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Abstract: Problem statement: The problem of finding the minimum value of objective function,
when we know only some values of it, is needed in more practical fields. Quadratic interpolation
algorithms are the famous tools deal with this kind of these problems. These algorithms interested with
the polynomial space in which the objective function is approximated. Approach: In this study we
approximated the objective function by a one dimensional quadratic polynomial. This approach saved
the time and the effort to get the best point at which the objective is minimized. Results: The quadratic
polynomial in each one of the steps of the proposed algorithm, accelerate the convergent to the best
value of the objective function without taking into account all points of the interpolation set.
Conclusion: Any n-dimensional problem of finding a minimal value of a function, given by some
values, can be converted to one dimensional problem easier in deal.
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INTRODUCTION

Many optimization problems can be occur in
practice, for example, in most of labs, one obtains data
for certain phenomena and wants know that the point at
which this phenomena is minimized. Also the problems
which they arise in economic, social fields, engineering
field and many others fields.

Many researchers had been construct several useful
algorithms for dealing with this kind of problems.
These algorithms, are classified as, algorithms use finite
difference approximations of the objective functions
derivativeslz"”, the second class is pattern search
methods which are based on the exploration of the
variables’ space using a well specified geometric
pattern, typically a simplex'™. Finally, algorithms are
based on the progressive building and updating of a
model of the objective function®'"".

There is also a related class of “global modeling
methods™ that use design of interpolation models'*".

In the following discussion we present analysis on
which the proposed algorithm for finding the minimal
point of tabulated function is based.

RESULTS AND DISCUSSION

Let I be denote to the set of points xe X cR" at
which the function f:X cR" — R is given in the Table
1.

Table: 1 Initial interpolated set

X X0 X1
f(x) f(xo) fx)) f(xj)

Choose x*eI such thatf(xk)sf(x), for each

xe I and consider real quadratic convex function ¢(o)
such that

(p(oc)zf(xk +ocp)
Where:
pe BcR",

B is the trust region with radius A, i.e,

B:{xe R" :Hx—kaSA}

b}

p is chosen such that f(p)>f(x*) and f(p)<f(x)

foreach xe I, x #x" .

The quadratic convex function¢(a)is constructed
by interpolating the points o, o, @, € R such that the
function f is given, at least, at two of a.,s. If f is known
for each a,,a,,0, , then we can easy to construct ¢(a).
If f is known for only two points of o, O ,, &t 3 then we
can assume that the value of f at third point is z which

Corresponding Author: Youness, E.A., Department of Mathematics Faculty of Science, Tanta University, Tanta, Egypt



J. Math. & Stat., 4 (4): 217-221, 2008

is calculated from the knowledge of differentiability of
¢ . If f is known only at one point of «a, s, then we can
consider one of the other two values (say ¢ O‘2)) is less
than ¢(o,) and ¢(a,)

Main results: The basic idea of this study is based on
constructing a one dimensional real valued quadratic
function ¢(a) by interpolating. The function ¢(a) is

constructed such that ¢(a)=f (xk +ocp) where x* is the

point in the set I at which the least value of f and the
point p is chosen as indicated in above.

The following results show that the direction p is
the descent direction and how we can build our
algorithm.

Proposition 1: If o is a minimal solution of the
problem. mn®® and pel is chosen as indicated
oeR

before. Then
f(xk“)S f(xk)
Where x*'=x*+aq p, i.e., p is the descent direction .
Proof: Since o is a minimal solution of the problem
min Q(r)

oaeR
So

da)<pla), VaerR

Thus

f(x*+aP)<f(x* +oP), VaeR.

fx* +ap)<t(xX)

But f(x")<f(x) for each xel, therefore the

direction p is the decreasing direction of f.

Proposition 2: If x*'=x*+ap=x*, then there is no
other point x =x"+dpe T such that:

f(x*+ap)<f(x").

k+1

Proof:
&zargmil?q)(oc) .¢(oc)=f(xk+ocpk). Also on the

Since xF=x* )

direction p* there is no % such that

N k, =k
f(x)<f(x +0p ) because if there is such as that point,

~__k ~ k
then there is & such that * =X TP anq

f(xk+ﬁtpk)<f(xk+&pk) ie., ¢(d)<¢(&) which is a

contradiction.

Now, let p be another descent direction, p in the
set I such that

£(p)>f(p*)>f(x").

Assume X=x"+ap is such that

f(f():f(xk+&f))<f(xk+otpk).

By constructing a function ¥(a) such that

lP(oc):f( k +0c13) we get

W (o) =¥(0)+6 pVF (x*) +°‘72ﬁ ViE(x*) p<f(x* +op)
Since p is the descent direction and W(a) is convex,
£(x*)=w(0) <f(x* +op*)
Which is a contradiction.
Theorem: The sequence generated by
X =x* +ap

is convergent, where &zargmilgq)(a) and P* is in the
oe
trust region B*

Proof: Since the trust region B* is defined as

Bkz{xe R":

x —x* " < lA} .
k
This set is closed and bounded. Furthermore

xR =k +apke By
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k+2

X2 = x5 4 G ptle B,

Where B,,, is also closed and By MBx =9
By repeating this process, we find the sequence

m
{xk} is contained B, © B, . Since B* is closed, it
k=1

contains the limit point of{xk], thus {xk] is

convergent.

The Algorithm: From the previous discussion we can
seek the following algorithm:

Initial step:
0.1: Set k=1
0.2: Choose x,e1 such that f(x,)<f(x) foreach xel

0.3: Let A be the radius of the trust region B',
B ={xe R" :Hx—leSA}

0.4: Choose p,€B, such that p el andf(p,) =2f(x,),
f(p‘)<f(x),Ver,x;tx1

0.5: Set da)=t(x; +aop).aeR

The first Step:
1.1: Choose «,,a,,0, € R such that

ploy)=1(x; +ayp;)
play)=1(x; + azp;)

o(as)=1(x; +a3p;)

1.2: If Xptapy , X+ opy . X1+ a3py € Lojhep
interpolate the points o, a,, o, to obtain a quadratic
function ¢(a) .

a= arg min ()

aeR

1.3: Determine and go to step 2.

1.4: If one of the points x, +a,p, ¢ I,i=1,2,3 then put it
equals z,

ie., q>(ocj)=f(xl +(xjpl)=z.

1.5: Determine z that makes 9(0)=0 and hence
substitute z in ¢ to obtain ¢(a) and go to step 1-2.

1.6: If two of the points
o0, such that

m

o(c) <0(cr,), @) <olom) . olam)=ola;) or

oo, ) <o) <ofer), ofer,)=0(ct)

and go to step 1.2.

The second step :
2.1: If no improvement in value of f, then opposite the

direction of P ;to obtain ¢(a)=f(x,—op,) and go to
step 1. Otherwise go to step 3.

2.2: If x,—ap, does not improve the value of f, then let
(P(a) :f(xl +0°(P1 _Xl ))
Such that (p,—x,)€B, and go to step 1.
Otherwise go to step 3.

2.3: If (p,—x,)e B, , then extend the radius of B, to

contain p, —x, and go to step 1.

The third step:
3.1:

Xi=(X1+0°P1 or X,—0p, or x1+a(p1—x1)) in the

Inter

set I and reduce the radius of the trust region to become

SIA}
2 .

1

Bzz{xe R™:|x—x]

Hence go to step 0.

2 _ 1
3.2: If 1 = X1 then stop and the minimal point is in

the ball B(xf) with radius % . Otherwise go to step 0.

Example: Determine the minimal point of the function
f(x) given by the Table 2.

Table 2: Initial set values of f

(-2,0) 1,1)
4 2

0, 1)
1

1,0)
1

0,2)
4

1,2)
5

X
f(x)

219
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Choose x,=(0,1) and A=2 , then

B, ={(x.y):]|(x.y)-(0.1)|<2]

Choose p, =(L,0)
Let:

oo)=£[(0,1)+ a1, 0)]=f(cr, 1)

Takea, =0, 0, =1, o, =—1, then
plag)=1 . play)=2. set plaz)=z

By using Maple Package we can obtain

o = 0 = arg min
ae

pla)=a? +1 44 R‘P(“)

Thus f(a,1) . =f(0, 1)=1, i.e., no improvement in the

o=l

value of f, then consider the opposite direction
—p=(-10)

Therefore,
o(o) =1 (-0, 1)
Which by interpolating the points

o ol a2 a3
jloy 1 2 z

and by using Maple Package we get

o(a)=0’+1

Which it has =0 as the minimal point and no
improvement in the value of f. Therefore we will
consider the direction p,—x,, such that p —x€B,.

Since p, —x, =(L,—1)¢ B,, so extend the radius of B, to

be A=3 . In this case we option

o(a)=f(a, 1-0x) .

Since a, =0 implies (0, 1)eI , then choose a, :% and

a3 = 1 with letting corresponding values of ¢(a) as 0,1
respectively.
By interpolating ¢(ct) we obtain

o(a) =40’ — 4o +1

Which it has &:% as the minimal point. Then inter the
point 2 =(l, lj in the set I with a corresponding
2

value q{i] - ¢, 1.e., the set I becomes
2

x (=2 0) (L1) (0.1) [% %) (1.0) (0. 2) (L. 2)

f(x): 4 2 1 0 1 4 5

Reduce the trust region to become
11
(x, }’)— [5 EJ

And choose p,eB,, p,c Iu[%, %J,pzz(l, 0). By

B, ={(X,y):

using Maple we get ¢(a)= f(oc +%, %] , O(a)=0a,
which has the minimal point 0=0.

Now no improvement, then consider the opposite
direction —p = (-1,0) for which

and for the points

o =1 0 1
o(a) @ 1 0 1

the function @(o) =a” and also no improvement.

. . . 1 -1
Hence consider the direction p,-x, =[57J By
using Maple we get ¢(a)=o’ and z = 1 and no
improvement in the consider three direction, then stop

and the minimal point is in the ball B[%%} with

radius 3 .
2
CONCLUSION

The presented algorithm in this paper enables us to
find the point at which the value of objective function,
in optimization, problem is the best value when some
values are known at some points. The idea of this
algorithm is interpolating the points to one dimensional
quadratic function from which we can obtain the
desired point.
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