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ABSTRACT

This study presents solution for the first ordeibhg fuzzy differential equation by Runge-Kutta
method of order two with new parameters and Harmonean of Ks which are used in the main

formula in order to increase the order of accuratyhe solution. This method is discussed in detail
followed by a complete error analysis. The accuraeyl efficiency of the proposed method is
illustrated by solving a fuzzy initial value probhte
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1. INTRODUCTION 2. PRELIMINARIES

In recent years many works have been performed byDefinition 2.1:
several authors in numerical solutions of fuzzyedéntial
equations. Fuzzy differential equations are applied
Population models, civil engineering, particle eyss,
medicine, bioinformatics and computational biology. , |, is normal (i.e.)%OR with u (%) = 1
Partic_ularly, the uS(la of Hybrié:i IFuzzyI Diﬁtzr‘:;tial u is a convex fuzzy set (ie.) N(L-
equations is a natural way to model control sys ;
embedded uncertainty that are capable of contepllin Ay)zmin{u), u(y)}UACIO. L], x, IR
complex systems which have discrete event dynaascs
well as continuous time dynamics. Furthermore tlaeee

some numerical techniques to solve hybrid fuzzy Let E be the class of all fuzzy subsets of R. TEen
differential equations (Pgder;on and Sambandhaf6;20 5 called the space of fuzzy numbers clearly;] & and
2007; Prakash and Kalaiselvi, 2009; 2012; Abatteh, R g js understood as R = {RR is usual real number}.
2009; Nirmala and Pandian, 2011). An arbitrary fuzzy number is represented by an

In this study, we develop numerical method for ; ; - <<
hybrid fuzzy differential equations by an applioatiof ord_er_ed pair of fu_nct|ons(_g(r),u( r)) 0=<r=1that
the Runge-Kutta method of order two with new Satisfies the following requirements:

parameters and Harmonic mean ¢f kvhich are used in . ) .
the main formula in order to increase the order of® UY(r)is a bounded left continuous non decreasing

accuracy of the solution. function over [0, 1], with respect to any r

A fuzzy number u is a fuzzy subset of R (i.e.,) u:
R—[0,1] satisfying the following conditions:

u is upper semi continuous on R
{x OR, u(x) >0} is compact
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+ T(r)is a bounded right continuous non increasing Using a representation of fuzzy numbers we may
function over [0, 1], with respect to any r represent XE by a par of functions
« u(n=<tu(r),0<r<1 (x(r).%(r)),0< r< 1,such that:

Then the r-level set is [uF {x\u(x) =r}, 0 <r i
a closed and bounded interval denoteqlhly[ () r)} * X(r)is bounded, left continuous and non

and clearly, [u] = {x|u(x) > 0} is compact. increasing and
o x(r)sx(r),0sr<1

<1is * x(r)is bounded, left continuous and non decreasing,
) u(

3. THEHYBRID FUZZY DIFFERENTIAL
SYSTEM Therefore we may replace (1) by an equivalent
system Equation (2):
Consider the hybrid fuzzy differential system

Equation (1) x(0) =1 (txh, (%)) =R (62%) (1) =, "
{x'(t) =£(tx() A (), 0Lt ] W x(1)=F (txA (%) =6, (tx%) X(1) =%
x(t,) =X,

Which possesses a unique solutionx) which is a
where, K tg <t <...<t......... ty —» o fuzzy function. That is for each t, t he pair
[x(t:r),x(t:r)]is a fuzzy number, wherg(t;r),x(t;r) are

respectively the solutions of the parametric foriveg
by Equation (3):

(8 =F (tx(tr) x(t0) x(t:0)=x (1)
(1) =6, (tx(tr) X(t:r)) ,7(( t, ;r) =% (1

For rJ[0,1].

fOC[R'ExE,E| A O] E§

Here, we assume that the existence and enéps
of solution of the hybrid system hold on eagh {it.,] to {

I><

be specific the system would look like:

3)

]

( : ,
()= (1 (90 () (1) = 0 100 4. THE SECOND ORDER RUNGE KUTTA
METHOD WITH HARMONIC MEAN

' e _ _ For a hybrid fuzzy differential equation we deyelo
X (t)_f(t’xk(t)’)\k(xk))’x(tk)_Xk’m[tk’tk*l] the second order Runge Kutta method with harmonic
mean when f andl, in (1) can be obtained via the Zadeh
(1965) extension principle from:

By the solution of (1) we mean the following

N
function: fOc [R"™xRxR,R] andA, OC [R,R]

We assume that the existence and uniqueness of
Xo(t),t0[ to,t, | solutions of (1) hold for eachy|tt.]. For a fixed r, to
x, (t) tD[t t] integrate the system in (3) of][tst]---
oL [t o we replace each interval by a set qf,N
X(t) =x(t to. %) = : discrete equally spaced grid points (including &l
X, (1),t0] t by | points) at  which the  exact  solution
: x(tr)=(x(tr).x(tr)) is approximated by some

t;r),y. (t;r)) . For the chosen grid points og, at
We note that the solutions of (1) are piesewi (Xk( )3 )) grap Rt

differentiable in each interval foflft,, t..] for a fixed t,, =t +nh,,h, I R P N Let
xcJEand k=0,1,2,... ... N,
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(Xk(t;r),Vk(t;r))E()g(t;r),i(t;r)),(yk(t;r).Vk(t;r)) and ;M(tk,n'yk,n(r)):;J\(r)+;l(tk,nYk,Ar))
(Xk(t;r),yk(t;r)) may be denoted respectively by Next we define:

(xkyn(r),Vk,n(r)) and (Xk'n(r),ykln(r)). We allow the W's

) S([tk n: YK n n }
to vary over the [tt.1]'s so that the Hs may be
comparable. The second order Runge Kutta method for kz(tk Ykl ) (t R )

] (tknYKn( )
0]

(1) is given by: =
o kZ(tknykn ) (tknYKr‘()

i k2(tknykn ) (tknykn( )

kZ(tkn Yion(r )
|:tkn ykn yi

Lm(r) _yk,n(r) =2~

Yinet (1) =Yien(r) =2 E

Where: The exact solution at t., is given by:

Y ienlr) +S  tnY )Y D)
Yier

ol )+ Tt nY )Y )|

f (tyme A () \ Vi nea(r) =

Ky (b ica()) =mindut) y,, () Vol )] , Yicno(r) =

The approximate solution is given by Equation (4):

h,f (tk,n' u,)\k( uk))

Ko (bt ¥in(r) = e Wi (9 (9] 1 Y1) = Yinlt)+S 4t bl v ) @
0, o (1) Yol Vinealr) =V ienlr)+ Tt n kel )Y srdr) |
hkf(tk,n+hk’u')‘k(uk)) Lemma4.l
K ( y (r)) mind 0 @(tkyn,ykn(r)) SupposelZ*, >0, 1J[0,1] and k1 are fixed. Let
2\ "k,n? Y k,n — v (0
X2 Z4a [t Yiea(1)) {ziyn(r)}:‘:0 be the Runge Kutta like formulae
[Yk,o(f) ,yko(r)} approximation with N = No the fuzzy IVP equation (5):
hkf(tk,n"'hkvu')‘k(uk)) x'(t):f(t,x(t),)\i (xi )),tm[q ga -
— it Yien(1)) X\t ) =X
kz(tk,ni)’k,n(r)):max 7( ) ( )
\utl Zkl(tk,nxyk,n(r))’
UkD[yko(r):m(f)} If {yi’n(r)}:li:0 denotes the result (4) from some
' ' Vio(r), then there exists@>0 such that:

Where: 120(1)= ¥, (1)<8 [20( )= Yo() <& implies
Za(tenYin(1) = Yieo( )+ Ko{ tin¥ 1) 2 (1) Y (D RE T2 ()= v (9 <5
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Theorem 4.1 1
Consider the systems (2) and (4). For a fix&Z'k R gﬁfcr‘
and £1[0,1]: g-j I Euler |
) lim XkyNk(r):x(tkﬂ;r), 0.6+
o.....fkﬂ 0 05 |
lim ;kyNk(r)zg(tkﬂ;r) 0.4}
o.....q@o 03 L
0.2¢
5.NUMERICAL ILLUSTRATION o
To give a clear overview of our study and to 0 - . - - -
illustrate the above discussed technique, we censit 6 6 7 75 8 8 9 95 10 105 11

following examples. _ ) ) _
Fig. 1. Comparison of exact and approximated solutions of

Example 5.1 Example 1

Consider the following hybrid fuzzy IVP:

0.9t 4 Exact |
X (t)=x(t)+m(t))\k(x(tk)),tD[tk,tkﬂ}, el | bo
ty =k,k=0,1,2,. 0.7+
x(0,r)=[0.75+ 0.25r,1.125 0.12pr<0 < 0.6k
0.5
Where: 0.4
2(t(mod3), if { mod}s< 0. 031
m(t) = . 0.2
2(1— t(mod ])) , if {mod}> 0.
0.1}
A . 0 Vi
_J0 if k=0 6 7 8 9 10 11 12
A =
(k) {u, if kO0{L,2,......}

Fig. 2. Comparison of exact and approximated solutions of

The exact solution fofi0,1] is: Example 1

x(tr)=[(0.75+ 0.25) &( 1125 0.12pr p X'(t):X(t)+m(t))‘k(x(tk))’m[tk’tkﬂ}’tk =kk=012
x(0,r)=[0.75+ 0.25r,1.125 0.12pr< <r 1.

For t0[1,2], the exact solution satisfies:
where, m(t) = |sintt)|, k=0, 1 2,... ...

0, ifk=0
)\k(“)z{u’ if kO{L,2,.....}

x(tr) :x(l,r)[Zt— 2+ d75( 3/ e ﬂ

Then x(2.0,1) is approximately 9.68 anghy/(1) is
approximately 9.6031. For additional compariseig. 1
shows the graphs of x(2.0); % and the corresponding
Euler approximation. .

Consider the following hybrid fuzzy IVP: x(tr) =] (0.75+ 0.25) &( 1.125 0.12pr'

The exact solution fofi0,1] is:
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For t[1,2], the exact solution satisfies: Nirmala, V. and S.C. Pandian, 2011. New multi-step
Runge-Kutta method for solving fuzzy differential
equations. Math. Theory Model., 1: 16-22.
s Pederson, S. and M. Sambandham, 2006. The Runge—
=+l Kutta method for hybrid fuzzy differential
equations. Nonlinear Anal. Hybrid Syst., 2: 626-634
) ) ) DOI:10.1016/j.nahs.2006.10.013
Then x(2.0,1) is approximately 10.31 andi(1) is  pPederson, S. and M. Sambandham, 2007. Numerical

x(tr) =x(1, r)w +%t x(1, r)(lJ'

approximately 10.198. For additional compariseiy. 2 solution to hybrid fuzzy systems. Math. Comput.
shows the graphs of x(2.0),) and the corresponding Model., 45: 1133-1144. DOI:
Euler approximation. 10.1016/j.mcm.2006.09.014
Prakash, P. and V. Kalaiselvi, 2009. Numerical sotu
6. CONCLUSION of hybrid fuzzy differential equations by predictor

corrector method. Int. J. Comput. Math., 86: 121-
In this study we applied Runge Kutta method of 134.DOI: 10.1080/00207160802247620
order two for finding the numerical solution of i~ Prakash, P. and V. Kalaiselvi, 2012. Numerical sofs
fuzzy differential equations. Taking into accouhet of fuzzy differential equations by using hybrid
convergence order of the Euler method is 0(h), a methods. Fuzzy Inform. Eng., 4: 445-4580L:

) . . 10.1007/s12543-012-0126-9
higher order of convergence Offis obtained by the Zadeh, L.A., 1965. Fuzzy sets. Inform. Control 388-

proposed method. 353. DOI:10.1016/S0019-9958(65)90241-X
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