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are more versatile, more economical, more reliable, more penetrating, faster
and generally have a beautiful and innovative design. Anthropomorphic
structures have been used for the first time in the automotive industry to
facilitate human work, but also to replace it with repetitive, tiring, or toxic
work. For this reason, the first anthropomorphic robots were manipulators
and the following were dyeing robots in toxic environments, so that
welding anthropomorphic, assemblies, those who checked technological
lines and so on would still appear. Almost all operations in the automotive
industry were automated based on anthropomorphic robots. For this reason,
their study is today as necessary as ever for their continuous improvement.
Anthropomorphic robots work at high speeds and therefore their dynamics
is an extremely important issue. In this paper, we aim to present an original
method of scientific, analytical study of the dynamics of the
anthropomorphic mobile mechanical structures. Dynamics is the discipline
that studies the real movement of a point, object, or a body, mechanical
system ... The dynamic study attempts to capture the real movement of
the studied object, as it is in reality. The movement of a body is derailed
by the kinematic equations, the movement being generally studied by the
kinematics, but when we are interested in the actual movements of a
binding object, a dynamic motion study must be introduced. The
dynamics besides the kinematics constrain the influence of the masses
and forces on the movement of a body, as well as the elastic
deformations, the inertial forces, or other external forces capable of
influencing the movement of the body, including those caused by the
bonds of the body, its object of that mechanism.
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general, anthropomorphic robotic structures are
generally used in serial mechanical systems as they
are more versatile, more economical, more reliable,
more penetrating, faster and generally have a beautiful
and innovative design.

Anthropomorphic structures have been used for the
first time in the automotive industry to facilitate
human work, but also to replace it with repetitive,
tiring, or toxic work. For this reason, the first
anthropomorphic robots were manipulators and the
following were dyeing robots in toxic environments,
so that welding anthropomorphic, assemblies, those
who checked technological lines and so on would still
appear. Almost all operations in the automotive
industry were automated based on anthropomorphic
robots. For this reason, their study is today as
necessary as ever for their continuous improvement.
Anthropomorphic robots work at high speeds and
therefore their dynamics is an extremely important
issue. In this paper, we aim to present an original
method of scientific, analytical study of the dynamics
of the anthropomorphic mobile mechanical structures.

Dynamics is the discipline that studies the real
movement of a point, object, or body, mechanical system

. The dynamic study attempts to capture the real
movement of the studied object, as it is in reality. The
movement of a body is derailed by the kinematic
equations, the movement being generally studied by the

kinematics, but when we are interested in the actual
movements of a binding object, a dynamic motion study
must be introduced. The dynamics besides the
kinematics constrain the influence of the masses and
forces on the movement of a body, as well as the elastic
deformations, the inertial forces, or other external forces
capable of influencing the movement of the body,
including those caused by the bonds of the body, its
object of that mechanism (Fig. 1).

Antonescu and Petrescu (1985; 1989; Antonescu et al.,
1985a-b; 1986-1988; 1994; 1997; 2000a-b; 2001;
Aversa et al., 2017a-e; 2016a-0; Berto et al., 2016a-d;
Cao ef al., 2013; Dong et al., 2013; Comanescu et al.,
2010; Franklin, 1930; He et al., 2013; Lee, 2013;
Lin et al., 2013; Liu et al., 2013; Mirsayar et al., 2017;
Padula and Perdereau, 2013; Perumaal and Jawahar,
2013; Petrescu, 2011; 2015a-b; Petrescu and Petrescu,
1995a-b; 1997a-c; 2000a-b; 2002a-b; 2003; 2005a-¢;
2011; 2012a-b; 2013a-b; 2016a-c; Petrescu et al., 2009;
2016; 2017a-1).

Materials and Methods

In Fig. 1, the weight centers of the MP-3R system
were represented. For each element, two elements
were considered to be able to perform the calculations
separately for the different directions of the parts of
each element.
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Fig. 1: Geometry, kinematics and dynamics of an MP3R every elements' center of gravity
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Thus element 1 was separated into two parts 0,0, with
the center of gravity in G; and O;4 with the center of
gravity in G« Element two was divided into two sub-
elements: 40, with the center of gravity in G, and O,B
with the center of gravity in G,«. The last element (MP-
3R's third element) was also reconsidered and divided
into two sub-elements: BO; with the center of gravity in
G5 and O;M with the center of gravity in Gj«. All the
centers of gravity positioned in the middle of the
respective elements were considered to be the
calculations, the elements being of the bar type
(cylindrical or other shapes).

The dynamics of any system requires knowledge of
the mechanical kinetic energy of the system. It is the
starting point for the number one of determining dynamic
calculations and relationships of any mechanical system.
The problem with MP-3R systems is that they work
spatially, so the kinetic energy of the system includes
spatial elements (it can't fit only in a plan).

The Lagrange equation used has the known classical
form (1):

dafee)_se _,
dt qu ﬁqk k

Withk=1, 2, 3.

The most normal dynamic determination of a system
is made using the Lagrange equations. From system (1)
three different equations will be written. For this it is
necessary to determine the kinetic energy equation of the
considered system beforehand (¢ =£(q,.4,)) -

@)

In space, kinetic energy has six components (in the
most general case) for each element: Three for linear
velocities and three for angular velocities. In the case of
linear velocities, rather than writing three kinetic
energies (the same mass of the halved element and
multiplied separately with the square of each scalar
velocity component in the center of the mass), it is
simpler to write only one resultant equation, i.e., to
multiply half of the mass of the element respectively (in
this case, each sub-item will be quoted as an element so
that three elements will result in six) with the square of
the absolute velocity of the considered element,
determined (absolute velocity), in the center of the
element. Thus, we will determine the absolute velocities
in the mass centers of the elements and the squares of the
absolute velocities, then together with the mechanical
inertial moments and the squares of the angular
velocities of the element determined on three movable
axes (movable element) in rectangular shape (virtually a
mobile, rectangular, solidarity coordinate system with
each element is chosen). In the most general case for
each of the six resulting elements, we will have
maximum four expressions for the Kkinetic
(mechanical) energy of the system.

26

Next, the absolute velocities (and their squares) for each
of the six system outputs (MP-3R) will be determined.

In the center of gravity G, the absolute speed is null (2):
Ve, =0-w, =00 )

In the center of gravity G« the absolute speed has the
value (3):
3)

d, 2 1 o
- o v, =5di o

Yor =5 4

In the center of gravity G,, the absolute speed gets
the expression (4):

2
0Gy = ,|df + [“72)
“4)

v, = 01Gy - oy

7
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In the center of gravity G« the square of the absolute
velocity takes the form (5):

. 1
XG,, =dy-cosdyo—ay -singyg +E~d2 - COS g - COS Py

Vg, =dp-singyy +a, - cosd +%~d2 -COS ¢y - Sin gy
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G, =—dy -sindyg - @19 —a, -0y - @10 —

_%.dz ~Sin¢20 N 'COS(éIO —%.dz 'COS¢20 ~sin¢10 o0 (5)
VG, =d)-cosdyg - @9 —ay -singyg - oy —

1 . . 1
—E'dz -Sin gy - g - sin gy +5‘d2 - C0S g - COS Py - Wy
.1
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1 1
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2 .
+dy - dy - 0] - COSPyg + ay - dy - Oy - g - SN Py

In the center of gravity Gj, the scalar scoring
coordinates take the form (6) and the square of the
absolute velocity takes the form (7):

xG, = d) -cosgyg —(az + %a@)sinqﬁlo +
+d; - cosdy - cos Py
Ve, =dy -singyg +(a2 +%a3j -CcoSdyg + (6)

+d2 'Sin¢10 'COS¢20
Zg. = q + d2 . Sin¢20
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In the center of gravity G;* the scalar scoring coordinates take the form (8) and the square of the absolute velocity
takes the form (9):
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We can now recap the values of all squares of the determined speeds in the six center of gravity of the system

(relationship 10):

v(z,-l =0

2 _

1 o 9
VG _Z'dl g2

2
2 2 2 2 a 2
VGZ = (Ole) . 0)1 = [dl + (?2) ‘| . 0)1
2
VG =

2 2 2 o 1L 5 5 1 5 5 2 2 .
di '0’10+az‘a’10+1’dz ‘5020+Z'dz @] - C0S” Pyg +dy - dy - @iy - COSPyg +ay - dy -y - @y -Sinyg

(10)

1
Vé}* = [d12 +(Cl2 + 03)2 + d22 'COS2 ¢20 +Z : d32 'COS2 %0 +

In Fig. 1, the weight centers of the MP-3R system
were represented.

Further, the moments of mass (mechanical) inertia
and the kinetic energy relations for each considered
kinematic element (as already established there are six
elements instead of three) will be determined.

For element 1, Oy,0,, determine the moment of
mechanical inertia on the main axis, the only one that
allows a rotation of the element (relation 11):

an

The moment of mechanical inertia (mass) is denoted
by J. It must be a special moment of geometric inertia,
which is generally (correctly) noted with /. The moments
of mass and geometric inertia always bind to each other
through a physical-mathematical relationship. If the
geometrical inertial moment is mainly used in the
calculations of material resistance and machine tool
design, mechanical mechanics, mechanics, mechanisms,
robotics, motors, transmissions, (etc ...) the dynamic
(physiological) study of the mechanisms and the
components of the systems are made mandatory by the
inertial masses in motion; the usual masses of the
elements (denoted by m) are used in the translational
movement and the inertial masses (denoted by J) have a
determinant role in the rotation movement (of the system
elements). There are mechanical (mass) inertial moments
projected on a point, on an axis, or on a plane. The
convention in mechanics and mechanisms is to generally

+2-dy - (ay + a3) @19 - @y - singyy + d3 - (ay + a3) - @y - W3¢ - Singy

28

2
V(zj‘3 =ld€ +(a2 +%a3j +d22 'C052¢20+2'd1 'd2 'COS¢20‘|'0)120+d22 '@220+2'd2 '[az +%a3)~sin¢20 sy - Wy

1
+2-dy - dy oSy +d) - dy - COSPyg + dy - dy - COS Py - cOSPyg |- @ + d - 03 +Z'd32 @30 +dy - dy - 0y - 03 - COS(f30 — ) +

use the moments of mass inertia projected at a point,
usually the point being the center of gravity (mass or
symmetry) of that element. For element 1, we use the
center of gravity G, which, for the main z-axis of the
element (which is the main axis of rotation) has the same
(mechanical) inertial moment at any point of the axis
(relation 11). For two rectangular axes x and y the inertial
mass moment has the half-value (relation 12), for the most
commonly used cases, when we have a cylindrical radial
r; body. Another approximate relationship used for these
inertial values when the body is long and very thin (when
the radius is negligible in relation to the length) is the
relation (13), where /; would be al if the radius »; would
be negligible relative to the length @;. A more precise
(general) relationship for this case would be (14):

Jh=gn =l, !

1 2
s ta Lo (12)
Jxl _Jyl 1 ]2 (13)
G TlG T
Ja = gh =1'ml K +—-m-q (14)
G G 4 12

Next, we will only use the relation (12) because the
systems studied have cylindrical elements with
significant diameters (the approximate rays of the cylinders
are large enough). If the shape of the element is not
cylindrical, it can also be approximated by a cylinder.
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For element 1, we have no rotation except for the z-axis.
The kinetic energy of element one gets the form (15)
(it is considered to be twice the kinetic energy):

2 z 2
2-81=m1-v(]~1 +JG11 * o

(15)
=0+%‘m1"’12’w120=%'ml’ﬁ2'w120

On element 1%, in the center of gravity G« the kinetic
energy is written (16):

2’81* = myx ’Vép +J(:Il* ’0)120
§ i

1 2 2 1 2 2
=Z~m1*-d1 '0)10+2'm1*'r1*'a)10 (16)

=i'm1*'0)120'(d12+ﬁ%)

On element 2 in center of gravity G,, the kinetic
energy takes the form (17):

_ 2 v, 2 z 2
2'52—m2'VG2 +JG§ 'ﬁ)10+JG22 chy =

o> 1 o) o 1 > oo 1 2 9
=m2'(d1 +Z'azj'ﬁ)10+z'm2"’2 "G+ om0 = A7)

2 1 21 » 2 1 2 2
=m2’(d1 e +z"’2)'a’10+5'm2"’2 -3

On the element 2* in the center of gravity G,« the
kinetic energy takes the form (18 and 20):

N 2 o2 2
2 =mp VG, +JGz* Wy +JG2* 0y =

= niys (dlz +a§ +%‘d22 ‘cosz¢20 +d;-d, ~cos¢20j~w120 +

(18

+Z~m2*~a’2 @50 + Mys - Ay - dy -SINGyg - ) - Dy +

Jy 2 .2 2 . 1 2
+—=- w5, +—=-(1+sin N0, with — Jy == Nyx - Fox
5 00t ( ¢zo) io 275 TS

Intermediate relationships (19 and 21) are also used
to determine the kinetic energies on the rotating element:

52t 2 1o o
JG, @20 5 20 =My Iy )0
502 T2 (i) 0, 1
I, @i = 5 (l+sin $o | @io = (19)

1 .
=7 Myx -rzz* ~(1 +sin’ ¢20) . a)120

29

2'82* = My 'V(2,‘2* +Jé22* 0)220‘0'.]();; 'Q)IZO =
1
=[ d12+a22+2-d22~c052¢20+
1 .
+d1’d2’COS¢20 +Z'V22*‘(1+Sln2¢20) ] (20)

1
My« ‘(0120 +Z~m2* (d22 +r22*)« C()220 +

+myx - ay - d2 . Sin¢20 * @y " Wy

Relationships (21) explain how to get expressions
(19); Fig. 2, where you can see the two different
rectangular triangles formed by the axes of point Gs.
The moments of mechanical inertia ./, are known on the
zy+ and x;, axes, the inertial moment J, on the main axis
of the element 2* and the inertial moment on the vertical
axis y,+ but inclined towards the angle element (the
element is located along the axis Gy«,):

W, + 0, =0

2 2_ 2
O, + 0, =y

0, =y -c0s(¢yy —90) = o, -sing,,
oy, = @ - cos(180 - ¢yg) = @ - sin(gyq — 90)

: J. J.
J(yé -} :J2~a)2+72~a),% :72»@

:L;.w§+%-ah2 :%-(a)g-ka)lz):izz'(a)lz'Sin2¢20+a)12)
:J—22~a)12-(1+sin2¢20):>Jéi :J—;-(l+sin2¢zo)

On element 3, in the center of gravity G;, the kinetic
energy takes shape (22) and the final expression (26):

_ 2 V3 2 23 2
2egy=my v, +J5 o+ I3 0 (22)

where, the double of kinetic energy due to translation has
the expression (23):

2-&3 =m3~vf,~3
(23)

2
=m3~{d12+(a2 +%~a3) +d22~cosz¢20 +2~d1-d2~cos¢20}»a)120

2 2 1 .
+mjy - dy ~a)20+2~m3~d2(a2 +5~a3j-sm¢20~a)10~w20

The duplication of the kinetic energies due to the
rotation of the element on the two axes is determined by
the relations (24 and 25):

s o2 1 2 2
2833 =Jé§ 1Oio =7 My Ol (24)
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1
Oy sy Oy e 10y

1 .
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On element 3*, in the center of gravity Gj«, the kinetic
energy takes shape (27) and the final expression (31):

@7

o2 52 o2
2 E3x = M3« VG3+JG3* 3 +JG3* (2T

where, double of the kinetic energy due to translation has
the expression (28):

30

2 cE3xp = M3x ’Véz
2
= mye -[d} +(ay +a3)
1
+d22 -cos? $ro + 1 d32 -cos? 30
+2-dy-dy -cosgy +dy - ds-cosgsg

+d, - d3 - cos ¢y ~cos¢30]-a)120 (28)

1
+m3*~d22~a)220 +Z-m3*-d32~a)320

+mzx - dy - d3 - 030 - @30 - 05(P39 — )
+2-m3z«-d, ~(a2 +a3)~w10 @ -Sin gy

+m3* 'd3 '(dz + 03)'(010 * 30 'Sil’l%o

The double of the kinetic energies due to the rotation
of the element on the two axes is determined with the
relations (29 and 30):

R R R I 2 2
2 Eyupzyn = @30 =7 030 = My Ve 03

5 29
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o .2 2
2083*')/3*: (y,:;»‘a)10=73«(1+sm ¢30)-a)10=
’ (30)

1 .
=Z'm3* ~r32* -(1+ sin? ¢30)«a)120

2
2'83* =m3*-[d12+(a2 +(13) +

1
+cl22 -cos? b0 +Z-a’32 -cos? P30 +

+2‘d1 'd2 'COS¢20 + dl 'd3 'COS¢3O +
+d2 . d3 . COS¢20 . COS¢30 +

+i - (1+sin® gyg)]- 0f +

€1y
1
+”’I3* d22 '0)220 +Z'”’I3* (d32 +i"32*)'0)320 +

+mzs - dy - d3 - cos(B30 — rp) - g - @30 +
+2’Wl3* 'd2 '((12 +(13)‘Sin¢20 OB +

+WI3* 'd3 '((12 +(13)‘ Sin¢30 . 5010 . 6030

Results

The moments of the drive motors (variation of required
moments of the three actuators) will be determined.

The kinetic energy of the entire system is written first,
comprising the three elements each dissected in two (32).
The kinetic energy relationship of the entire system (32) is
very long. Lagrange (1) Lagrange (course 07) is used to
obtain practically three expressions corresponding to the
three actuators, more precisely corresponding to the
moments of the three actuators:

1 1 .
+mz,~|:d12+a§+z~d22-cosz¢20 +d1-d2-cos¢20+z~r-_,2,,-(l+51n2¢20)1|
(32)
ot . a2 +12) 02 ay -d, -si L@ - i
@i 7y Mo\ @y T | 30 My -y -y sin gy - @y - @0 + 3 - @y

2
|:d12 +(a2 +%~a3) +d22 ~c052¢20+2-d1 -dy -cos gy +i~r32:|+

2. 2 1 2. 2 1 .
iy - dy - @y oy 'a%m*'z'”’z'dz'(az +5'“3)'5m¢zo'w10'w20
1
+imgs -a)ﬁ) '[d12 +(a2 +a3)2 +d22 ~cosz¢20 +Z-d32 -cos? B30 +2-dy-dy-cos gy,
1 - 2
+d) - d5 - cos ¢ +d2-d3-cos¢20-cos¢@‘0+4~r3,- 1+sin” g3 )]

2 2 1 2, 2\ 2
g - dy - @y ARl '(dz + ”3*)'6030 + e - dy - dy - cos(d3g — o) - 0 - 30

+2-m3e - dy - (ay +a3)-singyg - @y - @z + mye - dy - (ay +a5) -singsg - @y - 030§

Lagrange equations of the second case have the
known classical form (1):

d| os Oe
Bl I D 1
d’(aékj Oqy, O )

31

The expression (32) of the kinetic energy of the
whole system is used. The independent parameters (the
generalized coordinates) are written as (33). O
represents the generalized forces (in us are even motor
moments of actuators):

Q=00 D= 9=

(33)
G =ho=m0; = =00 §3=¢5 =03
The first derivative (relation 34) is the partial
derivative of the total kinetic energy (of the whole
system) to the independent parameter o, (i.e., the partial
kinetic energy of the system at the angular velocity of
the first actuator is derived):
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The expression (34) obtained derives absolutely with
time and the relation (35) is obtained. Constant angular
velocities have been considered over time:
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There follows the partial derivative of the kinetic
energy of the entire system with the independent
parameter (36):

oe
—=0 (36)
%o
The first Lagrange equation (of the three) can now be
written as (37):

df oe |\ 08 _,,
dt\ 0myy ) Odyg

By replacing the derivatives derived above in
Equation (37), it takes shape (38). The expression (38)

represents the required variation of the motor torque of
the first actuator:
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Next we repeat the previous procedure for the second
element, partly deriving the total kinetic energy of the

system in relation to the generalized coordinate
(representing the angular velocity of the second
actuator). The relationship is thus obtained (39):
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The resulting relationship (39) is derived the
second time, this time absolute, depending on time
and the expression (40) is obtained. It is considered
during this absolute derivation that the angular speeds
of the actuators do not vary over time (they are
approximately constant):
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There follows a partial derivative of the kinetic
energy of the system according to the angular
displacement of the second actuator (41):
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Using the relations (40) and (41) introduced in the
Lagrange equation (42), the expression of the alternating
motor moment of the second actuator is obtained:
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The total kinetic energy of the system and the third
element are now partially derived, partly deriving the
total kinetic energy of the system from the generalized
coordinate 3, (representing the angular velocity of the
third actuator). The relationship is thus obtained (44):
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The absolute expression (44) obtained, considering the
angular velocities of the actuators approximately constant
over time, is obtained and the relation (45) is obtained:
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The kinetic energy of the entire system is partly
derived from the angular displacement of the third
actuator and the expression (46) results:
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Using the relations (45) and (46) by introducing them
into the Lagrange equation (47), the expression of the
motor moment variation of the third actuator is obtained.
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Discussion

By using the expressions (38), (43) and (48), the
variations of the motor moments, actuator moments, can
be determined for the entire operating range. It uses the
angular displacements and angles determined in the first
courses, values given in the form of functions (in direct
kinematics), obtained from the studied relations (in the
indirect kinematics), or determined by the conditions
imposed on the end-effector to go through -certain
optimized trajectories preset), (review course 5). A
dynamic synthesis can be made to optimize the choice of
the three actuators.

Interestingly, engine moments depend on the masses,
shapes and dimensions of the elements, but also on
kinematic actuator parameters: ® 19, M2, P30, M30; P10 lESS.

So the motors are not dynamically influenced by the
position of the first element, or more clearly, by the
angle of rotation of the first element (Fig. 1), the
dynamic movement being influenced only by the
positions of the second and third elements and by the
angular velocities of the three actuators.

Conclusion

The work presents an analytical method for
determination of dynamic parameters in a 3R robotics
module.

The dynamics of any system requires knowledge of the
mechanical kinetic energy of the system. It is the starting
point for the number one of determining dynamic
calculations and relationships of any mechanical system.
The problem with MP-3R systems is that they work
spatially, so the kinetic energy of the system includes
spatial elements (it can't fit only in a plan).

The Lagrange equation used has the known
classical form (1).
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