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Abstract: Problem statement: Giving conditions for bilateral forward and unilateral kaard shift
operators over the weighted space of p-summabladbseries to be hypercyclic. This provides a
generalization to the case of Hilbert spageproach: We used hypercyclicity criterion and some
preliminary concepts for formal Laurent series &minal power series. Moreover we got benefits of
some duality properties of above mentioned spaResults: We obtained necessary and sufficient
conditions for bilateral forward and unilateral kaward shift operators to be hypercyclic.
Conclusion: The bilateral forward shift operator was hyperoydh the space of all formal Laurent
series and the unilateral backward shift operatas Wwypercyclic on the space of all formal power
series under certain conditions.
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INTRODUCTION many mathematicians working in linear functional
analysis and very important contributions to thpid¢o
A vector x in a Banach space X is calleghave been maffe.
hypercyclic for a bounded operator T if the orbit ~We use the hypercyclicity criterion 6 G.
{T”x:nzo} is dense in X. The first examples of Sodefroy and J. H..Shap|ro (1991), to show that the
ilateral forward shift operators on the space bf a
hypercyclic operators appeared in the space ofeenti formal Laurent series and the unilateral backwitt s
functions defined over the complex plane, endowedperatorson the space of all formal power series are
with the Compact-open tOpOIOgy. In 1929 BlrkHHff hypercyc”c_ Our results in the cage= 2 are
essentially showed the hypercyclicity of the
translation operators T,f(z) =f(z+a),az 0, while

MacLané? proved the hypercyclicity of the

compatible to that given by H. Salas (1995) on the
spacei(Z) and generalize those given3y

differentiation operator. The notion of hypercyil MATERIALSAND METHODS
on Banach spaces started in 1969 with RoleWwijcz
who showed that any scalar multipleB of the Let{Rk)} be a sequence of positive numbers with

unilateral backward shift B is hypercyclic on BO)=1. We consider the space of all functions
I°(1< p<o) and @, whenever|A| >1 . Kitaiin his thesis 2
f(z) =2 a —— such that:

with title invariant closed sets for linear operato —““B(k)

university of Toronto, determined conditions under

which a linear operator is hypercyclic. This result 1

commonly referred to as the hypercyclicity critexio HE z\ak\P)E<m (1)
was never published and a few years later it was k

rediscovered in a broader form by Gethner and
Shapird®. During the last year's hypercyclicity if k ranges only the nonnegative integers, these ar
criterion on Banach or Frechet spaces has attractddrmal power series, otherwise they are formal katr
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. koo . Hence:
series, whereﬁ is an orthonormal basis. We shall
denote these spaces by: U*L =e,

B(k)

Hf : Power series case
E} : Laurent series case Then:
Definition: The operator M on E; defined by UM Ue, = W&,
Mf(z) =zf(z) is called the bilateral forward shift; So, M, is unitarily equivalent to an injective

furthermore, the inverse of Mwhich is the bilateral

backward shift is the operator, Bdefined on E? bilateral forward weighted shift operator (with the

weight sequencew, }).

byB,f(z) = f(z)_ The right inverse of M is the Conversely, since T is injective bilateral forward
weighted shift with weight,, then g(n)z0 for all n.

Without loss of generalitff, we may assume that the
shifts have positive weighg¢n) . Noting that:

unilateral backward shift operatgy defined orH} by,

S.f(2)= f(z)-f(0)
4
* k —-
Noting that the shift operator defined over the ™ Bl G
k+1
spacekj by R,f(z)= is a shift operator, for
L 5ced We get
which||R,|=1.
Bk+1) UTU =M,

Since (k) >0,0k0O Z, then by takingw, =

B(k)

= q = o q Proposition 2: The bilateral backward shift operator
we get B(”)‘Hwk an B(”)‘H(W-k) HnON-and g on B is unitarily equivalent to the injective
the operator T defined bye =w,g,, is an injective weighted shift linear operator V mentioned abovéh(w
bilateral forward weighted shift operator on the weight sequendéw,)} ). Conversely, every
°(2) :{X:X =YX, W\p - ‘xk‘p«n} with weight injectivel weighted shift operator is unitarily egalient

Koz KOz to B acting ong; .
sequencew }i=— W, #0 . On the other hand the The proof of this result is similar to that of
proposition 1.

1 . L
e., is an injective
k-1

backward weighted shift operator #t§z) with weight  Proposition 3: The powersM] of the operatomm, are

Sequencew } ;=—o W #0 . sup% provided that

operator V defined byve, =

bounded on E§ with HM”

Proposition 1. The bilateral forward shift operator e supremum in the right hand side exists.
M,on Ej is unitarily equivalent to the injective

bilateral forward weighted shift operator T meng&dn ‘- o i h A
above. Conversely, every injective bilateral foravar Yoo FOrfLEg, it is seen thatM:f(z) = _Z 8o B(K)

weighted shift operator T is unitarily equivaleat 1, _
acting onkj .

and hence:

P\YP
(<, B+ L Blk+n)
[Za( B(K) J] e |

Proof: We define the unitary operator U{2) - E; by: ‘

Zk

Ue, =
& B(K) Thus:
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HMn Sujﬁ(g(k)n) RESULTS
Now we give necessary and sufficient conditions
for bilateral forward shift operator on the sp&ges
On the other hand HM” and  hypercyclic.
oB(k+n)sHM§ - hence su:B(k n_ HM;H and the Propostion 5: The bilateral forward shift operator
B(k) B(k) M,on E} is hypercyclic if and only if for everg > 0
result holds. and N, there exists sufficiently large Al N, such
In the same manner we can prove thatthat for everW<q
Bk —n) B(k)
and S| = pi provided that
) hlwm? o exists i kﬁﬁ " Bk+n) . o4 Bl 1 3)
the right hand side exists in each case. 0 Bk-n) &

Pro osition 4. A sufficient condition for the series . . .
P Proof: Assume thatM, is hypercyclic. Since the set of

Z ak to be convergent is: hypercyclic functions for Mis dense, then givem> 0

and dIN, let 0<&8<1 so thato<d/(1-8)<e and there
is a hypercyclic function f(z) for Msuch that:
lesupW<#<klimin(B(k))%< ) ypercy (2) for Ms

Sey g

k

f(2) -3 2| <5
@ 2 50| <

Proof: Let f(z) = Z a,——0OE . Since condition (2) is

B(k) m
7 Using the functionals->— with norm one in the
sufficient for the convergence of the sefjes - for y(m)
. ) ok B dual space of} such that:
every z, then by using Holder inequality we get:
Zk
1@)=[x (ﬂ@\jp i <()wmw)wm()k<wm <°
0 !
We get:

This is the required result.

One can easily see that the dualEfis E], where ‘ak‘ <9, |K>q 4)
1 1 -1
—+==1 andy={y(k)} ={(B(k)) "} . In fact, for any
P q { } la|>1-3, K< g (5)

functional U on E;, there exist an element
Since f(z) is hypercyclic, we can choose2g such

Zk

g(z)= ——0OEY such that :

ZQy(k) v that

k
U(f(2)) =(f(2).9(2)) = ZQQ for anyf(z) = ZakB(k) M?f(z) - %“ B(k) (6)
=q

where (f(z),9(z)) denote the value of the functional
9(z)DE on the element(z)0E; . According to this Let [k <q be fixed. Since p2q inequality (6)

notation we get: implies that:

< 7K ’ 2" >:6k <M;f(z)_ Lk’ < >
B(k) y(m)/ " i=aB(k) y(k+n;)

Bw+n%a‘<5
Bk) ' °
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From (4) and (5) we get: Proof: Assume that Sis hypercyclic. Since the set of
hypercyclic functions for Sis dense, then given> 0
B(k+”i)<i<£ and dIN, let 0<&8<1 so thato<d/(1-8)<e and there
Bk) 1-d is a hypercyclic function f(z) for,Such that:
On the other hand, inequality (6) implies that: )
f(z)—zq: zZ <5
B(K) =0 B(k)
- g e 1
‘k‘“”B( ) y( ) Blk—=n) Choosing suitable functionals in the dual space of
E; we get:
Therefore:
B, 1-5,1-5 1 <8, 4 ©
Bk-n) a., o ¢
la,|>1-3, O< ks q (10)
Zk
Conversely, letY,:=spal B0’ }be a dense Sincef(z) is hypercyclic, we can choosg-q such
. . that:
subset ofE} and letB,:Y, - Y, be the linear mapping
defined by: o q Sk 1
f(z)- <d
) f(2) ;Jﬁ(k) (11)
( 7~ ]-_ /1 (7)
“(BK) ) B(k) Let 0<k<q be fixed. From (9), (10) and (11) we
get:
Notice thaB,M,=M B ,=Id, . It is easy to see
k k
that M) - 0 point-wisely on ¥. On the other hand by 1-d<|a,, B(E(+)ni) <6B(E(+)ni)
using (3) we get:
Therefore:
B(k n)
odn o
B(k) Z\ B(k) J Blkrn) o _,
Bkk) 1-3

Thus the hypercyclicity criterion is satisfied and
the proof is complete.

2
Conversely letX,:= span {Z, Z . } be a
B(D) B(2)

dense subset oHi and letA,:X, - X ,be the linear

Results obtained from proposition 5 can be appliednapping defined by:
in the next proposition but for the unilateral baekd
shift operator on the spaeé. ( K ] K+

DISCUSSION

¢ \_z

(B S~ Bk

12)

Proposition 6: The unilateral backward inverse shift

operator Son H? is hypercyclic if and only if for ever
P p 1S TYPErey Y y Notice thafS,A,)f(z)=f(z) and S} - 0 point-

wisely on X%. On the other hand by using (8) we get:

Z‘ (B(;(k)n )] IR0

€ > 0 anchON, there exists sufficiently large N
such that for every[kN:

B(k+n,) n
B(K) =€ ® & Z (B(k)j
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Thus the hypercyclicity criterion is satisfied and 5.

the proof is complete.

CONCLUSION
6.
The bilateral forward shift operator is hypgiic

on the space of all formal Laurent series and the
unilateral backward shift operator is hypercyclictbe 7.

space of all

formal power series under certain

conditions. Propositions 5 and 6 in the casg ef2 are

compatible with that given il over the spacé®@) and 8-
in over the spac€(N). Noting that, some examples

of

hypercyclic bounded linear operators have

applications in physics and quantum radiation field®-
theory'%*2,
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