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Abstract: The main objective of this study was to generalize a differential operator. The generalized
differential operator reduced to many known operators studied by various authors. New classes
containing this generalized operator were studied and characterization of these classes was obtained.
Further, subordination and superordination results involving this operator were studied and obtained

the sandwich theorem.
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INTRODUCTION

Let H be the class of functions analytic in U and
JH [a, n] be the subclass of H consisting of functions of
the form:

f(z) = ata,z"+a, 2" '+, .

Let A be the subclass of JH consisting of functions
of the form:

f(z)=z+ianz“, zeU )
n=2

Now we introduce a differential operator defines as
follows: D ;:A —> A by:

D‘{,Sf(z) =z+ i[l +(n—DAJ*C(S,n)a,z",

n=2

ke N, >0,6>0 @)

Where:

C6um) = n+5-1)  T(n+3)
L8 ) Tmr@+1)

Remark 1: When A = 1, 6 = 0 we get Sidldgean
differential operator™, k = 0 gives Ruscheweyh
operatort”, & = 0 implies Al-Oboudi differential
operator of order (k)!'! and when A = 1 operator (2)
reduces to Al-Shagsi and Darus differential operator of
order (k)™ .

Some of relations for the differential operator (2)
are discussed in the next lemma.

Lemma 1: Let f €A. Then:

o Dﬁof(z) =1(2)
o Diyof(z) =zf'(z)

In the following definitions, new classes of analytic
functions containing the differential operator (2) are
introduced:

Definition 1: Let f(z) €A.
Then f(z) € S (w) if and only if:

7[D; f(2)]'

S
R D;‘\.Sf (z)

}>u, 0<pu<l, zeU

Definition 2: Let f(z)eA
Then f(z) € Cf; (n) ifand only if:

[2(D} ,f(2))T

R{ -
(Dx,af(z))'

b>u, 0spu<l, zeU

Let F and G be analytic functions in the unit disk
U. The function F is subordinate to G, written F <G if
G is univalent, F(0) = G(0) and F(U) < G(U) In
general, given two functions F and G, which are
analytic in U, the function F is said to be subordinate to
G in U if there exists a function h, analytic in U with:

h(0) =0 and |h(z)|<lforallz e U
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Such that:
F(z)=G (h(z)) forallz e U

Let ¢: C*— Cand let h be univalent in U. If p is
analytic in U and satisfies the differential subordination
&(p(z)), zp'(z)) < h(z) then p is called a solution of the
differential subordination. The univalent function q is
called a dominant of the solutions of the differential
subordination, p < q. If p and ¢(p(z)), zp'(z)) are
univalent in U and satisfy the differential
superordination h(z) < ¢ (p(z)), zp'(z)) then p is called
a solution of the differential superordination. An
analytic function q is called subordinant of the solution
of the differential superordination if ¢ < p. Let ® be an
analytic function in a domain containing f(U), ®(0) = 0
and ©'(0) > 0.

The function f € A is called ®-like if:

zf(z)
Of(z)

R { 1> 0,zeU

This concept was introduced by and established
that a function f € A is univalent if and only if f is ®-
like for some .

Definition 3: Let @ be analytic function in a domain
containing f (U), ®(0) =0, ®'(0) = 1 and ®(w) = 0 for
o € f(U)-0. Let q(z) be a fixed analytic function in U,
q(0) = 1. The function f € A is called ®-like with
respect to q if:

zf(z)

{<D(f (2))

1 <q(z), ze U

Definition 4'*: Denote by Q the set of all functions f(z)
that are analytic and injective on U—E(f) where
E(f): = {€€dU: lim, , f(z) = oo} and are such that
f(€) # 0 for {e OU-E(f).

Lemma 2P': Let q(z) be univalent in the unit disk U

and 0 and ¢ be analytic in a domain D containing q(U)

with ¢(m) # 0 when meq(U). Set Q(z): = zq'(z) ¢ (q(2)),

h(z): = 0(q(z))*+Q(z). Suppose that:

e Q(z) is starlike univalent in U

R zh'(z)
(z)

>0 for zeU

If:
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0(p(2)) + 2p'(2)9(p(2)) < 6(q(2)) + 2q'(2) d(q(2))

Then:
p(2) < q(2)

and q(z) is the best dominant.

Lemma 3'%: Let q(z) be convex univalent in the unit
disk U and 8 and ¢ be analytic in a domain D
containing q(U). Suppose that:

e 7q'(z) ¢ (q(2)) is star like univalent in U

. % {9’(q<z))
9(q(z))

If p(z) €H [q(0), 1] 1 Q, with p(U) < D and 9
(p(2))*+zp'(z) ¢ (z) is univalent in U and 9(q(z))+zq'(z)

¢ (4(2)) < 9(p(2))* zp'(2) ¢ (p(2)) then q(z) < p(z) and
q(z) is the best subordinant.

}>O for ze U

MATERIAL AND MATHODS

General properties of D) ;: In this research we study

the characterization properties for the function f € A to
belong to the classes S§;(n) and C¥,(u) by obtaining

the coefficient bounds.

Theorem 1: Let the function f € A. If

> -l +(n— DI CEm) [a, [<1-p

n=2
0<u<l1 (3)

Then f € S} () . The result (3) is sharp.

Proof: Suppose that (3) holds. Since:

-p= Y (n— w1+ (- DAFCE.) |a, |

n=2
i [1+(n-DA]*C(5,n)|a, |
n=2

i n[l+(n-DAFCE,n)|a, |
n=2

then this implies that:

1+
1+

n[l+(n-DAJ*C(S,n) |a, |
[1+(n-DAJ*C(S,n)|a, |

Hence:
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[ ol (2]

Ry T

P>

We also note that the assertion (3) is sharp and the
extremal function is given by:

(1 — H) Z0
W1+ (n-DA]C(S,n)

£(z)= i

Il

Corollary 1: If

= +((1n —Hl))k] Comy 2 @)
Then the function f belongs to the class S} ;(u).

Corollary 2: If ford=p=0and A =1:

la, |<1 vn>2keN, (5

Then the function f belongs to the class S} ;(u).

In the same way we can verify the following
results:

Theorem 2: Let the function f eA. If

Sinn -l + (- DAFCEN |a, K1-p0<p<l  (6)
Then f(z)e Cj ;(n) . The result (6) is sharp.

Corollary 3: If

la, < a=p) n>2 @)

v
n(n— w1+ (n - DAFC(S,n)
Then the function f belongs to the class C ;(u) .

Also we have the following inclusion results:

Theorem 3: Let the assumption of theorem 1 holds and
0<p<p,<1. Then Sl}i,a(lh) =2 S;,a(uz) .

Proof: By theorem 1.

Theorem 4: Let the assumption of theorem 2 holds and
0 < <py< 1. Then C (1) 2C4(n,).

140

Proof: By theorem 2.

Theorem 5: Let the assumption of theorem 1 holds and
0<A <A <1.Then S (WS ().

Proof: By theorem 1.

Theorem 6: Let the assumption of theorem 2 holds
and 0 <A, <%, Then C; (W2C; ().

Proof: By theorem 2.

Moreover,
theorems.

we introduce the following distortion

Theorem 7: Let the function fe A and (3) holds. Then
for zeU and 0 < p<1:

1_
D f(2) 2] 2| ——

and

n

1-
|D;f(2) < 2] +
2—
Proof: By using theorem 1, one can verify that:

Q- [1+ (- DAFCE) [a, <

n=2

i(n —w[l+m-DAJFCE,n)|a, |<K1-u

n=2

Then:

il-k(n DAFC(3,n) a, |<—H
n=2 —u

Thus we obtain:

D! f(2) |9 2]+ (0 -1+ (0~ DAFCE.m) [a, || 2"

n=2

2

1-
< z|H—5

z|
2-p

The other assertion can be proved as follows:
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\ D;,Sf(z) |=|z+ i(n - u)[l +(n-DA]*CG,n)a,z"

n=2

>|z]- i(n —w[1+ (n=DAC(S,n)

n=2

n
.||

1—
R

This completes the proof.
In the same way we can get the following results.

Theorem 8: Let the functions fe A and (6) holds. Then
forzeUand 0 < p<1:

k 1 - 2
D56 7 =5 b

and

(I-p)

DX f(z) <z |+ z |
D)<z +5 )

Also, we have the following distortion results.

Theorem 9: Let the function fe A and (3) holds. Then
for (n-p) [1+(n-1)A]*C(8, n)>1 and 0<u<I, we have:

f(z)| > |zl-(1-p)|z]>
and
f(z)] < |z] + (1-p)|zf’

Proof: In virtue of theorem 1, we have:

Sla, €3 (- Wil +(n-DAFCE.) | a, [<1-p

n=2

Then:
Z' a, |S (1 - l"")
n=2

Thus we obtain:

f(2) =2+ a,2"|

n=2
S 2
z|+) |a, || z|
n=2

dz|+(1-p |z

The other assertion can be proved as follows:
[f(2)|=z+ Y a,2" |
n=2
2|z =) |a, ||z
n=2
2 z|-(1-w |zl
This completes the proof.

In the same way we can get the following results.

Theorem 10: Let the function fe A and (6) holds. Then
for (n-p) [1+(n-1)A]*C(8, n)> 1 and 0 < p < 1:

|f(z)|2|z|—%|z|2
and
t@)slz1+ B 2

RESULTS

By making use of lemmas 2 and 3, we prove the
following subordination and superordination results
involving the differential operator (2).

Theorem 11: Let q(z) # 0 be univalent in U such that
2q'(2)
q(2)

is starlike univalent in U and:

sl @ zq"(z)_zq'(z)} Oy ety 0 g
{ o 4@ a@ ) e ®

If fe A satisfies the subordination:

2D} ,f(2)]'
7})261‘(2) ) +y{l+

=< & +7yzq'(z) ,z#0
@z q(2)

Then:

2D, 5f(2)]" z®'[D; f(2)]
D;f(2)'  @[D;f(2)]

o

7D; £ (@)

m} <q(2) )

and q(z) is the best dominant.
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Proof: Our aim is to apply lemma 2. Setting:

4Dt @)
PO =D f()]

By computation shows that:

@) _,, ADLf(@)]" z®'D]f(2)]
p(z)  [DLf@] @Df(2)]

which yields the following subordination:

o '@ o @ .

pz) pz) q@ q@)

By setting:

0(w) =2 and d(w) =L,y %0
(O] O]

It can be observed that 6(®), ¢(w) are analytic in
C/{0} and that ¢ (w) # 0 when we C/{0}.

Also by letting:

Q2) = 20'(2)d(q(2)) = 7z L Z
q(z)

and

h(2) = 0(q(2)) + Q(z) = —~ +yz q'(z)
q(z) q(z)

we find that Q(z) is starlike univalent in U and that:

m{Zh'(Z)} SR 2q"(z) zq'(z)} 50
Q(z) vz q'(»  q2)

For a,ye C,y#0.
Then the relation (9) follows by an application of
lemma 2.

Corollary 4: Let the assumptions of theorem 11 hold.
Then the subordination:

k ] k n k 1

q(Z[DDr,éff(Z)] )yl Z[Dkx,sf(z)'] _Z[Dk;,,éf(z)]

s (2) Dx,éf(z) [Dl,éf(z)]
L% L 1792
a(z)  q(2)

Implies:

7[D; f(2)]'
o ) <q(z) (10)

and q(z) is the best dominant.
Proof: By letting ® (®): = ©.
Corollary 5: If fe A and assume that (8) holds then:

7D} f(2)]" 7D} f(2)] L (A-By
[Dff(z)]'  [DX,f(z)]  (1+Az)(1+Bz)

Implies:

Z[D;fjf(z)] - 1+ Az

,—1<B<A<LI1
[D;‘“,Sf(z)] 1+ Bz

1+ Az
1+ Bz

and is the best dominant.

Proof: By setting ®(®): = o, o = 0, y = 1 and

:1+AZ where -1 <B<A<I.

a@): 1+B

VA
Corollary 6: If f €A and assume that (8) holds then:

7D} ;f(2)]" B 7D} f(2)]' - 2z
[Dff(2)]' [Dif(z)] 1-2°

Implies:

4D} (@) 1+7
D;,af (2z) 1-z

and T—Z is the best dominant.
—Z

Proof: By setting ®(w): = o, o =0, y =1 and q(z): =
1+z

-z

Corollary 7: If fe A and assume that (8) holds then:

2D, f(2)]"  2[D; f(2)]'
[D;f()]'  [D;f(2)]

Implies:
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AD, £ @)
Dl;t,af(z)

and e? is the best dominant.

Proof: By setting ®(0): = ®, a=0, y=1and

q(z): = e, |Al<m.

Theorem 12: Let q(z) # 0 be convex univalent in the
unit disk U. Suppose that:

—a

R{ }> 0,0,y €C for ze U (11)
¥q(2)
and 24 @) is starlike univalent in U.
q(z)
7D} f(2)]
7(1)[]);5“2)] e H[q(0),111Q  where feA,
a Z[Dk;:sf(Z)]'),] il Z[Dkx,sf(z)] " _ zP '[Dkx,af(z)] is
@[D, ;f(z)] D, sf(2)' O[D; ;f(2)]

univalent in U and the subordination:

o 124

qz) q(@)
Za (Z[Dmf (2)]

ot

Z[D;sf(z)] " B z® '[D;Sf(z)]
D;f(2)' @D} f(2)]

holds, then:

7D; ,f ()]

@[D} 4f(2)] (12)

q(z) <

and q is the best subordinant.
Proof: Our aim is to apply lemma 3. Setting:

2Dt f(2)]'

P = 0Dk f()]

By a simple computation, shows that:

z[kaf(z)]" _ Zq)'[D;t,af(Z)]
[D*, f(2)]" @D} ,f(2)]

zp'(z) _
p(2)

Which yields the following subordination:
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o vd@ | e vp'@ .
p(z) @ p@  pz)
By setting:

Y(w):= @ and o(w) = l,y #0
[0 ()
it can be easily observed that 3(®), @(w) are analytic in

C\{0} and that ¢(®) # 0 when me C\{0}.
Also, we obtain:

—Q

R 8'(q(2)) I
Yq(z)

0(q(2))

Then (12) follows by an application of lemma 3.
By combining theorems 11 and 12, we get the
following sandwich theorems:

Theorem 13: Let qi(z) # 0, qx(z) # 0 be convex
univalent in the unit disk U satisfy (11) and (8)
zq';(2)
q;(2)

univalent in U. If f € A and:

respectively. Suppose that , 1 =1, 2 is starlike

7D; f ()]
D[D; £ (2)]

2D} f(2)]" 20D} f(2)],
D! f(z) @D f(2)]

o Yyl +

is univalent in U and the subordination:

_o 129 (2)
q,(2) q)
k ] k " Il k
. a(czD[D,ff(z)] i s z[Dk,hsf(z)‘] 2@ [Dk,h_ﬁf(z)]}
[Dx,sf(z)] Dmf(z) q)[Dx,zsf(Z)]
o, r29%(2)
q, (2) q, (2)
holds, then:
2D £ (2)]'
WO ok oy R

and q;(z) is the best subordinant and q,(z) is the best
dominant.

DISCUSSION

The results describe the basic theory on certain
applications of the field of differential subordination.
The generalized differential operator obtained here
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covered the well known operators and many interesting
results such as the coefficient estimates, distortion
results and the sandwich theorem are found. Further
many other results are yet to be studied.
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