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ABSTRACT

This research studies a cash inventory problermiABM Network to satisfy customer’s cash needs over
multiple periods with deterministic demand. Theealive is to determine the amount of money to place
Automated Teller Machines (ATMs) and cash centersefach period over a given time horizon. The
algorithms are designed as a multi-echelon invgnpsoblem with single-item capacitated lot-sizing t
minimize total costs of running ATM network. In shétudy, we formulate the problem as a Mixed Intege
Program (MIP) and develop an approach based onmafating the model as a shortest path formulation
for finding a near-optimal solution of the problefhis reformulation is the same as the traditianatel,
except the capacity constraints, inventory balacoastraints and setup constraints related to the
management of the money in ATMs are relaxed. Téig formulation gives more variables and constraints
but has a much tighter linear relaxation than thgimal and is faster to solve for short term plisugn
Computational results show its effectiveness, aafigdor large sized problems.
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1. NTRODUCTION customer need and about 35-60% of overall costaeof
cash management system come from running the ATMs
This research focuses on cash management for a(Simutiset al., 2007). Thus, the problem of reducing the
ATM network in Thailand. ATM planning and overall costs of running the ATMs is significanthel
replenishment to serve customer’s cash needs key a objective is to find the amount of cash to be Iedilin
service of commercial banks. Customers can acces&TMs and cash centers over a fixed period of time f
banking services of their bank accounts in ordenaie short term planning.
cash withdrawals from the machines, which are place In the present paper, we propose “a multi-echelon
over the country. Banks must employ several emgsye inventory problem with Single-ltem Capacitated Lot-
and employees’ time to oversee the network and makeSizing (SICLS)” formulation in order to minimize eh
decisions about the cash management system toeensuordering cost (refilling cost) and holding cost
that they have the right cash levels at the rigbations; (opportunity cost) of cash inventory at ATMs andlta
therefore, they incur high operating costs such ascenters and to satisfy time-varying demands. We
transport cost, insurance, servicing costs andniovg formulate the problem as a Mixed Integer Prograngmin
cost (Simutiset al., 2008). Many experts believe the (MIP) for the resulting optimization of this probe
amount of cash maintained in ATMs exceeds 15-20% ofHowever it usually requires much more computational
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effort for real-world problems with large sampleesi  the linear programming relaxation provides gooddow
The problem is known to be NP-hard (Florian andifKle bounds on the optimal solution value and develop an
1972; Chubanowet al., 2008). approach based on reformulating the model as a

Many mathematical programming-based proceduresShortest Path Reformulation (SPR) for finding arnea
used to solve the single-item capacitated lot-ginmodel optimal solution.
and were studied by many researchers. Wakinaga and The main idea of this study is to improve the MIP
Sawaki (2008) studied a dynamic programming apgroac formulation of the problem using a reformulatiorséa on
for solving the dynamic lot size model for the cageere the shortest path algorithm so that commercialessliike
single-item is produced and shipped by an overseasCPLEX or Gulobi are able to solve practical instaid
export company. They explored the problem with the cash inventory problem for short term planning.
constraint of production and shipment capacity sdoa The rest of this article is organized in five gats. In
minimize the total cost over the finite planningrigon Section 2 we explain the materials and methodséofer
with deterministic demands. Berlet al. (2008) this study. In Section 3 we present comparisonhef t
developed the dynamic programming formulation & th results of computational experiments between the tw
single item lot-sizing problem for a walm/cold pess  algorithms and the discussion was shown in Section
with finite capacity and possible lost sales antVesh  Section 5 contains the conclusions and the fuesearch.
the problem with a polynomial solution algorithm
based on the lost-sales-improvements of the full 2. MATERIALSAND METHODS
commitment problem. They obtained the optimal
solution in case of positive setup times and theriséc 2.1. Problem Description
solutions in another cases. . .

Akbalik and Pochet (2009) proposed a new class of Cash management for ATMs is one of the |m_portant
valid inequalities for the single-item capacitatest ~ Problems a bank faces. The costs of operating and
sizing problem with step-wise production costs thay ~ maintaining ATMs are very high and include the ouafst
called mixed flow cover inequalities which is dedv the ATM machines, renting facilities, networking,
from the integer flow cover inequalities. Compusal ~ a@dministration and the opportunity cost for depogit
results show the efficiency of the new class mitedy ~ Money in the machine. An ATM transaction is an
cover compared to the existing methods. Akbalik and€expensive financial transaction and the banks cakem
Penz (2009) proposed an exact pseudo-polynomialittle profit from it, but they must still supporthis
dynamic programming algorithm to solve a special service for customers. In this case, since the
case of the single-item capacitated lot-sizing pgob ~ administrative cost and the opportunity cost farisy
Zhanget al. (2012) formulated the capacitated lot sizing money in the machine are the crucial managemers cos
problem in closed-loop supply chain consideringuget that banks can plan and manage, we focus on the
costs, product returns and remanufacturing as a&dnix development of an efficient ATM cash inventory pygli
integer program and proposed a Lagrangian relaxatio that satisfies customer demand.
based solution approach to solve the problem. Two Inventory costs occur when the bank stores money
polynomial time algorithms for solving the constant in the ATMs and the cash centers, which are plémes
capacitated lot sizing problem was presented byalikb  storage of cash moving to or from the central b@dnk
and Rapine (2012). of Thailand; BOT) through commercial banks and cash

For this study, we wuse the Shortest Pathcenters to the bank branches and self-service egvic
Reformulation (SPR) approach to reformulate the BfIP  (ATMSs) to satisfy customer cash demand. The amofint
the multi-echelon inventory problem of SICLS for money to place in ATMs and cash centers depends on
finding a solution. The shortest path reformulation future unknown demands. If the amount of money in
approach was originally proposed by Eppen and Marti ATMs and cash centers is higher than the customer
(1987) for solving the Multi-ltem Capacitated Ladtzi8g demand, then an opportunity cost of holding cash wi
(MICLS) problems. Hindi (1995) developed this occur. The cost of money or the opportunity codt wi
approach using column generation on the uncapeditat be associated with interest rates and may alsadiecl
version of the problem for solving the single-item insurance costs for the money held in the ATM. But
capacitated lot-sizing problem. Wt al. (2011) the amount of money is lower than the customer
extended this approach to formulate the capacitateddlemand, the bank incurs a shortage cost. Thus, the
multi-level lot-sizing with backlogging and foundait development of an advanced algorithm for ATM
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Sufficiently large number for an upper bound

services to reduce the overall costs of running theg;

ATMs is very important for banks. of a cash order for each ATM j from cash
In Thailand a bank must pay an interchange fee center i

when its customers use another bank’s ATM. The bankb, =  Sufficiently large number for an upper bound

may also have to pay a refill cost associated with of a cash order for each cash center i

replenishing the ATM. If the ATM is inside a bank Camm = Available cash storage capacity of each

branch, then there is no cost of moving cash tofeord ATM

the ATM. However, if the ATM is not in a bank brdmc  Ccc=  Available cash storage capacity of each cash

then a refilling cost or ordering cost is incurrgden the center

money in the ATM is refilled. This cost is independ . .
of the amount of money refilled. Decision Variables

The goal of this research is to determine how muchg,
money to store in ATMs and cash centers and thex;

Order quantity of cash center i at period t
Order quantity of ATM j delivered by cash center

frequency of cash replenishment in each period dbase i at period t
on banks in Thailand so that all demands are sadisf J: = Inventory level of money stored in cash center i
with minimum total costs for running the ATMs. at the end of period t
Customer demand at cash ATM is assumed to be|ijt = Inventory level of money stored in ATM |
known and deterministic and shortages are not aitbw managed by cash center i at the end of period t
Note that, since there is no cost for restockinghcat  y. = Binary setup variable indicating where order
the ATMs in local branches they are considered pfrt quantity is allowed for cash center i in period t
cash management in branches and are not considered (=1, if cash is refilled in cash center i in peripd
for this problem. 0 otherwise)
. 0 = Binary setup variable indicating where order

2.2.Problem Formulation J quant)i/ty is alliowed for ATM j undgr cash center i

This part presents mathematical model to solve the in period t (=1, if cash is refilled in ATM j
cash inventory problem in ATM networks by managed by cash center i in period t, 0 otherwise)
determining the amount of money to place in ATMd an . . .
cash centers for each period over a given timezbori Our formulation of the problem is described by the

We formulate the problem as a MIP formulation of a following mathematical program Equation 1:
multi-echelon inventory problem with single-item

capacitated lot-sizing. Parameters and decisioiahias Minimize Total Cost= zim:lz; (v + o ¥

regarding the model are listed as follows: @)

z;z:ilz::l(rii 6'1'1 + Olijt )

Parameters
T = Number of time periods in the planning Subjectto Equation 2:
horizon
t = Time periodindex;t=1,2,..., T Ly * X5 —ly =di; O OfL.m}, j QL.n Jt QLT (2)
m =  The total number of cash centers
i = Cashcenterindex;i=1,2,..., m X —(a.8.)<0:0i L. mby. i (f..nYt LT 3
n = The total number of ATMs in each cash center " (28, ) <O:0HHHL..mj, J OXL.n .t LT} ®)
[
i = ATMindex;j=1.2,.,n Xit =i 2y SCury» 0 OfL..m}, j (L. 1, t OL..T} (4)
Dj: = Amount cash demanded of ATM j managed by
cash center i at period t n;
g = Refiling cost (Baht per trip) from the bank to  Jup + Q =4 =2 % DiD{L..m}htO{L..T} (5)
cash center i =
0 = Opportunity cost (per day) of money stored in _
cash center or ATM Q. ~ (b ¥, )= OLIOAL..m} tO{L... T} (6)
ri = Refilling cost (Baht per trip) from cash center i _
to ATM j Qi ~ e = G HiO{L..m} tO{L..T} (7)
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We now reformulate the MIP as described in
Equation (1-11) as a SP reformulation. Only comstsa
that are related to capacity constraints, setupstcaints
and inventory balance constraints for managing ATMs
will be relaxed. The rest of the constraints withtn
change from the original model. The decision vdeab

and SP reformulation are as follows.

Fig. 1. Shortest path representation of the lot sizing thimpa  Decison Variables
program for 1 item and 4 periods

e, : for demand in periods k to | of ATM j managed bglta
Xl 20;0i OfL...m}, j OfL..n },t ... 8 ,
e O, 00 t LT ® center | Equation (12-26):
d 2 000 {L..m}, tO{L..T 9 N
Qurd om0 1) ®) Minimize Total Cost= Y™ > " (ay, + p.J ¥ 12)
T 1

8, 00,30i0¢L...m}, jOfL...n; 1, t O{L...T} (10) Ziﬂzj;z;(ﬁj% +al,)
y, 00,50i041..m}, t O{L...T} (11 Subject to:

The objective function (1) is to minimize the fota > ™7z  =1.0i0{..m},jO{L..n} (13)
costs for allocating cash in cash centers and ATMs
(refilling costs and opportunity cost). Constrai(23% and o T
(5) are the inventory balance constraints for ATamsl Zy = Y Zy00{2.. T}, 0 Od...m), jO{L...n;} (14)
cash centers, respectively. Constraints (3) andof@es k=1 k=l+1
a set-up cost to be incurred for periods with paosit

; L B T+

ordering cgsh of each ATM and.each .center, it regui S Zy4 <8, ;0K O{L..T}, 0 O(L...m), jO{L...n,} (15)
&j: to be 1 if X; is non-zero and it requirgg to be 1 if 15
Qi is non-zero. Constraints (4) and (7) represent the
capacity constraints: the overall cash in ATM must 1+ /12
remain lower than the available capacity. Constsaia) l%[deouZm =X (16)
and (9) are non-negative variables for order qtiasti T _
and inventory level. Constraints (10) and (11) #pebe Ok D{2...T3, O O(...m), JURL...n }
binary setup variables.

For the large sizes of problem, the MIP formulatio !y *X; —ly =d;; 0 OQ..m),j0{L..n Lt O{L.. T} (17)
cannot solve or is very hard to solve in reasonable
computational time. Thus, we develop an approase®a x| <c, :0i0@d..m),j0{L..n }tOL...T} (18)
on reformulating the model as a shortest path probl ~ " "%~ ™
for finding a near-optimal solution.
2.3.The Shortest Path Reformulation Joa + Q-4 =2 % 0i0@..m), 0 {L..T} (19)

j=1

Eppen and Martin (1987) presented the shortebt pat
formulation approach to reformulate the capacitatéd o —(yy )< 00i0 (1...m), 0 {L..T} (20)
sizing problems based on a network diagram shown in
Fig. 1. The new formulation proposes variablgg that . 21
is the fraction of the accumulated demand fromqueki Q¥ ey < G HI0 (L..m), U {L...T) (21)
to period I. Each node of network flow represefis t
period 1, 2, 3, 4 and a dummy perlod 5. Th_e are/ben X0l 2001 O...m), j0 @..n ), 0 L.} (22)
nodes k and | means the choice of ordering the evhol
demand from period k to period | — 1 in period keT _
solution is to find the shortest path from node hade 5. Q. 2 08I0 (1..m), T {1..T} (23)
////4 Science Publications 286 JMSS
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¥, 00,1010 (L...m), 0 {L..T} (24)
8, 00,50i0 (L..m), [ {L..n KtO{L..T} (25)
Z,, 2 0;0KO{L..THI O{2..T +14i O1...m),j O{L..n,}  (26)

The objective function (12) is to minimize thealot
costs for allocating cash in cash centers and ATMs
(refilling costs and opportunity cost). Constraifit3)
ensures that there is no more than one arc outdaing
node 1 for refilling each ATM. Constraint (14) eres
that if cash is placed in ATM in period I, it muestist in
period I+1. Constraint (15) forces the setup binary
variablesd;, to be one whenever money is refilled in
ATM j managed by cash center i in period t. Constra
(16) is used to find the order quantity for ATM j

45
40 —+—MIP —&—SPR
— 35
3 30
3 25
2 20
= 15
~ 10
5
0
0 50 100 150
Number of ATMs
Fig. 2. Comparison of CPU Time between the MIP

formulation and the SPR approach

Table 1. Comparison between the MIP formulation and the &BfRoach

managed by cash center i at period t. Constrairy i€l
used to find the inventory level of money stored\ifM
j managed by cash center i at the end of period t.

Constraints (17)-(25) are identical to Constra{@s (4)-
(11) in the original model. Constraint (26) enfardbe
non-negativity requirements for variables.

2.4. Computational Tests

This part presents the computational tests touatal
the performance of problem formulations: the MIP
formulation and the optimization-based heuristic
approach (shortest path reformulation), to find djoo
optimal and heuristic solutions.

These algorithms are tested on a computer with an

MIP SPR
% Diff.
No. of Total CPU Total CPU of total
ATMs  costs time (sec) costs time (sec) costs
10 82,799 1.08 82,849 3.01 0.060
20 109774 2.19 109785 5.68 0.010
30 128,539 9.34 128,539 10.48 0.000
40 156,312 12.18 156,316 12.45 0.003
50 186,800 19.25 186,841 11.48 0.030
100 323,111 41.43 323,257 8.63 0.050
150 456,847 15556 456,847 13.07 0.000
200 - >8h 588,687 20.99 -
250 - - 706,289 23.38 -
300 - - 839,144 27.80 -
500 - - 1,325,148 47.69 -
1000 - - 2,631,580 106.60 -

Intel(R) Core(TM) i5-2400 3.10GHz CPU and 8GB
RAM. Two solution methods are compared using the
computational time and the quality of the solutions

various configurations of the ATMs network problem.
The numbers of ATMs are varied as 10, 20, 30, 40, 5
100, 150, 200, 250, 300, 500 and 1,000 ATMs with 5
cash centers and 7 time periods for testing pedona

Figure 2 illustrates a graph comparison of CPU Time
between the MIP formulation and the SPR approach.

4. DISCUSSTION

From Table 1, it can be seen that the MIP
formulation can only solve small sizes of the pewbl

of the proposed approach. The numerous data sets amand spends more computational time when the numbers

randomly generated upon request. The optimization
software Gurobi Optimization (http://www.gurobi.cOm
was used to find the solutions for both algorithms.

3.RESULTS

We use running time to evaluate the quality of the
algorithms.Table 1 reports a solution, a solution time (CPU
time in seconds) and a percent difference of theisos of
the two approaches for different numbers of ATMshwi
fixed number of cash centers and time periods.
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of ATMs increase Kig. 2). As the SPR algorithm can
give solutions in less computational time althoubb
problem is large. It was solved in a few minuteshwi
1,000 ATMs. Comparing the total costs of the two
methods found that the SPR approach gave the dptima
or close to optimal solution.

5. CONCLUSION

This research presented a new reformulation based
on a shortest path formulation approach to soluuHi-
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echelon inventory problem with single-item Chubanov, S., M.Y. Kovalyov and E. Pesch, 2008. A

capacitated lot-sizing that was implemented in shca single-item economic lot-sizing problem with a non-
inventory problem in an ATM network in Thailand. uniform resource: Approximation. Eur. J. Operat.
Computational experiments show that the proposec Res., 189: 877-8809. DOI:

approach provides very good solutions for problems 10.1016/j.ejor.2007.02.058
of large realistic sizes in short computationaldifor Eppen, G.D. and R.K. Martin, 1987. Solving mulérit
a short planning horizon compared with the tradiio capacitated lot-sizing problems using variable

mixed integer program approach. . redefinition. Operat. Res., 35: 832-848. DOI:
There are two directions for future research.tFirs 10.1287/opre.35.6.832

the model should be extended to the capacitated Iotg|grian, M. and M. Klein, 1972. Erratum: Determiiis
SiZing with a stochastic demand environment. Sepond production p|anning with concave costs and Capacity
in this study, we focus on allocating cash to thshc constraints. Manage. Sci., 18: 12-20. DOI:
centers and the ATMs with certain delivery routes. 10.1287/mnsc.18.11.721

However, cash delivery routes depend on the set oHindi, K.S., 1995. Efficient solution of the singtem,
replenishment decisions in a given time period. capacitated lot-sizing problem with start-up and
Therefore the refilling costs are not fixed by eént reservation costs. J. Operat. Res. Soc., 46: 1223-
delivery routes but are determined by the aggrepate 1236. DOI: 10.1038/sj/jors/0461006

length of the optimal routes. For future study, the Simutis, R., D. Diljonas and L. Bastina, 2008. Kas

mixed-integer inventory and the vehicle routing demand forecasting for ATM using neural networks
problem should be combined to derive the optimal ~ and support vector regression algorithms.
cash management strategy. Proceedings of the 20th EURO Mini Conference on
Continuous Optimization and Knowledge-based
6. ACKNOWLEDGEMENT Technologies, May 20-23, LITHUANIA, Neringa,
pp: 416-421.
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