall its most significant properties of it.

Table 1: An interval system of information

U ai az as a4 as
Y1 1 [0.1] 2 1 [1.2]
Y2 [0,1] 0 [1,2] 0 1

Y3 [0.1] 0 [1,2] 1 1

Ya 0 0 1 0 1

Ys 2 [1,2] 3 [1,2] [2,3]
Yo [0,2] [1,2] [1,3] [1,2] [2,3]
Y7 1 1 2 1 2

Ys [1,2] [1,2] [2,3] 2 [2,3]
Yo [1,2] 2 [2,3] [0,2] 3
Y10 2 2 3 [0,1] 3
Definition 4-1

An Interval System of Information (ISI) (Qian et al.,
2008) isa quadrant S = (U, CT, W, f), such that U consists
of non-empty objects that are finite and CT consists of
non-empty characteristics that are finite, w=U__., W

and W, is a domain of characteristic a, f: U x CT —» W
is a total function such that f(y, a) € W, for every a €
CT, y € U, termed an information function, where W,
is a set of interval numbers. Termed by:

f(y.2)= [a"(y).a" ()]
={pla*(y) < p<a’(y).a"(y).a"(y) eR}

and termed the interval number of y under the character
a. Specifically, f(y, ) would be degraded to a real
number if a‘(y) = a¥(y).
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With this respect, we deem an information system
of one-valued as a particular status of interval systems of
information.

Example 4-2

Qian et al. (2008) An interval system of information is
sitting in Table 1, such that U = {y1, Y2, Y3, Y4, ¥, Y6, Y7, ¥s,
Yo, ylo}, CT= {0(1, 02, 03, 04, 0!5}.

In the dissection of efficient decision-making, it is been
always regarded that a double control relation between
objects that may be commanding on the one hand of values
of a characteristic set in an interval system of information.
Generally, a raising priority and a redacting priority are
regarded by decision-making. If the domain of a character is
ordered counting on a raising or redacting priority, then the
character is a standard.

In case all attributes are criteria, then an interval
system of information is said to be an Interval Ordered
System of Information (10SI).

It is supposed that the domain of standard @ € CT
is predemanded by the relation <,:y <.x & f(y, a) < f(x,
a) (depending on a raising priority) or =,: y =, X & f(y,
a) > f(x, a) (depending on a reduced priority), where y, X
€ U. Thus y >, X means that “y is at least as good as x
relative to criterion o”. We say that y controls x relative
to a subset of characteristics A < CT, (or, y A-controls Xx),
termed by y >a X, if y =X, V o € A. That is, “y is at least
as good as x relative to all criteria in A”. Since the intersection
of complete pre-orders is a partial pre-order, the control
relation >4 is a partial pre-order.

Now we recall a control relation (Qian et al., 2008)
that distinguishes control degrees from an interval-ordered
system of information. In an 10SI, we say that y controls x
relative to A € CT if y =ax and termed by y 9 x . That is R>

={(x, y) € U x U: x =, vy} Similarly, recall a controlled
relation R=in the following: R< = {(x,y) € U x U:y >,x}.

Given A © CT and A A1 U Ay, where the
characteristics set A; depending on raising priority and A
depending on redacting priority. Now redefine these two
double relations more accurately in the following:

R, ={(x y)eUxU 1o (0) 2 & (y), 2 (X)
> (y) (Va, € A )iy (%)
> a5 ()05 ()2 () (Va, € A
={(xy)eU x U:(x y) eR3}

R, ={(xy)eUxU 1y ()< ay ().} (x)
<o (y) (Ve € A)ie; (X)
> oy (y).05 () 2 a5 () (Va, € A,
={(x,y) eUxU:(xy) e‘Ri}
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Based on the notion of %3 and %7, the Properties
presented here are not hard to obtain.
Proposition 4-3

Qian et al. (2008) suppose that S = (U, CT, W, f) is an
IOSI, Y 2 U, Ac CT, and %3 a control relation, then:

Ry = ﬂ“ﬁfa}

aeA

K= ﬂ "R{za}'
aeA
Proposition 4-4

Qian et al. (2008) suppose that S = (U, CT, W, f) is an
IOSI, Y 2 U, Ac CT, and %3 a control relation, then:

are reflexive
are antisymmetric and
are transitive

o W, %
w3, N

> <
R, RN

The control class induced by the control relation R>a
is the set of objects controlling x, i.e.:

a (X) 2 o (y),af (%)

20 (Y)(Vay € A)a; (X)
>a(y)a) ()2 a5 (y)(Va,e A) |
={x eU:(x,y)e ‘Jﬁ}

[vI%={xeU:

and the set of objects controlled by y:

Vla={xeVU o ()< af (y).a} (0
<a (V) (Ve e A)sa ()
<ai(y).ad (02 d) (y)(Va, e A)}
:{x eU:(xy)e iRi}

where, [y];, expressed the set of objects that may control y
and [y]; describes the set of objects that may be controlled

by y in terms of A in an interval-ordered system of
information, which are termed the A-controlling set and the
A-controlling set relative to y € U, respectively.

Simply, without any loss of generality, only
characteristics with redacting priority are regarded
here. The proof of the following Proposition is found
in (Qian et al., 2008).

Proposition 4-5

Suppose that S = (U, CT, W, f)isan IOSI, Y € U, A,
B < CT, then:

If B< ACCT,then %; N5 <R,
IfB < AcCT, then [y]: c[v]. <[V,

>
B &
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. than and

If yje[yi]i
[T =Ullv Jovie[w ]} and

[y, L [, ﬁ if and only if f(yi, @) = f(y;, @) (Va € A)

RN

Let U /Rg, refer to the classification of the universe,
which is defined to be {[y]i\\y eU}. Any element from

U/, will be termed a control class relative to A.

Control classes U/®R; do not comprise a subdivision of

U in general. They comprise a covering of U. These
concepts and properties presented above can be clarified
through the following example.

Example 4-6

Counting the ranking induced by the control relation %,
in Table 1 considering Example 4.2. Based on Table 1, the
following is obtained:

0 = ([ T [ T D o[

such that:

BN
[yz:|; ={y1vyzrY3vy51ysry7vyavygrY10}
(Vo L =00 Yo Yo Yoo Vi Y )
(Ve ], ={V0 Y2 ¥ Y Yo Yoo Yoo Yo Voo Yao)
[y5:|; ={y5}'[y6]; ={y5,y6, yﬂ}
|:y7:|; ={y5’y7’y8}’[y8]; ={y8}
[¥ I =tve ) [y )y = 1)
and:
U/méT ={|:y1:|;'|:y2:|; '|:y3:|; """ I:yw:l;}
where:

yl,yz,y3,y4},[y2]; :{

yzvyer4}v|:Y4:|; :{y4}
Vi Yo Yoo Yo Vs Yo Vo

YoV Vo Yo

Yo Yo Yoo Yo Vo |

Yo Yo Yoo Yar Yoo Yo Ve }

v VO VO
= =

et — — —J —1 L—1 L1
—_— . . = e =

YoYarVo o[ Yio |, =[ Yo Yer Yio |

9]
3
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Regarding the above example, it is not difficult to
verify (3) of Proposition 4.5. Control degrees U /R,
comprise a covering of U. In specific implementations,
various control relations depending on different
indications analysis are defined, and the corresponding
control class of each object relative to some control
relation is obtained.

Generalized Covering Approximation Space and
its Applications to Interval Ordered Information
Systems

In this section, we investigate the case of covering
approximation (Abd El-Monsef et al., 2015) relative to a
control relation %, in interval-ordered systems of
information, and to do that we need to introduce a notion
of right (left) covering approximation space relative to a
control relation R (R respectively).

The following definition is induced from (Abd El-

Monsef et al., 2015) and redefined here relative to a
control relation.

Definition 5-1

Suppose that S = (U, CT, W, f) isan IOSI and A ©
CT. Then, the after set (resp. the fore set) of the element
y € U relative to the control relation %5 (resp.®R3 ) is

the class:

YR,

(resp.ﬂ?iy:{XEU X<, y})

={X€UZX§A y}

Example 5-2

Compute the after set and the fore set by the control
relation %> in Table 1 considering Example 4.2. From

Table 1, one can get that

and:
ViRer ={¥i.Ys: V7. Vs
YoRer ={Yi Y2031 Ys: Yo Yo Yo Yoo Vio|
YsRer ={¥1.Ys: Vs Yo Vo Vo )
y4mET:{ylayzays!y4vy51ye’ywys’ygvym}
YsRer = {¥s}, Vs Rer ={y5,y6,ys}
Yo Rer ={Ys: V2. ¥s | YoRer ={Vs}
ygiRET { }ylo {ylo}

and:
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=Y YooY Ya | VR ={ Voo Vi)
YoRer ={¥o Y5 Vo b VaRer =V}
YsRer ={V1 Y20 Voo Vo Voo Voo Vo |
YoRer = {0 V5.V Vs |
YRer ={V1 Y20 Yoo Vo ¥}
YoRer ={V1 Y21 Vs r Vo Voo Voo Vs |
YoRer = {Vor Yar Yo} YaoRer = {¥or Yo Yo}

Here we define two types of covering induced by the
concept of after and fore sets.

Definition 5-3

Suppose that S= (U, CT, W, f) isan IOSIl and A c CT.
The two types of coverage for U induced by the concept
of after sets and fore set relative to the control relation %7

(resp. 91 ) are defined here:

1. Right covering (r>-covering) c*

={ya;:y U} such that

U = UyeU yERi

2. Leftcovering (I°-covering) C* ={9,y:y eU} such that

U=U,, Ry

Example 5-4

The right covering (r=-covering) and the left covering
(I -covering) by the control relation R, (resp. Rg;) in

Table 1 considering Example 4.2 are calculated:

Cor={{Vi Y5 Yo Yo } {2 Y21 Yo Yo Yo Yo Yo Vo Vo
{20 Ya0Ys: Yo Yoo Yo o { Vs o oo Voo Yo} { Ve Voo Vs }
(Y00 Y20 Yo Y Yoo Yoo Vi Yoo Yoo Yao ) o Vo b (Vo Yo}

and:

RS AR B AR B A ARIAS
(Yo Yo Yoo Yo} o{ Vi Yo Yo Yo Voo Vo Vo b {0 Vo Vo Vi Vi |
{Yar Yo Yo Yo Voo Yoo Yo o490 Vo Vo bV Vi Vao

It is clear that:

u :UyeU yméT and U= UyeU SRET y
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Lemma 5-5

Suppose that S = (U, CT, W, f)isan 10SIand A< CT
and the control relations % (resp. %3 ) be serial relations

on U. Then we get:

U=U,., yRiand U=U, R

yeU

From the above Lemma, we can notice that if R,
(resp. RS, ) be serial relations on U, then yR:, (resp. RS,y
) exemplifies a right covering (resp. left covering) of U

relative to the control relation ®Z, (resp. Rg;).
Definition 5-6

Suppose that S = (U, CT, W, f) isan I0SI, A € CT, the
control relations %7 (resp. R3 ) defined on U and € be an
r=-covering (resp. an | =-covering) of U associated to %5,
(resp. ;). Then the triple (S,9%;,¢) (resp.(S,%3.¢))is
called ¢ -right covering approximation space relative to the
control relation %> (resp. ¢;-left covering approximation
space relative to the control relation %3 ) (briefly, , Sﬁ -
RCAS (resp. $);, -LCAS)).

Definition 5-7

>
Let (s,%,¢) (resp.(S,%;,¢)) bea 9, -RCAS (resp.

£ -LCAS). Then for every element y € U, we define four
types of neighborhoods here:

r > —nieghborhood : N . (y)=N{KeC*:yeK]}

I* - nieghborhood : N . (y)=ﬂ{K eC*:ye K}

i* — nieghborhood : N (Y)=N_. (y) n N (y)

u” — nieghborhood : N . (y)=N_. (y)UN,.(y)

Example 5-8

The four types of neighborhoods by the control
relation 3 (resp. R ) in Table 1 considering Example

4.2 can be calculated as presented here.
The r=-neighborhoods:
={V1. Y5 Y1 Vs |
Vi Yo Yo Vs Yo Yoo Yoo Yoo Yaof
Vi Ys:YsrVor Yo Ve |

Vi Yo Ys Yo Vs Yo Yoo Voo Yoo Yao)

z
(e}
2

— = = = = = =
=

- T T T T 5
Il

S S I I S

y5},N(r>VCT)(y6)= {Y5lYG! ys}
N(r‘,CT) Y7 )=1Yss y7vy8}!N(r:‘CT)(y8)={y3}
N(r‘,CT) Yo )= yg}’ N(ri,CT)(ym) = {ym}

the [=- neighborhoods:

) Vi Y1|yZ:Y3rY4} ( CT)(yz):{y2|y4}
Yar y3‘y4} (= CT}(y4):{y4}

i, y2,y3.y4.y5,ye.y7}

cT) Ys

cr) Ys

ery (¥) = 10 Y2 YooV va

or) (Vo) =1V Y2 Yo Ve Yoo Yoo o)

()=t

(vs)=1

(vs) =
Nicr)(Ye) =12 Yo var ve

(v7)=H

(ve) =t

(o) =t

cr) Yo yzlywyg} (= CT}(le):{yZYyAyIO}

the i* -neighborhoods:

and the u* -neighborhoods:

Nig ey (%) = {02 Y21 V. Vs Voo Y. o}

Niw e (Y2) =15 Y20 Yo Vi Vo Yo 0 Yo Yo Vao
Nigcr)(Ys) = {920 a1 Y. Voo Vs Voo Vo Vo)

Nig er) (Ye) = Y10 Y20 Yo Ve You Yoo Yo Yoo Yoo Vo
Nig cr) (9 ) = Va0 Y2 Yo Vo Voo Voo i |
Nigcr)(Y6) = {3221 Ys: Voo Voo Voo Vo Vo
Nigcr) (V) = {02021 Vs Vs Voo Voo Vo

Nig or) (%) =010 ¥20 Yo Vs Yoo Vo Yo |

Nig er) () = Y2 Vo vo

Niw cr) (Vo) = {2 Yoo Yo}

Definition 5-9

Let (S, %= ,€) (resp. (S, %5 ,€) ) be a 9, - -RCAS
(resp. f)ﬁ -LCAS). and Y < U. Then the j-lower
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approximation and j-upper approximation of Y relative to
the control relations %3 and R are defined respectively:

{er : sz(y)gY}

N (y)NY ¢¢}
where: j € {r, u}:

(®))a (V) ={yeY:N,_(y)c Y}
Ra(Y)={yeY:N_(y)NY =g}

Where, j € {i, I}.
We observe, from Definition 5.9, that (gt;) (Y) and

(*ﬁj)i(Y),(j efr, u}) are the sets of all objects that are
(%,),(1)

(i?j)i(Y)(je{i, I}) are the set of objects that possibly

certainly included in Y and and

contained in Y. (B;)’ (Y)=(%,)  (Y)—(%,). (Y), refers to
the right j-Boundary of the approximation relative to the
control relation %, where j € {r, u} and
(B)). (V) =(9,) (Y)-(%,).(Y), refers to the left j-
Boundary of the approximation relative to the control
relation |3 where j € {l, i}.

The following properties are easy can be checked.

Proposition 5-10

Suppose that S= (U, CT, W, f)isan IOSI, Y € U, A c
CT, and %, a control relation, then:

where, j € {r, u}.
Note that Proposition 5.10 is correct for a control
relation (%) where j € {l, i}.
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Proposition 5-11

Suppose that S = (U, CT, W, f)isan IOSI, Y € U, A c
CT,and %, a control relation, then:

(mﬁuuv mi( WHY(
@5 (XNY) =@ ) (ON(F, ) (V)
<)(xuw=L)Z JU(R,),(v)

where, j € {r, u}. (*Jjj)i

Note that Proposition 5.11 is correct for a control
relation (%), where j € {1, i}.

The j-lower and j-upper approximations of Y relative
to the control relation (*J%J)A where j € {r, u}. (resp. (mJ)A

where j € {l, i}) can be used to recap control bases by a
decision-maker, where control rules are reproduced with

sureness by using (iRJ)A (Y), j € {r, u} (resp. (%j)i(Y),j
€ {l, i}) and can reproduce possible control rules by using
(B,), ()= (%,) (V)-(%,), (Y), where j € {r, u} (resp. (B,)’
(Y)=(% J.)A (Y)-(ﬂjj)A (Y) where j € {l, i}).

Proposition 5-12

Suppose that S = (U, CT, W, f) isan IOSI, A € CT. If
(0),=(%), . then (@) v)-(w), ()  and
(%), (v)=(%,)_, (v), where j € {r, u}.

Note that proposition 5.12 is correct for a control
relation (w,)" where j € {I, i}.

Uncertainty of the covering approximation is
dependent on the subsistence of a boundary region. So,
the higher the boundary region of a covering
approximation, the lower the accuracy of the covering
approximation. To calculate the imprecision of a covering

approximation induced by control relation (ﬂﬁj)i(Y) inan

interval-ordered system of information, we present a
notion of accuracy measure in the following.

Definition 5-13

Suppose that S = (U, CT, W, f) isan 10SI, Y € U, A CT.
A right j-accuracy measure of Y relative to the control

relation (‘R])A is defined as follows here:
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e e
@ ((0);,Y)- (3,0 l-|(,),6v)

where, j € {r, u}.
Note that one can define a left j-accuracy measure of

Y relative to the control relation (ERJ); where j € {l, i}

similar to Definition 5.13.
The right j-accuracy measure explains the class of
completeness of the knowledge about Y, given the

subdivisions of U/(*Jjj)A . It is trivial to notice that this

measure not only counts on the j-lower approximation
of Y but also on the j-lower approximation of ~Y.

The following result is induced from Definition 5.13
and Proposition 5.12.

Corollary 5-14
Suppose that S = (U, CT, W, f) isan I0SI, A c CT. If

(ERJ)T.\ =(m1); , then “((%J)i(Y)):“(WJ); (Y))-
Proposition 5-15

Suppose that S = (U, CT, W, f) isan 10SI, Y € U,
and B € A c CT, then:

Proof since A € CT, the by (5) of Proposition 5.10
we have (%) (Y) < (,)_ (Y).(R,). (V)= (R,)_(Y).

> > >
A —/CcT A -

Therefore:

(2,0 [ )0
(R0 [,

((%,).. )

that is, a((‘RJ)i,Y) < a((*ﬁj); ,Y) . On the same way,
we get ot((“Ji‘,-)ZB ,Y) < a((*ﬁ’j)i,Y) , and we are done.

Example 5-16

The j-lower approximation and  j-upper
approximation of Y relative to the control relations
R and R, in Table 1 considering Example 4.2 can

be calculated as in the following: Let Y = {y1, ys, Vs,
ys}, then:
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EB(z,,CT)(Y):{yS,ye:ys}

RECN () :{yl,yz,y3 Y4 y5’y6’y7'y8}

RO (V) =, RED ) ={y,, V5. Vo Vi Ve
R €1 (Y):{yl,y5 , ye:ys}

G e (Y):{yl,y5 , ye:ys}

REC (V) = ¢

FecD) (Y):{y1 Y21 Y3 Ya Yo Yoo y7’y8}

The right j-accuracy measure and the left j-accuracy
measure of Y relative to the control relation (\RJ); and

(9{1_); can be calculated as in the following:

AT
AL
L

Definition 5-17
Let S, %;.¢ (resp. (S, %;,€)) be a &; -RCAS
(resp. ©; -LCAS). Then the following families give

the topologies associated with the &> -RCAS (resp.
$5 -LCAS).

r?z{Y cU:vyeY,N,, (y)gY,Vje{r,u}}

IA -

T ={Y cU:vyeY,N,, (y)gY,Vje{i,l}}
Example 5-18

The topologies induced from the neighborhoods
relative to the control relations R, and Rg, in Table 1

considering Example 4.2 can be calculated as presented here:
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25 = U8,V b s} Yo (Yo b s Yo} o { Vs Yo
{ysyyw} {Vs: Yor Yo} o{Ys: Yor Yo} { s Yo Yio ) +{ Yor Yo Yao )
{Yos Yor Yio} 1 {¥ss Y7 Yo} o {Vss Yo Yos Yio }{ Vss Vs Yo Yo

(Yo Y20 Yo Yo 11 Ys: Yoo Yor Yao}o{ Yo Yo Vo Yio b { Vo Yoo Yoo Vo)
{Ys: Yor Yor Yoo Yio ) o{ Yar Y2 Yar Yoo Yo} o{ Yer Yor Vo Ve Yo
{Ys:Yor Yo Yo Yio s { Vo Yo Yo Yo Yos Vio {1 Yo Vs Ve Vi Vs |
(Vo Yo Y Yor Yoo Yo Yo o4 Vio Voo Yoo Yo Yo Vo Vio

{Y1 Y51 o1 Yor Y71 Yo Yor Yao } o { Yo Vs Vs Y} oAV Vo Vo Vi o

(Y Y5 Y7 Yo Yo o {Yu: Vs Yo Yor Yao }o{ Yo Yar Y7 Yoo Yoo Yao
(Vs Y5 Yo Yo Yo} o { Vs Yoo Yoo Yoo Voo Yo } o Vs Yoo Yoo Vo Voo Yo}
{¥0: Y51 Yo Y Yor You Yo} }

75 = U0V Yo Ve Yo Yo Yol o 1Yo Yo Yo o 1Y Y Vo

Va1 Yar Yor Yao) o { Yar Yas Vs Yo ) oA Var Yoo Vs Yao ) {¥as Vs Vs Vs Yao ks

Yo Yoo Yas Vb o Yo Yoo Voo Vi Yo o (s Voo Yoo Ve Vi o Vi Vo Vs Ve o

Yo Yo Yau Y Yoo Yiofo{Yor Vs Var Voo Yo } 10 Vo Vi Vo Yol

Yar Yas Yar Yor Yoo Yao} o { Vs Voo Vo Yo Yo o (Vs Voo Yo Vi Voo Y

+Yas Y Yoo Yio o1 Vas Yoo Yas Yo Yoo Yo Yao o { Vs Yo Vs Vs Y o
VYarYar Yoo Yoo UV Yar Yas Vs Vo Yao oA Va0 Yoo Yar Vs Y7 Voo Yo s
Yoo Yar Yo Yoo Yo oA Vi Yo Voo Yo Vo Yoo Yo b o { Vo Vo Vo Vi Vo Yoo Vio
Yar Yas Y Yor Yoo Yo Yiofo { Vs Vs Yoo Vs Yo Vo Yo Yo o

Yo Yo Yo Yor Yoo Yor Yio b { Yo Yor Vs Vs Vs Yoo Yo Yoo Yao

Voo Yas Vs Yoo Yoo Yo b oA Yo Yoo Yas Ve Yo Ve Vo Vs
Y,
Y,

=<
=<

’

Y.

2
2

= =

1

Vi

<

1
Vi
Vi
Vi

Y3 Vs Yo Yor Yoo Yo b { Vs Voo Yo Yar Vo Yo Vs Voo
Yo Yar Voo Voo Voo Yar Yo o {Vis Var Var Vs Vo Yo Yo Yo Vo

{
{
{
{
{
{
{
{
{
{
{
{

5T = P(U) (Discrete Topology):

o = QUL (Va0 Vo Voo Ve Yoo Yoo Vi b Vi Voo Yo Vi Vo Ve Vs |
{ylvyz,yyyuysyys,ywyg} {YirYa: Yas Vs Vss Yoo Vo o

(Y0 Yar Yo Yar Yoo Yo Yo o { Yo Vo Yo 1o U Vos Vi Yio f o { Vo Vi
(Y2 Yar Yo Yio b { Yo Yar Vs Vs Vs Yo Yo Yo |

(Y0 Yar Yo Vs Yor Yoo Yar Yao ) 14V Yar Yo Y Yo Yoo Yoo Yo Vo »
(Y0 Yar Yo Y Yoo Yol o (Vs Yar Yo Vi Vo Yo Yo o

(Y0 Yoo Yar Yas Yor Yoo Yao o {Vas Yo Vo Vi Voo Yo Yoo Yao

(Y1 Yor Yas Yas Vs Yo o { Vo Yoo Yo Vi Vs Yoo Vs Vo )

(V2 Yr Y Ve Yoo Yoo Yoo Vio}o{ Yar Vs Yo Vi Vi Yoo Vo Vs Yo o
(Y1 Yor Yas Yar Vs Yoo Yoo} o { Vs Yo Vs Ve Vi Yoo Yio
(Y0 Yor Yas Yarr Yor Yoo Yo b o { Vi Voo Vs Vs Vo Ve Vao )

(V0020 Yo Ve Yoo Yoo Yoo Yaof oL Yas Yo Yo Vi Voo Vi Vo Yo
(V2020 Y3 Yo Yoo Yo Yoo Yio o {Yar Vs Yo Yar Yoo Vo Vo Yoo Vi |
(Y00 Va0 Yo Yoo Voo Yo Yoo Yao o1 s Yo Vs Ve Vs Voo Vs Vi }

Materials and Methods

This research will use qualitative methods with the
object of research, where an analysis will be carried out
and provide an interval ordered information system with
mathematical tools such as topological generalizations,

and control relations, covering approximations using
Pawlak framework.

Research Stages

The research stages that will be used in this study can
be seen with the following explanation:

1. Research problem. In the wording of the problem, it
will be observed that the problems that occur are to
be researched

2. Study of literature. A search for references such as
books, research, journals, or websites related to the
purpose of the paper will be followed and the
collected reference information and data will take
place by researchers to solve problems that have been
worded earlier

3. Data collection. The data collection process that will
be carried out by researchers is by collecting
information make relationships and generating tools

4. Enterprise analysis. In the process of analyzing the
mathematical tools, the research will illustrate data
processing using 10ISI Definition 4.1 approaching the
Pawlak framework. The initial Phase will show the
catalog of Pawlak rules that will be used in this work.
Genializing tools will be clarified using VValue String

5. Conclusion. By the end of the paper, conclusions will
be set up from the final results of this research

Results and Discussion

The main aim of this paper is to generalate the Pawlak
approximation space to a covering approximation space
and then we use this result to work with the interval-
ordered information systems. Results achieved by the
proposed approach to generate two different rough
approximations called j-lower and j-upper approximations.
We applied j-rough notions such as j-rough membership, j-
rough equality, and j-rough inclusion relations using
topological generalizations. Our proposed method has raised
the results handled from interval information systems. In this
Research, there are many improved approaches to investing
generalized approximation relative to a control relation in
interval information systems, and we use the covering
approximation in the rough set approach. This is a
generalization of the Pawlak approach applied to interval
information systems.

In our application example we succeeded to obtain
data classification and data reductions using the order of its
objectives. For example, Let A = {1, a2, as, as} from
Table 1, we have the following.

Example 6-1

Compute the after set and the fore set by the control
relation | in Table 1 considering Example 4-2.
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YR = {Yi0Yer Voo Vs Yo Yo
YR = (V0¥ Ys0 Yo Yoo Voo Yo Yoo Yao |
YR = (V0. Y0 Y50 Yo Yoo Vi Yoo Yoo Yao
YR = (V1Yo Y50 Ve Yoo Yoo Voo Voo Yoo Yo}
YsRa = (Vs Yio} YeRa = { Vs Ver Vo Yor Yo}
yyiR* {Y5:Y7: Yo Yor Yoo} YoRa = {Vs: Vo You Vaof
= (Yoo} Yaoa = {Vu}
and:
A=Y Ve Ve b YR = {0 Y Vi
AR ARA A
A=Y Yo Ve Ve Yoo Yoo Vo Vo | YeSRa = { V20 Vs Vi Vs |
=YY Yo Y Yo e e = (V0 Vo Vo Vi Ve Vi Vs |
A=Y Ye )
YoRa = Y0 Y2 Yo Yo Vs Yoo Vo Yo Vo Vo |
Example 6-2

The right covering (r>-covering) and the left covering
(I= -covering) by the control relation %5 (resp. ®3)in

Table 1 considering Example 4.2 are as in the following:

w = Ve Ve Yoo Yo Yo b V0 Vs Vo Ve Yoo Vi Ve Vo Vi |
{Y1: Y2, Yar Yar Yoo Yoo Y7 Yoo Yo Yao o { Yor Yao  { Vsr Ve Yer Yor Yao )
{Ys: Yo: Yor Yor Yio o { Yo Yar Yor Yio b+ { Yo Yio} + { Yo} |

and:
Cr={{¥0r Yo Yoo Yl o o Yoo Ve b AV} (V20 Vo Vi Vs }
(V200 Yo Yar Yoo Yoo Yoo Yo o {Var Voo Vo Vi Yo }o{ Vo Vo Vs
(Y02 Yoo Yo Yoo Yo Yoo b { Vi Voo Voo s Voo Vs Vo Yoo Voo Vio |

calculated as presented here: Let Y = {y1, ¥s, Vs, Y7, Y5}, then.
Clearly, U =U,_, yR,andU =U,, yR;.

Yar Yo Yoo Yoo Yo |

Y2 Y3+ Vs Vs Yo Y Yo Vo)
Y2 Ys:Ys: Yo Yo Y Yo Yio )
Yo Ys:Yar Yo Yoo Yoo Yoo Yo Yo |

IR
:z =2 2=

B
=

=
<
B

Il

<
&
<
>
=
=<
3
=<
5

S

Yo Y1 Yoo Yio
Vs Yer Yio!
Vi N

zZ z z2 z z z2 z z Z
e

TN TN T~~~ — — —
=<

—_—— 2 T T
[

Lot It et N e e S SN
==
=<
5
oo

o (i0) = {¥ao]

A
Ve
YehN
Y3
Yo
Y3
' Yas
Yol
Vs Yar Ys: Yoo Yo Yar Yoo Yao |

IARIA

YarYs:Yor Yo Y
Ye)

Yo ¥}
YarYer Yoo Ys |

z Z2 Z2 Z Z Z2 zZ2 Z2 Z
i i 1 i

and:

= (Y0¥ Y5 Yar Yo Vo Yoo Yoo Yao |

= (VYoo Yo Yar Vs Yoo Vo Vi Yo o Vio o
{Y1:Y2 Y5: Y Y Yoo Y Yo Yo Vio o
={¥1:Y2: Y5 Yar Vs Yer Yo Yoo Yoo Yio
{Y2:Y20 Y50 Yar Vs Yoo Yoo Yoo Vio

= {¥2. Y30 Yar Yoo Yoo Yoo Yo Yio)»

= (Y0¥ Yo Yar Yoo Vo Vs Yoo Yio |
(V200 Y50 Yo Vs Yoo Yoo Yoo Yoo Yao |
(Y20 Y Yo Yo

{V1:Y2 Y5: Yar Yoo Yoo Yoo Yoo Yoo Yio|
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Example 6-3

The  j-lower  approximation and  j-upper
approximation of Y relative to the control relations % ;

and R 3 in Table 1 considering Example 4.2 can be:

REA(Y)=¢

REDV) LY, Yo Vo Yo Yoo Yoo Yoo Yot
REDY) =g, REDV)={y, . Vsr Voo V70 Yo}
REVY) ={Y1, Vs Ve Yoo

REDN) ={y,, V51 Yoo Yo HREY (V)= 4,
REVY) ={Y10 Voo Yar Yoo Vs Yo Yo Yo Vaod
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The right j-accuracy measure and the left j-accuracy
measure of Y relative to the control relation (‘R])A and

(% J)A can be calculated as presented here:

(R )5 (1)
e e N

(R,); (¥))
@)
@
@0,
@]
)M
R0

a((R ) Y)

a((R)i.Y)

a((R;)a.Y) = |

a((R,) Y) =

Note that from Example 5.16 and the above:

a((mi); ’Y) > a((iRJ)i‘Y)

where, j € {r, u}.

wherej € {l,i}

Conclusion and Future Works

In summary, the theory of rough set has been trusted to
be a valuable mathematical procedure for ranking and
prognosis, and the one generalization of the traditional
accession of the rough set is the control-based approach of
the rough set, which is fundamentally dependent on
substitution of the indistinguishability relation by a control
relation. Interval systems of information are a significant
kind of data tables, that are indistinguishable models of
information systems of one value. According to this study,
we can say that the use of topological generalizations has
improved the results obtained from interval information
systems. In addition, the disruption of a general relation from
which a double topological base is generated supports
decision-making so that the decision is not isolated to a single
topological and is settled equally between the two topologies,
and one can observe that this approach can help in data
classification and data reductions using the order of its
objectives The future research in this direction suggests
simplifications on these generalizations by making new
algorithms, which simplify the calculations on it
Furthermore, we can add more topologies to support
decision-making in real-life applications.
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Novelty Statement

The research is recent and not derived from
scientific theses and it did not use data from
undocumented  sources since we  generalize
classification approximation spaces to new spaces
using topology. The research problem here is how to
take an accurate decision from the available data of
ordered information systems counting on the
possibility to assort objects of this system using
topological tools and make use of them in applications.
Rough sets play a crucial role in decision-making in an
information system via new topology.
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