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Abstract: Recently, Sarhan (2009) introduced a new distribution named
generalized quadratic hazard rate distribution. In this study, we define a
bivariate Generalized Quadratic Hazard Rate Distribution (BGQHRD).
The joint cumulative distribution function and joint survival function are
derived in compact forms. Several properties of BGQFRD have been
discussed. The conditional probability density function, 7th moments and
joint and marginal moment generating functions are obtained. Parameters
estimators using the maximum likelihood method are obtained. A
numerical illustration is used to obtain maximum likelihood estimators
(MLEs). Moreover, we study the behavior of the estimators numerically.
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Introduction

Recently, Sarhan (2009) introduced a new distribution
named generalized quadratic hazard rate distribution. This
paper introduces a Bivariate Generalized Quadratic
Hazard Rate Distribution (BGQHRD) by using the
method of Marshall and Olkin (1986).

The Generalized Quadratic Hazard Rate Distribution
(GQHRD), generalizes several distributions such as the
quadratic hazard rate, the generalized linear failure rate,
the generalized exponential and the generalized Rayleigh
distributions.

The GQHRD may have an decreasing (increasing)
hazard or a bathtub shaped hazard or an upside-down
bathtub shaped hazard function. This property enables
this distribution to be used in many applications such as
in reliability, life testing, survival analysis.

Sarhan and Balakrishnan (2007) discussed
Marshall and Olkin bivariate exponential distribution,
Al-Khedhairi and El-Gohary (2008) introduced a new
class of bivariate Gompertz distributions, Kundu and
Gupta (2009) studied the bivariate generalized
exponential distribution, El-Sherpieny et al. (2013)
expressed a new bivariate generalized Gompertz
distribution and Kundu and Gupta (2013) presented
Marshall-Olkin bivariate Weibull distribution.

The random variable X has the Quadratic Hazard
Rate Distribution (QHRD) with parameters a, b, c if its
Cumulative Distribution Function (CDF) is:
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F(x;a,b,c):l—exp{—(ax+zxz+§x3} (1)

where, a>0, ¢>0 and b>-2./ac. This restriction on the

parameter space is made to be insure that the hazard
function for QHRD is positive, see Bain (1974):

h(x;a,b,c)=a+bx+cx*, x>0 2)

The exponential distribution (ED(a)) can be obtained
from QHRD(a,b,c) when b = 0, ¢ = 0. We can get the
Rayleigh distribution (RD(b)) from QHRD when a =0, ¢
= 0, the Weibull with shape parameter equals 3
(WD(c,3)) can be concluded from QHRD(a,b,c) when a
=0, b =0 and linear hazard rate distribution (LFRD(a,b))
can be derived from QHRD(a,b,c) when ¢ = 0.

Sarhan (2009) introduced the generalized quadratic
hazard rate distribution with parameters a, b, ¢ and d,
(GQHRD(a,b,c,d)). The GQHRD(a,b,c,d) has the
following CDF:

F(x;a,b,c)={l—exp{—[ax+§x2+§x3jH , x>0 3)

where, a>0, ¢>0 and b > —2+/ac.
The main objective of this article is to introduce and
study the bivariate generalized quadratic hazard rate
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distribution. The BGQHRD generalizes the following
distributions:

e The bivariate generalized LFRD when ¢ =0
e  The bivariate generalized ED, when b =0, ¢ =0, a>0
e The bivariate generalized RD, when a =0, ¢ =0, >0

This paper can be organized as follows. Some
properties of the BGQHRD are introduced in section 2.
Section 3 gives the mathematical expectations. Section 4
presents the moment generating functions. The
parameter estimations using maximum likelihood is
given in section 5. A set of real data is used as an
application in section 6.

A New Bivariate Generalized Quadratic
Hazard Rate Distribution

In this section, we discuss the BGQHRD. We start
with the joint cumulative distribution function of the
distribution.

Let X be a random variable has GQHR distribution
with parameters a, b, ¢ and d, if its PDF and CDF,
respectively, is:

boyey
f(x;a,b,c,a)=(a+bx+cx2)ef(ax+7 )
{ [fj} - (4)
l—e* * 7
7{(1x+£x2+£x3j “
F(x;a,b,c,a)z{l—e 25 :l (5)

where, &>, a>0, ¢=0 and b>-2./ac.

The Joint Cumulative Distribution Function

Suppose that U;~GQHRD(a,,a,b,c), U,~GQHRD(ay,
ab,c) and U;~GQHRD(a3,a,b,c) are independently
distributed.

Define X; = max(U,, U;) and X, = max (U,, Us). The
bivariate vector (X;, X;) has a BGQHRD with parameters
a1, o, a3, a, b and c.

Lemma 1

The joint cumulative distribution function of (X;, X5)
is given as:

b c
ax, +Ex,2 +ox

f 3 ) —[axl +§xf +§xfj —[ 3
z(xl,xz)—al(a+bx1+cxl)e l1-e

256

b, oc3) Y b oc3)%
- a.x|+§xl +§xl —| ax +EX2 +§-"z
F)(l,Xz(xl’xz): l-e l-e

. a3
—[az-#%zz +§z3)
x|l—e

where, z = min(xi, x;).
Proof

Since F(x,x2) = P[X1<x), Xo<x,], we get:

(6)

F(x,x,)= P[maX(UhUs) < x,max(U,,U;) < xz]

=P[U, <x,U, <x,,U; <min(x,,x,)]
As U, i = 1,2,3 are mutually independent, we obtain:

F(x,,x,) = P[U, < x,]P[U, < x,|P[U; < min(x,,x,)] L

= FGQHR(xl;alsasbsc)FG

(7)
o (X230, 4,6,V 0, (2505, a,b,0).

Substituting from Equation 5 into Equation 7, we
obtain Equation 6. This completes the proof.

The Joint Probability Density Function

The following theorem gives the joint PDF of the
BGQHRD.

Theorem 2

If (X1, X») has BGQHRD, then the joint probability
density function of (X}, X;) is given by:

Si(x,x,) if x <x,,

Sxx, (55%,) =19 f(x,x,) if x, <x, ®)
fs(x,x) if X =x =x
where:
_[axl ‘*lxlz +£-"13]
fiGxy) = (e +a)(a+by, +ex)e 22
7[“‘“ +£xf +5x,3j o taz -1
{l_e 2173 } az(a+bx2+6x22) o

o -1 by . bac ay +ay -1
j} (o, +053)(a-1—bx2 +cx22)e_(axz+zxz+§xg){l—e (Mﬁzw;xg)} (10)
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S (xx) = a (a +bx + ch)ef[a”? 3 J

. (an
[ [mgm}xs)} :
l-e .

Proof

Let first assume that x;<x,, then F(x,x;) in Equation 6
will be denoted by F(x;,x;) and becomes:

a) +a- oy
b cs e b, cs 2
| B RART
Fl(xl,xz): l1-e l1-e

Differentiating F'(x;,x,) with respect to x; and x,, we
obtain the expression of f(x,x;) as given in Equation 9.
By the same way we can obtain f5(x;,x,) when x,<x;. But
f3(x1,x2) cannot be obtained in a similar way. We can use
the following identity to derive f3(x,x) as:

[V A, + [ [ £,

+J‘:f3(x,x)dx =1
Let:
I, :f:f;ﬁ(xl,xz)dxldxz and/, = J: J;J(Z(lexz)dxzdx1
Then:

—[(Lx +£ X +£x3j
1R

I= J':J'OXZ (o +a3)(a +bx, +cxf)e

baocs o +ay -1
(oot osa) 2
x[1-e az(a+bxz+cxz)

3

b 42024623 !
T e

by ¢ 3
0 ) f(axz +EX2 +§x2J
=I 012(a+bx2 +cx2)e
0

b N Jataytay -l
{axg +EX§ +§x§j
l-e dx,

Similarly:
© —(ax +L2 +5X3]
12:-'.0 a‘(a+bx1+0x12)e 14X 3
—[m ﬂhhi’@j o+ +ay -1 (13)

From Equation 12 and 13, we then get:

b, c3
ax+—x?+=x°

f:ﬂ(x,x)dx :f:(al +a,+a;)(a +bx+cx2)ei{ 23

b ¢ o +on +az -1
{aﬁgr +§X3J @ )
l1-e dx—J. o, (a+bx+cx”)
0

byocs ba o o) +ay +az -1
- (DHEX +§x — ax+§x +§x
e l-e dx
b, ocs b, ocs o +ay +az -1
£ ) -] aerEx +§x — (DHEX +§x
—J;) al(a+bxl+cx1)e l-e dx
b ¢ . oy +oy +oy -1
o ) {aﬁ;x +§x3] —(ax+5x +§XJ
=J. aS(a+bx1+cx1)e l-e dx.
0

That is:
S3(x,x)

b ¢ b oy +a, +oy -1
) —(ax+?c2+§x") f[a.w-gx = )
:aS(a+bx1+cxl)e l-e

Hence the proof of the theorem is completed.
Marginal Probability Density Function

The following theorem gives the marginal PDF of X,
i=1,2.

Theorem 3

The marginal probability density function of X; (i =1,
2) can be derived as follows:

by ¢
—| ax; +—x; +=x;
3

Sy (x)=(a, + a3)(a + bx, +cxl.2)e

e (14)
[ ,[axl L +3fo} :
l-e

where, i = 1,2.
Proof
Let F, (x;) be the CDF of X; (i = 1, 2), given by:

Fy(x)= P[X, <x,]=P[max(U,,U,) <x]
=P[U, <x,U,<x,]

Since U; and Uj; are independent, we have:
(ot o) “re
Fy (x)=P[U, <x|P[U;<x,]=|1-¢" * °

Differentiating with respect to x;, we derive the
formula given in Equation 14.
That is, X, ~ GOHR(e, + a;,a,b,c¢).
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Remark 4

The relation between joint survival
marginals and the joint CDF is given by:

function,

S)(J xz(xlaxz):l_FxJ (xl)_sz(xz)"'FXJ_xz(xl’xz) (15)

Therefore, the joint survival function of X; and X,
also can be derived.

Lemma 5

If (X1,X5) have bivariate generalized quadratic hazard
rate distribution, then max(X;,X;)~
GQHR (0, +0a,+03,a,b,¢).
Proof:

F (%) = P[max(X,, X,) < x] = P[X, < x,X, <x]

=P[U1 <xU, <xU, Sx]

by a +a, +ay
f(an 242 3]
=[l-e' * °?

That is the maximum of X; and X is also generalized
quadratic hazard rate.

(16)

The Conditional Probability Density Function

Since the marginal probability density function of X;
(i =1, 2) is derived, we can now find the conditional
probability density function.

Theorem 6
The conditional probability density function of X,
given X;=x; (i #j = 1, 2), is obtained by:

I (3 1x,) i x, < x;

fx,\x,(X; [x; ) f)(rz\)x ( | j)if xX; <X 17)
f(s) ( | j)ifxi:xj.
where:
b )
)((1\))‘ ( [|xj):aj (e, +0!3)(a+bx‘. +cxf)ef(m’+ﬂ'z+§")
) N s
= g rafi-e T
{asing)
fx(z\)x (x| x;) :a[(a-i-bx‘. +cxf) 3 (18)

r [ bae JJ—01,+71
| ax; =X =
2 3

l1-e s

(3)
fxix,

a
(i lx)=—>
a;+

258

Proof
Since:

fx,,x, (x[’xj)

T =

By substituting from Equation 8 and 14, in the above
relation, the theorem follows directly.

Mathematical Expectations

We can derive the 4 (rth moments about zero) of XX,

E[X\.X;] and E[X; |X]], (i #j = 1, 2), based on the results
introduced in the last two subsections.

Theorem 7
The rth moments of X; (i = 1,2) about zero is given by:
2 22 oo —1
W= EX1= (@, +a>zzz<—1w~( s }
Jj=0k=0 (=0 J (19)
(j+1)k+/,bkcf,
253 ey R0
where:

v _alQRk+30+r+1) bI(2k+30+7+2)
Jik,t [(J X l)a]2k+3/+r+l [(J " l)a]2k+3/+r+2
T2k +30+7r+3)

[(] 4 l)a]2k+3/+r+3 °

Proof

Since the th moments is defined by:

p=ELX]1= [y (),
Substituting for fy; (x;) from Equation 14, we get:

by cs
—| @+ +=x;
3

EX))=(a, + a3)f:x[(a + bx; +cxl.2)e {

baocs a; +a; -1
(ot os)
1-e dx,

i

Since 0<e_( 7X]<1, then using the binomial

b 3
ax; +—x; +=X;

a;+oy -1
expansion of {1 - ei( J} given by:

—J| ax, -%-—hx’+c’r3
23
e
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Then:

E(X))=(a, + a;)i(—l)f(““ e _1}

= / (20)
© 2 *(»/A+1)[(LY, +%x,2 +§x,3)
xjo x[(a+bx,.+cx. )e dx

i it

_(+nly —(j+DER

But the expansionof e ~ 2 and e U are given by:
—</+1) ? & DG D b
ZTW
21
e%,/“);«;’ :z(—l) "G+ e ,
= 30

Substituting from Equation 21 into Equation 20, we
have:

j=0 k=0 (=0

E(X))= (o, + a iii(—ﬁ”“‘[“ﬁfﬂj

‘+1 k+/bk ’ »
x(] ) c J' (a+bx +Cx) k3047 m(jrDax, g
0

2630 1101 : o
o v w1
<a+az>zzz<—1>-f+k+{“f =)
Jj=0k=0 (=0 J
23k 101 /k o
where:
Flj ke f (a +bx, + Cxl_z)xl?kﬂu, o Utha dx
Let (j+1)axi =u= X, =, thel’l:
(j+Da
v _alRk+30+r+1) +bl“(2k+3£+r+2)
Jikt [(] ¥ l)a]2k+3/+r+1 [(] + l)a]2k+3/+r+2 (23)
cI'Qk+30+r+3)
e Vv
[(j +1)a]

where, I'(n), is the Gamma function.
Substituting from Equation 23 into Equation 22, we

obtain the expression in Equation 19, which completes
the proof.

Theorem 8

The expectation of X1.X; is given by:

I/
WS
~
+
B
—
1]
N
+
R
N
I/ ©°
R
+
= R
|
N
—
K
~
N7
[E—
=

259

where:

1]’(_( 1)

eer (F 1)/ b/c* | al'(2 + 3k +3)
2/3kj|k| [(l_+l)a]2j+3k+3
cI'(2j+3k+5)
+ 2j+3k+5
[(i+1)a]
(i+1)j+k+r(£+1)m+narbj+mck+n
27734 i el tm )

+bF(2j+3k+4)
[(l 4 l)a]2>/+3k+4

ﬁ' _— — (_1)i+j+k+r+(‘+m+n
i, ).k, r,L,m,n

{ @T(p +4) ab(2p, +5T(p+5)
(2 +D[+Da]l”™  (p+2)(p, +3[(C+Da]””
ac(2p, +6)T'(p+6) b’T(p+6)

(P +2(p + D[ +Da]”™  (p+3)[(+Da]”
be2p, +N(p+7) czf(p+8)
(P +3)p + D[ +Da]” (o + D[+ Da]

and p = p1+2m +3n, p1=2j +3k + r.
Proof

Since:

ELX,X,]= [ [, 5 f (3%, ),

= IO IO X%, f(x,,x, )dx,dx, + J;) ,[0] X%, f5 (%, X, )dx,dx, 25)

+J: x* f,(x,x)dx,dx,.

Let:

11 :JO J(;lexzfi(xl,xz)dxldxz s
L= fo .[ol X%, f5 (%, X, )dx,dx,

I = J-: x* £, (x, x)dx,dx,.

From Equation 9, we have:

b c
ax| +oxt Fox

Il:(al+a3)J.:J.:X1X2(a+bxl+CX12)97[' 2 3]

. a+ay-1 .
7(% L +§x|3) , 7(% La +§x;)
l1-e az(a+bx2+cx2)e
b, oc3)]% -1
7[1112 +Ex§ +§ng
x|1-e dx,dx,,

b, ocs
—| axy +—x3 +=x3

Since 0<e[ R j<1,by using the binomial

o +ay -1
) ( W +§ij
expansion for |1-e , we have:
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I =(a,+ a@i(% N[, w @+ b+ exe
i=0

. b, ¢
—(1+1)((L«, +Ex,2 +3xfj

€3

bocs b, 271
2\ lem +EX2 +§xz - ax, +EX2 +§x2
a, (a+bx2 +cx2)e I-e dx,dx,,

b 5
. . ) (i) 22
By using the expansions of ¢ ™" ¢ 2" and
—(i+)Ex
e %', wehave:
I =ay(o +a3)ZZZZ(a‘ +7371)(_1)[+j+k“
i=0 j=0k=0r=0
(i + 1)j+k+rbjck
7.[ I X%, (a4 bx, + ox? ) R
273 j1kIr!
-1
2 ( +b*§+013] [ax,+bn+‘ﬁ] “
(@a+bx,+cx)et 7 21—t 2 dx,dx,
0 o W ® - o i+1 j+k+rbjckar
:0!2(0!1 +a3)zzzz(al+¢:3 1)(_1)1+]+k+/( j)k .
=0 j=0 k=0 r=0 2/3% jlklr!
(26)

2j+3k+r+2 bx2/+3k+r+3

ax? Cx2,+3k+r+4 :|

- +
JO |:2]+3k+r+2 2j+3k+r+3 2j+3k+r+4

e T
arEEE SN

=0 j=0 k=0 r=0
(i+ 1)»/‘+k+rbjckar
i . 11
273% k1!

(a+bx, +cx))e

where:

2j+3k+r+2
axy”" "

1=
! Io |:2j+3k+r+2 2j+3k+r+3

bx2/+‘4k+r+3

2j+3k+r+4 o _ boocs
ox: _ (/+l)(zmz+ X5+ xzj
2 (a+bx, +ex) Y (<) (' )e 27,
2j+3k+r+4 =
+, 2j+3k+r+3
L3S () Db ot
- l .
yor o 2" min! 0| 2j+3k+r+2
bx2/+3k+r +4 Cx2/+3k+r+5
+
r r
2]+3k+ +3 2j+3k+r+4
(ax2m+3n + bx2m+3n+l + x2m+3n+2) —(€+l)axzdx
2 2 2
B iii(_l)umw ( - 71)(( + 1)m+n bmcn J'x a2x2/+3k+r+2m+‘4n+‘4
- 1
yor o 2" minl 0| 2j+3k+r+2
abx2j+3k+r-+2m+3n+4 achj+3k+r'+2m+3n+5 abx2j+3k+r-+2m+3n+4
2 2 2
2j+3k+r+3 2j+3k+r+4 2j+3k+r+2
2 2j+3k+r+2m+3n+5 2 j+3k+r+2m+3n+6 2 j+3k+r+2m+3n+5
N bx, chx, acx,
2j+3k+r+3 2j+3k+r+4 2j+3k+r+2
bcx21+3k+r+2m+3n+6 02x2j+3k+r+2m+3n+7
2

+
2j+3k+r+3

e—(Hl)axzdx
2j+3k+r+4 y

260

Setting p1= 2j +3k + r, p = pit2m +3n and u =
(I+1Dax,, then:

[+m+n a -1 l 1m+nbm "
)

1=0 m=0 n=0
J-w{ a*u’ ab2p, +5u’*
O L(p + MU +Dal™  (p+2)(p +3A+Dal

ac(2p, +6u’* by
(2P A+ Da (py+ I+ Da)
. ch2p, + T N cu’ }_u du
(2 +3)(p + D+ Dal™  (p +H[(L+Da)™ 7
N e 1) (L D)D" a’T(p+4)
- ;EE(‘” (" ) 2"3" mln! L P+ 2L +Dal™
ab2p, +5I'(p+5) ac(2p, +6)I'(p+6)
(P +2(p 3 +Dal™ (o +2)(p, + DI +Da]™*
bT(p+6) cb(2p,+TL(p+7)
(DAl (py 43, + DI+ D)
ST(p+8) }
(I Da) ]

Substituting from Equation 27 into Equation 26 we
have:

(28)

=@+ a)ny >SS S S

i=0 j=0 k=0 r=0 (=0 m=0n=0

) i,j,k,r.0,mn>

where:

G+ 1)j+k+r (0 + 1)m+narbj+mck+n
2735 i e el n)
azf(p+4) ab(2p, +5)I'(p+5)

(P + 2L+ Dal™  (p+2)(p, + 3L +Da)"™
ac(2p, +6)T'(p+6) b’T(p+6)
(2 +2)(p, + DL +Dal”™  (p, +I[(L+1Dal™*
cb2p, +N(p+T7) CZF(p+8)
(p+3)(p + DL +Dal™” (p+D(L+Da)™ |

From Equation 10, we can find /,, by the same way:

I, =(a, +as)aliiiiiii(aﬁiﬂ)(m/ ) kL (29

i=0 j=0k=0 r=0 (=0 m=0n=0

From Equation 11, we have:
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I, —a3j x’(a+bx+cxte [‘MZV +3X)

b ¢ oy +a, +ay -1
[ax+2x7+§ 3)
l-e dx,

b, ¢
- ax+—x+-x

Since 0<e( 2 ]<1 by wusing the binomial

¢ o +ay +ay -1
. {( +2 X +3 X J .
expansion for |1-e , we have:
L (1+1)(ax+%x2+§x3j

Z(a,-mz-ﬁ-a; ( l)f X (a+bx+CX )e

i=0

dx,

b,
. . —(i+1)—x"
By using the Taylor’s expression for e ? and

G+ 1) bk N
2/3% k!

13 :a3iii(a,+az+a3 )( 1)1+/+I:

J‘O (axz +bx3 +Cx4)x2j+3l:e—([+l)mdx’
Put u = (I +1)ax, we have:

i+j+k (l + 1)j+kbjck

L=a, Y 33 ()

i=0 j=0 k=0 273 j1k!
au2bf+3k+2 bu2>[+3k+3
- + _
© [(, + l)a]2/+3k+3 [(l + l)a]2,+3k+4 .
XJ‘O Cu2j+3k+4 e du (30)
ONNY G
i=0 j=0k=0
where:
_ 1yt )/*“b/ct [ al (2 +3k +3)
zjk 2/3kj|k| [(i+1)a]2j+3k+3
BU(2j+3k+4) c[(2j+3k+5)
+ ; 2j+3k+4 + . 2j+3k+5 |°
[(i +Da] [(i + Da]

Substituting from Equation 28-30 into Equation 25,
we have Equation 24, this completes the proof.

From Theorem 7, setting » =1, i = 1, 2 and Theorem
8, we can find the covariance between X, X5:

Cov(X,X,) = E[ X, X,] - E[X ]E[X,],

and:
Var(X,) = E[X ]

(ELX,]™

261

Also, we can compute the correlation coefficient
between X, X, as follows:

Cov(X,, X,)

JVar(X,Var(X,) '

Px, x,

Theorem 9

The conditional expectation of X, given X; =
=1, 2) is given by:

X ((#J

E[X,| X, =x,]

T

k=0 =0 m=0

2 3m[| {VV‘.J(xj)

(G e+ ) ey )+, (4 ) e+ 1™ (31)

(1)

X1 (k. 0, m) +

(k )2/+3m+2

T2/+3m+2)
a, +oz3 ’

where:
a(a +a ) —(ax +[x2+rx3) “
Wl..(x,):gle RN
5] J
a;+a,

(k+l)ar

1 (ke 0,m) = j Ty (),

190G bm)= Ty, 0)du,

20+3m+1
u

Jim@) = |:[(k FDaf e

bu2/+3m+2

+
[(k + l)a]2£+3m+3

u2/+3m+3
™"
[(k + l)a]21+3m+4 :|
Proof
Starting with:

E[X, |X :x-] :J.wx;fx X, (x; |x>,‘)dxi

(2)
pare

(32)

_I X x\x (x; ] x;)dx; +I X (x; [ x;)dx,

+I X, X‘X (x, |x)dx

Substituting from Equation 17 into Equation 32, we
obtain Equation 31.

Moment Generating Functions

In this section, we introduce the joint moment
generating function of (X},X5). The marginal moment
generating function of X; (i = 1, 2) also derived.

Lemma 10

The moment generating function of X; (i = 1, 2) is

given as follows:
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MX’(I):(ai+a3)iii(a+a3 )(—1)/ K (]+1) bre

=0 k=01=0 23 k1
« aF(2k+3€+l? bF(2k+3f+2‘) (33)
[(] +1)a +t]2k+3 +1 [(] +1)a +t]2k+3 +2
cI'(2k+30+3)
|
[(] 4 l)a + t]2k+3l+3
Proof
Since:
My ()= E[eilx' ] = J.o eilx'fx, (x;)dx;,

and substituting for fy; (x;) from Equation 14, we get:

—(ax +bxz+cx3j
2 3

My ()=(;+a)| e

i tas-l
—(ax, +[—2)x,2 +§x;’j
1-e dx,,

From which we can derive the expression given in
Equation 33.

Remark 11

a+bx +cx; )

The moment generating function My,(f) can be used
to derive the marginal expectation of X; as follows:

H =E[X"]=(-1) { M, (t)} (34)
=0
From Equation 33, we obtain:
d ks a;+a j+k+
M ()= (1) (e, +a) Y Y (e )=y
dt; 7=0k=01=0
X(] + DB ATk +30+7r+1) BTk +30+r+2)
2/:31k|l' [(] + l)a +t]2k+3/+r+l [(] + l)a +t]2k+3%+r+2
cI'(2k+30+7r+3)
[(] +1)a +t]2k+3f,+r+3
Therefore:
dr r ok ah a;+a. j+k+
{rMX, (z)} = (=) (e, + @)Yy > (e )=
dt; o 7=0k=01=0
G+D"'bA | al Rk +31+r+1)  bLQk+31+7+2)
kAl . 2k+31+r+1 . 2k+31+r+2 (35)
273 k! [(j+Da] " [(j+Da] "
cI'Qk+31+r+3)
[(] + l)a]2k+3/+r+3

Substituting from Equation 35 into Equation 34, we
obtain x as given in Equation 19.
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Theorem 12

The joint moment generating function of (X;,X;) is
given as follows:

MX,,X2 (t1>tz)
=X 23N 3 el +a ()

(36)
“',fl)[(i+1)a+t2]'

F(I,1)}+ a3iii(a DET,a0),

where:

i+ j+k+r+l+m+n (l + 1)j+k (Z + 1)m+n bj+mck+n
2’+m3k+”j!k!r!m!n!
a’T(p+2) ab(2p, +3)T(p+3)
(2 DI+ Da+61" (p+D(p + 2L+ Da+1,]77
ac2p, +4HI(p+4) bZF(p+4)
(2 +D(p + 3L +Da+1]"" (p+ 20+ Da+1]"*
bc(2p,+5)(p+5) cZF(p+6)
(P +2)(p +I+Da+11 (p+ 3 +Da+1]7"° |
i=12.

F(r’ti) =(-D

al'(2j+3m+1)
[G+Da+t +8, 7"

|

F(ratl’tz) = (_1)i+j+k

(i +1)"bict
2/3% j1k!
B2 +3m +2)

[(+Da+t, +t,]/7"

c'(2j+3m+3)
[(+Da+t, +t,]77""

p=2m+3n+p,p=
Proof

Since:

2j +3m +r.

M(t,,t,) = E[e—(nxlmxz)] = J'O fo e ) £ (X Yy, di,
0 PXxy _ S
=[] e v,

+J.OCJ.Xl e ) £ (. x) )dbx,dx, +J.me’“'”2)xf (x,x)dx
0 Jo 2 12742 2 1 0 3 > .

(37

Let:

o0 Xy
_ —(tx +1)Xy)
Il _J.O J‘O e ’ fi(xlaxz)dxldxp
L=["["e® ) £ (x,x,)dx,dx
2= )0 ) PACUERS DA R

I *J': e I £ (x, x)dx.

From Equation 9, we have:



Abdelfattah Mustafa / Journal of Mathematics and Statistics 2016, 12 (4): 255.270
DOI: 10.3844/jmssp.2016.255.270

il LR ) —(axﬁ%x,z +§xﬁj
11:(a1+a3)J. J. e 2’2)(a+bx1+cxl)e
0 Jo

X a +ay -1
—(ax, +%x,2 +§x,3 ) 2 *((L‘z +[—2)x§ *%X% )
l1-e az(a+bx2+cx2)e

{ b, oc 3) ;-1
—| ax, +EX2 +§x2
l-e dx,dx,.

ax +bx2+c)c3
S S
21NN

Since 0<e7[ j<1, using the binomial

b e a +as -1
. —[m, +%x,‘ +§x,")
expansion for|1-e , we get:

I =(a,+ 0@)2(“' D e (a v b+ o)
i=0

—([Jrl)((vc1 +éx,2 +£xf)

ba ocs
2 3 [(ng +=X5 +=x;

a,(a+bx, +cxl)e 3

{ b, oe 3) -1
—| ax, +EXZ +§xz
l-e dx,dx,

xe

N
—(i+1)—x
( )zl

Using the Taylor’s expression for e ,

—(i+D) <% .
3" and e e have:

1,

=a,(a + 0.’3)Ziii(al+afl )(_1)i+j+k+r

o
=0 j=0k=0r=0

@+
2/3% j1k1r!

[(i+1)a+1,]bc* j: Ce

0

2 2j+3k
2% (a+ bx, + ex] )T

bacs boe ]!
I ) +Ex2 +§x2 —| ax, +Ex2 +§x2
(a+bx, +cx;)e I-e dx,dx,

Sheh by atay— i+jtk+r (i+1)j+k
= (o + ) Ty
S 320,20;)2( ) 2735 j1flr!
ax22j+3k+r+1
- 2j+3k+r+1
i+ Da+1 bl [T | T
0 bx21+3k+r+2
I S
2j+3k+r+2
2j+3k+r+3 P
P S (a+bx2+cx22)e( 203 J
2j+3k+r+3

b b a +oy— i+j+k+r i+1j+k
— oy + a3 S 33 (e Yy D

b ot Lomed L 273% jlktr!

i=0 j=0k=0r=0 AL (38)
X[(i+Da+t b,
where:
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2j+3k+r+1
axy’H

111:.[ e — +
0 2j+3k+r+1

2j+3k+r+2
b

2j+3k+r+2

2j+3k+r+3
szj K+r

2j+3k+r+3

by ¢y
axy x5 +=x;

}(a+bx2+cx22)e[ BEE

2j+3k+r+l
axy”"""

([+1)m+nbmcn J‘m
01 2j+3k+r+1

:ZZZ(_DWM(%;I) 2"3" min!

2j+3k+r+3
cxy” }

2j+3k+r+2
bxz_/ K+r

2j+3k+r+2 2j+3k+r+3

X(ax22m+3n + bx22m+3n+l + Cx22m+3n+2)e—[(/n)awz]xz de
— N i i( 1)1+m+n ( a,-1 ) (( + 1)m+n b"c"
= — )
1=0 m=0 n=0 2"3"m!n!
2 _2j+3k+r+2m+3n+1 2j43k+r+2m+3n+2
X_ro a“x; abx;
o 2j+3k+r+1 2j+3k+r+2
acx2j+3k+r+2m+3n+3 abx21+3k+r+2m+3n+2
2 2
2j+3k+r+3 2j+3k+r+1
b2x2j+3k+r+2m+3n+3 Cbx21+3k+r+2m+3n+4
2 2
+
2j+3k+r+2 2j+3k+r+3
acx2j+3k+r+2m+3n+3 bcx2j+3k+r+2m+3n+4
2 2
2j+3k+r+1 2j+3k+r+2
2 2j+3k+r+2m+3n+5
[ e—[(ul)aﬂz]xzdxz
2j+3k+r+3

Setting p; = 2j +3k + r and p = p; + 2m +3n,
u=[(¢+1)a+1, ]x,, we have:

O temin [ a1\ (LD D"C"
b= ;;;(_D (") 273" min!
a’T(p+2) ab(2p, +3)[(p+3)
(A + DI+ Da+51" (o +D(p +2)[(C+Da+1,]7
ac2p, +H(p+4) bZF(p+4) (39)
(p +D(p +I+Da+61™ (p+2[(L+Da+1,]""
cb2p, +5)I(p+5)
(7 +2)(p + 3+ Da+1,]77
T(p+6)
(p, +DU+Da+t,1° |

Substituting from Equation 39 into Equation 38 we
have:

o ®

L=a@+a)y Y YT (et)(%)

i=0 j=0k=0r=0 /=0 m=0n=0

@ +Da+1] FT,¢,

(40)

where:
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wgkarstmen G DD B
27435 el lm )
ab(2p, +3)(p+3)
(2 +D(p, + D[+ Da +1,]77
p’T(p+4)
(7 + 2L +Da+1,]7"

T(p+6)
(P3N +Da+5]"°

F(T.t,)=(-1)

a’T(p+2)
(p, + D[l +Da+ tz]”+2
ac2p, +H(p+4)
(2, +D(p, + 3L+ Da+5,]"
bc(2p, +5)(p+5)
(2 +2)(p, + (L + Da+1,1""

From Equation 10, we can find I,, by the same way:

o

L=a(a,+ as)Zii

i=0 j=

SESSEU

r=01=0 m=0 n=0

(i +Da+5,1 F(T,1,)
where:

i peerstemen G DT
273k el e tm !
ab(2p, +3)'(p+3)

(7 +D(p, + DL+ Da+1,]7
b’T(p+4)

(P, + D0+ Da+1,]""
cT(p+6)

(7 +3(C+Da+4]" |

FT.0)=(-1)

a’T(p+2)
(p, + D[l +Da + tl]’”'2
ac2p,+H(p+4)
(2, +D(p, + 3L +Da+1,]7"
be(2p, +5)I(p+5)
(p+2)(p, + D[+ Da+14]""

From Equation 11, we have:

I —(1+1,)x 2 7[”‘”?( +3X )
=a,) e (a+bx+cx’)e

[ b, 3) oy +ay +oy -1
Sayri gy
x|1-e dx.

SinceO<e7(m? +3X>j<1, by using the binomial

o +a, +az -1
. f(awzxﬂgﬁj
expansion for |1- , we have:

13 — a}z(a1+a2[+a371)(_1)ij'0“ef(f, +f2).wr(a +bx+cx2)
i=0

—(i+l)(ax+§x2 +§x3j
xe

dx,

PN
. . —(i+1)—x
By using the Taylor’s expression for ¢ 2 and

—(i+) <3
e 3 ,we have:

AN o tay tay— i+j+ (.+1)i+kbi :
) Y e T

i=0 j=0 k=0

w . .
XJ'O (a+bx+sz)xz,wke—[(m)awl+tz]xdx’

Put u =[(i +1)a + t; + t,]x, then we have:

e o +a, +ay— i+‘+((i+1)j+kbjck
e (e

i=0 j=0k=0

XJ'OC au2i+3k . bu2i+3k+1

O [+ Da+t, +6,T77" [+ Da+t, +6,]777 0

2j+3k+2 ( )
cu u

+ . 2j+3k+3 ¢ du

[(+Da+t +1,]
_ a;ZZZ(MMZTaFI)F(r’tptz)’

i=0 j=0k=0
where
o (DRI al'(2j +3m+1)
F(F’tlstz):(_l) Ik jak - . J 2 j+3m+l
2/3% jlk! | [(+Da+t, +¢,]"

BL(2j +3m+2)
[(i+Da+t, +4,]77"

cI'(2j+3m+3)
[+ Da+t, +6, 77" |

Substituting from Equation 40-42 into Equation 37,
we have Equation 36, which completes the proof.

Remark 13

The joint moment generating function My x(f,t)
can be used to derive the expectation of X1 X; as:

E[X1X2] = |:a

M, . (t,t
o0t 6. 2)}

h=t,=0

Maximum Likelihood Estimators

Suppose that ((x11,%21), (X12%22), ..., (X1nsX2s)) IS @
random sample from BGQHRD with parameters a;, as,
o3, a, b, c. Consider that:

m= (i;xli <x21)’ n, :(i;xu>x2‘. )s

ny=(i;x, =X, =x,), n=n +n, +n,.

For the sample of size n, the likelihood function is
given by:

U(D) = ]j[fl(xli’xz;)ljfz(xlmxzi)]j[f}(xi’xi)’

where, @ =(a,,2,,2;,a,b,¢).

Substituting from Equation 9-11 the likelihood
function becomes:
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UD)= (e + )" (o, + )" " &) o H(a +bx, +th)
i=1

n . o +o -1
b c . 1+a3
’Z[”l:*gxﬁ‘r;"]}.) | f(axwéxﬁ +5x?,j
e I I l1-e 20
1

i=

. n o, —1
] 2 _Z[‘”‘z:’fgé. +§X§l) | —[axgHéxzz. +5x§.) ’
| I(a+bx2i+cx2i)e = [Tj1-e" 2 °

i=1 i=1

—1
jy
::
+
o>
=
+
o
=
N
iy
E
i
|
=
-
w |
=
o
X
1
| — |
—
|
o
Py
B
+
|
=
+
w |
EN
F
R
_I

n ) o) +ay +as—1
3 2 ‘2(‘“1 "‘g)ﬁz "‘%*‘,}J 13 —[axl -*-é)q2 +£xf’) e
H(a+bxi+cxi)e a [Ij1-e* > ° .

The log-likelihood function is given as:

L(D) =nIn(e, + &) + nin(e,) +n,In(er, + o) + 1, In(e,)

+ny In(e;) + Zln(a +bx;, +cx12i) — Z(axli +%xﬁ. +§xi}
i=1 i=1

n | ax, +ﬁxz +£13 m
+Hey +a3—1)211{1—e[ N ]}+Zln(a+bx2 +cx2)

i=1 i=1

L] +éx3,+£x;,
Z[ale +l2)x21 + 3lej+(a2 —I)ZIH[I e [ 2Ty ]}

i=1 i=1

+g:ln(a +bx;, +cx12[) —i(axu +§xﬁ. +§xi}+(al -1)

i=1

] a2 + X
><Z:ln[l—e[I 2 IJ}—Z:ln(a+bx2‘+cx2‘)

i=1

n b
ax, +—x2 +—x +(a, +ay 1
;( 2i 221 321] ( )

) axy; +bx2 +5x3
len[l e[ 203 ]}+21n(a+bx +ox; )
i=1

i=1

3 b
S a4 207 58 |+t -D)
= 2 3

len[l e [m s j} (43)

The first partial derivatives of Equation 43 with
respect to a;, 0y, 03, a, b and c, can be computed as
follows:

oL__m m +Zln[1 e[ “+ZX'Z'+;X'3']}

oo, 0!1+0(3 o 5

) axy + X3 + X +£-’(2+£-"3
+Zln[l e[ e l]}‘len[l e[ o 31):1,
i=1

265

60{2 0{2-1—053 a, ‘o

+nzgln{l e [ax2+ 5 ij}+Z:ln{l e [[LH”« +3¥3)},
i=1

o __m +Zln[l e [m = +3xzj:l

b c
ax; +oxt o,

oL n n, [ i
— =1y +—+Zln l—e' 273
oa, a+o, a,+ta, o o

7y ax + 3 3 “x ax,+ 232 4S8
+Zln{l e( e 21}21{1 e[ BE j},
i=1

Z—s = gA(xU) - é:xu +(o +a, - l)gxul%(xu)
+§A(x2i) - gle. +(a, - I)TZ1 x,B(x,,)+ ;ZZIA(x”)
—;Z:l:x“ +(a, - l)gxnlg(x“) + ;Z;:A(XZ[) - ;Z;:xz[
+o, + oy — l)ile.l’)’(le.) + iA(xi) - ixi

i=1 i=1 i=1

o +a,+o,— l)ix[B(x[),

i=1

oL

1 1 u
et ZXMA(XM szi + E(al ta;— I)lez[[)’(x”)
i=1 i=1

ob

ny 1 n
+Z %, A(x,,) = EZx; + E(az -1 x5 B(x,)
i=1 i=1 i=1
1y 1 1 1 1,
+Z x,A(x,) = szi + E(Oﬁ - I)inB(x“)
i=1 i=1 i=1

ny 1 ny 1 ny
+D x, Alx,,) - EZx; + E(az +a; =1 x3B(x,)
i=1 i=1 i=1

S xA) - %fo + %(a1 ta,+a,-DY RAK),
i=1 i=1 i=1

9E_S A h)—fzxﬁ (o, + I)ths(xh

i=1
+Z X2 A(xy,) — 3 Zx;. + g(oc2 - I)Zx;B(le.)
i=1 i=1 i=1
1 1 1, 1 1,
+Y xpA(x,) —EZXﬁ + g(al -0 xB(x,)
i=1 i=1 i=1

ny 1 1y 1 ny
+> x5 Ax,) - 3 D x+ g(oc2 +a; =1 x,B(x,)
i=1 i=1 i=1

3 A —%fo + %(al ra, a1 EBx),
i=1 i=1 i=1

where:

[HX‘F[ZXZ‘F;XJ)

1 e

A b S )
—e

(45)

(46)

(47

(48)

(49)
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To get the MLEs of the parameters ay, oy, a3, a, b
and ¢, we have to solve the above system on nonlinear
equation with respect to a;, a,, a3, a, b and c. The
solution of the Equation 44 to 49 are not easy to solve.
Therefore a numerical technique can be used to get
the MLEs.

Based on the asymptotic distributions of the MLEs
the approximate confidence intervals of the
parameters are derived. We determine the second
partial derivatives to obtain the information matrix for
a1, 0y, 03, a, b and c as follows:

oL no o
T aray & 50
oa} (o, +a)) o (50)
2
aa — o (51
ada,
2
y oL n, N )
ada, (o, + )
6a da ’Z"ll[”("v) * Z%B(%) + ZxB(x ), (53)
1
oL .
0a,0b 5 lelB(xll)+;th(xh)+;x B(x) |, (54)
82
dade 3{2%[3%)*Z%BWHZM@J (55)
oL no o
T @rar & 56
aaZZ (o, + a3)2 0‘22 (56)
2
aac —— (57)
a0a, (a, +a,)
0 L 4
w00 B(le)+2x2‘B(x2‘)+ZxB(x) (58)
82
{Z%B(%HszlB(x2‘)+ZxZB(x )} (59)
Oa,0b 2
62
dasde 3{;xz,3(x21)+2x216(x2,)+Zx B(x, )} (60)
8252 n, . n, n3 61
da; (q+a) (+a) o
FL &
oa,0a 72)‘1‘6()(11) + zleB(xh) + ZX B(X ) (62)
3 i=1

266

oL X 2
dadb 2 {Zx“B(x“) ’ ZXZIB("L) + ZX B(x, )} (63)
oL \
aa3ac 3|:§X116(x11)+ZXZIB()CZI)+Z)C B(x ):| (64)

s —"Z' A ()~ (o + 1>"Z'x5-6(x“> - "Z'A%xza

I)szlC(le) ZAZ(xU) (o —I)Zx C(x,,)

i=1

(65)

S A ()~ (a4 @y - 1)Y )~ A )

i=1 i=1 i=1
—(a,+a, +a, - 1)2 x'C(x,),

i=1

oL o 1 .
@ = _;XIIAZ(XU) _E(Oﬁ +o; — l)gxi.(f(x“)
=D, A () — (e, = DY 3000, — D6, A,

i=1 i=1 i=1 (66)

1
—E(az +a, —1)

1 1, 1)
_E(al - I)fo[c(xl[) - ZXZIAZ(XZI)
i=1 i=1
3 15,0(x,) = D AN (x,) —%(a1 +a, +a; - 1)) xC(x,),
i=1 i=1 i=1

n n

= —ZX A (x,) - (al +a; - l)thc(xu

i=1

dadc

_zxzziAz () == (e, - sz;ic(‘xﬂ) - leziAz (%)
i1 im1 =

(67)

1
—g(az +a, —1)

1 n, n,

_g(al - l)zx;‘ic(xli) - zxzziAz ()
i=1 i=l
XS0 = S A () — %(al v, a0,

i=1 i=1 i=1

or & 1 i
e =D XA (x) - Z(a1 +ay, =1 xiC(x,)
i=1

i=1
_z xzzi-Az (xy)—— (0!2 - l)z x;ic(xﬂ) - lez,'Az (x,)
i i in1

(68)

ny

—f(a —1)2xl“,c(xl,) ZXZ, ’(x,,) l(az+a3—1)

xz xiC(x,,) — szAz(x )— f(al +a,+ay - 1)2 x'C(x),

i=1 i=1 i=1

n
_ 2
ZXII'A (xll

6b8 2 (0(1 +a; - I)Zx“C(xll

i=1

a, — l)zxjic(xb‘) - leziAz (%)
i=1 i=1

n

_szrAz (%) —
(69)
- l (052 +o;-1)

@ —1>fo,c<xl,> —"szi,#(xz,)

xzzlx;C(le le x, A (x,) - f(al ta, va,— I)Zx C(x,),
i=1

i=1 i=1
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1 d
o 72x A(x) =5 (e + fl)fo,-C(xl,-)

_Z x;iAz(XZi) - I)ZX C(xy)— ZX A (x,,)
= (70)
- 5(0:2 +a, -

1 ) )
_g(al —I)ZXSC()C“) _Zx;rAz(xzi) 1)
i=1 i=1

ny ny 1 3
XY x5.C(x,) = Y X AR (x,) - 5(az1 +a, +a;—1)Y xC(x,),
i=1 i=1 i=1

where:

Then the variance-covariance matrix may be
approximated by:

0L
o000

Il.j:E{—

Using Equation 71, a (1-»)100% confidence interval
for oy, ap, a3, a, b and ¢ are approximated respectively as:

l, where 0,60 =a,,a,,0;,a,b,c.

oz, (V.. i=123, axz .V,
2 2
btz \[Vy, cxz, V.,
2 2

where, z,,, is the upper (y/2)h percentile of the

/2

standard normal distribution.

Data Analysis

The following data represent the American Football
(National Football League) League data and they are
obtained from the matches played on three consecutive
weekends in 1986.

The data (scoring times in minutes and seconds) are

Il by e ds D represented in the following Table 1.
Ly Iy Iy Dy Iy Iy From this data, we find that the values of
oo B s La L L (71)  @i=123.4, b and éare 0.05, 0.75, 1.547, 0.151,
Lo Ao L du L Ly -5.842x10 and 1.065x10™*, respectively and the log-
Iy Iy Iy Iy I s likelihood equals (-239.318).
Iy 1o 1o 1o 1 Ig By substituting the MLEs of these parameters in
Equation 71, we obtain the estimation of the variance
where, [ is the observed information matrix and: covariance matrix as:
1.272x107  1.0362x107  1.6923x107°  2.7367x10™* —2.4462x107° 4.3822x107’
1.0362x107° 0.0725 0.0784 9.9959x107 —8.8618x10™ 1.5847x107
1.6923x107° 0.0784 0.2262 0.021 -1.883x10° 3.3742x10°°
2.7367x10™  9.9959x107° 0.021 2722x107  -2.5713x10"  4.723x10° |
—2.4462x107° -8.8618x10* -1.883x107° -2.5713x10™*  2.7573x10°  -537x10”
4.3822x107 1.5847x10° 3.3742x107° 4.723x10°° -5.37x107 1.114x10°®
Table 1. American Football (National Football League) League data
X, X, X, X, X, X,
2.05 3.98 5.78 25.98 10.40 10.25
9.05 9.05 13.8 49.75 2.98 2.98
0.85 0.85 7.25 7.25 3.88 6.43
3.43 3.43 425 4.25 0.75 0.75
7.78 7.78 1.65 1.65 11.63 17.37
10.57 14.28 6.42 15.08 1.38 1.38
7.05 7.05 4.22 9.48 10.53 10.53
2.58 2.58 15.53 15.53 12.13 12.13
7.23 9.68 2.90 2.90 14.58 14.58
6.85 34.58 7.02 7.02 11.82 11.82
3245 42.35 6.42 6.42 5.52 11.27
8.53 14.57 8.98 8.98 19.65 10.70
31.13 49.88 10.15 10.15 17.83 17.83
14.58 20.57 8.87 8.87 10.85 38.07
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Fig. 3. The profile of the log-likelihood function of a;
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The approximated 95% confidence interval of oy, s,
a3, a, b and c are given by [0, 0.1199], [0.22237,
1.27763], [0.61491, 2.47909], [0.04874, 0.25326], [-
0.01613, 4.45001x107°] and [0, 3.13368x107"],
respectively.

We plot the profiles of the log-likelihood function of
o, 0y, 03, @, b and c, respectively, Fig. 1-6.

Conclusion

In this study, we investigate the BGQHRD. Also,
we determine the joint probability density function,
the joint cumulative distribution function and joint
survival distribution function. Moreover, several
properties of this distribution have been discussed.
Conditional probability density functions, rth
moments and the joint and marginal moment
generating functions are derived. Parameters
estimators using the maximum likelihood method are
discussed. A numerical illustration by using real data
is used to obtain Maximum Likelihood Estimators
(MLEs) and the behavior of the estimators
numerically is studied.
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