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Introduction bivariate distributions are derived by using this
o ) method, Marshall and Olkin (1986). Several bivariate
Sarhan and Zaindin (2009) introduced the new class exponential distribution introduced in Sarhan and

from the Weibull distribution named modified Weibull Balakrishnan (2007). A new class of bivariate Gompertz

distribution. The random variable Y has univariate distribution is introduced in Al-Khedhairi and El-Gohary
Modified Weibull (MW) distribution with parameters a, (2011). The bivariate generalized exponential

b and c if its Cumulative Distribution Function (CDF) distribution proposed by Kundu and Gupta (2009), a

has the following form: new bivariate generalized Gompertz distribution
presented in El-Sherpieny et al. (2013) and Marshall-Olkin

Gy (y3a,b,¢) =1-exp{-(ay +by*)},y 20 (1) bivariate Weibull distribution studied in Kundu and
Gupta (2013); Mustafa (2016) introduced a new

where, a, b, ¢ > 0. bivariate distribution with generalized quadratic hazard

The Modified Weibull Distribution (MWD), rate marginals.
generalizes several well- known distributions. Among of The BMWD generalizes several distributions as
these distributions are the exponential distribution, the following:

linear failure rate distribution, the Rayleigh distribution

and the Weibull distribution e The bivariate generalized exponential distribution,

The Exponentiated Modified Weibull Distribution BGED (v, @), when b — 0 . .
(EMWD) introduced in Elbatal (2011). The random e The bivariate exponentiated linear failure rate
variable Y has univariate EMWD with parameters a, b, ¢ distribution, BELFRD (v, a, b), when ¢ =2
and v if its CDF is given as: e The bivariate exponentiated Rayleigh distribution,

BERD (v, b), when a —» 0, c =2

i)\ The bivariate exponentiated Weibull distribution

. — (1 p (@) > s s
Graur (v3a:55¢,7) (1 ¢ ) v 20 2) BEWD (v, a, b), when a — 0

where, v, a, b, ¢ > 0. The rest of the paper is organized as follows. Some

properties of the BGQHRD are presented in Section 2.

This paper introduces a Bivariate Exponentiated Section 3, presents the reliability analysis. Section 4, gives

Modified Weibull Distribution (BEMWD) by using the the stress-strength model. The parameter estimations using
method of Marshall and Olkin (1986). Several maximum likelihood is given in Section 5. We use a set of
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real data in Section 6 as an application. Conclusions for
the article is introduced in Section 7.

A New Bivariate Exponentiated Modified
Weibull Distribution

In this section, we discuss the new Bivariate
Exponentiated =~ Modified =~ Weibull Distribution
(BEMWD). We start with the joint cumulative
distribution function of the distribution.

Suppose V1, V, and V3 are three independent random
variables such that V; ~ EMW(v;, a, b, ¢) for i = 1,2,3.

Define:

Y =max(V, V)Y, = max(V;,V;)

Theorem 1

The joint cumulative distribution function of Y1, Y, is:

GYl»Yz (yl’yz):P[Yl Syl ’YZ Syz]

: €)
= HGEMW (y: ;V,' ,a,b,C)
i=l

where, y; = min(yy, y,)
Proof

The joint cumulative distribution function is defined as:

G(y,,3,)=PlY, <y.Y, <y,]
= Plmax(V, ,V;) <y ,max(V, V; ) < 3, ]
=PV, <y,,V, £y,,V; <min(y,,y,)]

But the random variables V), V, and V; are mutually
independent, then:

G(yl9y2):P[Vl Syl]P[Vz Syz]P[V3 Smin(ylayz)]

3 “)
= HGEMW (v svi.a.b.0)

This completes the proof.
The joint PDF of the BEMW can be obtained as the
following theorem.

Theorem 2

If (Y1, Y5) ~ BEMW(vy, v, 3, a, b, c), then the joint
PDF of (Y1, 1») is give by:

gy, i Vi <Y,
gylvyz(ylh)/z): g,y i Va2 <X (5)
&) i yi=y,=y

Where:
gl (yl ’yZ) :gEA‘/[W (yZ;VZ’a’b’C)gEA\/[W (yl ;Vl +V3’a’b’c) (6)

gZ(yl ’yZ):gEA\/[W (yl ;Vl ’a’b’c)gEA\/[W (yZ;VZ +V3’a’b’c) (7)

g;(y,y){v}

o V3V, TV, +Vv5.a,b.0) (8)
v, v,

Proof

We can derive the expression for gi(y;,)») and
&(1,y2) by differentiating the joint CDF given in
Equation (3) with respect to y; and y,. But can be derived
by using the following identity:

[717 ey dvidy, +]] [ gy w )y dy,

+I:g3(y,y)dy =1
Then, we can find mathematically that:

L=[[ 0y )dy dy,

s by S by v vty =1 (9)
— .[o v, (a +bCy ;*l)e*(zufﬁ »3) |:1 _e*(zuffr sz):| dy )
Similarly:
I, :.[0 ngz(ywyz)dyzdyl
(10)

© L ( hyt) (@, +by<) V) +v,y +vy =1
eI ~(ay, +by (@, +by
=IO v (@a+bcy; e [l—e e J dy,.

From Equations (9) and (10), we then get:

[ e oy)dy =1-1, -1,

o . P o v ¢ v.—1
:I v(a+bcy e @I ] e @ )J dx
0

| —

” 1y, ~(ay +by° ) @) ]
—IO Vy(a+bcy e T N 1—e 0T dy

1

®© L v o w o vl
—IO v, (a+bcy e @+ )| | _ gty )J dy

1

_[” 1y, ~(av +by* ) @y ]
—IO vy(a+bcy e l-e dy.

1

where, v. = vty tvs.
That is:

P e M vty -l
g: (0. y) = va(a+bex e @ [1—e | (1)

The proof is completed.
The marginal density function of Y;, i = 1,2 can be
obtained as follows.
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Theorem 3

The marginal PDF of ¥; i = 1,2 is given by:

& () =8nw 3V, +vy,a,b.c) (12)
where, v;, a, b, c>0,i=1,2.
Proof

The marginal CDF of ¥; i = 1,2, say F,(3), is:

G, () =P[¥ <y, |=P[max(¥; Vi) <y, |

Since V; and V; are independent, we get:

GYK (y’ ) :P|:Yi <y, ]P[V3 <y, ] :|:1_e*(zuq+byf»):| i +V3 (13)
=G V3V, +vy,a,b.0)

The formula given in Equation (12) can be obtained
by differentiating Equation (13) with respect to y;.

That is, ¥; ~ EMWD(v; + vs, a, b, ¢).

The following theorem gives the rth moments of Y, i
=1,2.
Theorem 4

The rth moment of Y;(i = 1,2) derived by:

,U,v. =FE [Yi"] — (V, -~ )vl +Zv3—l i(‘/i +v, — lj (_1)./‘+/c ,Bk

i ] k !ak(v+r-+l (14)
(j + 1)t {al"(kc 1) LDy b r)}.
[(/ +Da]
Proof
Starting with:

w=E[Y |=["ve, 0,
and from Equation (12), we get:
E[Y/J=0r 4y v @bey; e )

J )

1 —e @i +bvi) K +V371d
e ..

Since 0<e @ ™) <1, for y>0 then using the
y g

. . . . ey ity l .
binomial expansion of [1 —e @i )J given by:

= Vi +v3-1 _
|:1—e*(wwbyf):|v‘+v3 : = ) (V’ e

lj(_l)./e./(m’ﬁrhyf)' (16)
Jj=0 J

332

Substituting from Equation (16) into (15), we get:

vy v, =1 )
E[Y[r] = (V[ +V3) Z (Vl 1,/3 J(_l)/ x
j=0 J
J‘:y[r(a +bey ;'flkf(jﬂ)(a,\m +by )dy[ )

Using the series expansion of ¢™/*™"”" | one gets:

J
[y @+bey My e M dy,

=, +v, )VL i;‘;(v, +;3 - lj D™ [/({j' +Db]

® ke+r (k+De+r-1], ~(+Day;
jo [“)’f +bcy,; ]6 dy,

EX/ 1=, +v,) fli(vi e _lj(_l)M G +1p]

Jj=0 k=0 k!

Let v=(j +1)ay;, in the above integral, then we can get:

) nogte (v +v, =1 (=) [ + Db ]
EW /1=, +v, PR T—
Y 1= +v5) Z%) ;)( j j k'(j +Dal

beD((k +1)e + r)}

{al"(kc +r+1)+ - ~
[(J +Dal

Thus (14) is obtained.
The following theorem gives the conditional PDF.

Theorem 5

The conditional probability density function of Y,
give Y; = y;is given by:

) )
g}i 1, o7 yj) ify, <y,
&y 1Y v, yj)= g(;)‘y/ 62 yj) ify/_<y[ (17)
©) )
& Wiy ify, <y,
where:
g;l)w o, y/):( g jg}ﬂ (y”Vi +V3’a’b’c)
v ; v, v, GY/ (yj;v3 ,a,b,c)

= 1 [V, v, +v3) (18)

Vi
—(ay ;+by©
(VY+V3)|:1—6 (ID/+J/):|
J

(a +bCy :'71 )ef([”’l +hyi) |:1 —e @ity ):| v, +v371:|

g;ﬂy/ o, y_/) :gyl (yisvisab.c)

| (19)

Ve
_ el @4y [ a4y |
=v,(a+bcy")—e [ e J
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e 0,

V.
y_,){ .
Vv-l-V3
J

jGY (visvi.abyc)
(20)

Vs (v +byf) |
= [—e i .
e
Proof
Since the conditional PDF is given by:

( ) gy i)
gy O |y)=———

i Tog, )

The theorem can be proved by substituting form
Equations (5) and (12), in the above relation.

Reliability Analysis

The joint survival function of (Y3, Y3), CDF of the
random variables Z = max{Y,Y;} and W = min {Y},},}
can be derived in this section. The random variable Z =
max{Y,,Y>} represents the lifetime for a parallel system
with two components and W = min {Y,Y,} is the
lifetime of a series system with two components.

Theorem 6

The joint survival function of (Y}, Y>) is obtained as:

S, sy) v <y,
SY, 5, (1532)=18, > »,) ify, <y (21)
So(Vs3,) oy =y, =y

where:

S, (ioyy)=1=[1=e e [0
[1-erer T x(l—[l —e*‘ﬂ’z*hx‘z)m,
S, (vioyy)=1=[1=e o0 [T
[1-ere e [T (1 ~[1-emed ] j

S,(v,y)=1- |:1 —e’f(m"“”*):|v3 (1 _ |:1 ey :|V' n
|:1 _e*(lu’+h}r‘):|vz |:1 —e’(‘”’”’}’L)JV' v, j

Proof

One can obtain Equation (21) by using the relation:

Syl Y, 7532) :1_Gy| (y1)_Gy2 (y2)+Gyl Y (1532) (22)

333

Substituting from Equations (3) and (13) into
Equation (22), we can obtain Equation (21). This
completes the proof.

Also, the bivariate failure rate function can be
obtained by substituting from Equations (5) and (21)
in the following relation, Basu (1971); Johnson and
Kotz (1975):

& (1532
hY. BA ) _Sn V0

23
Syl o ) @)

Lemma 1.

The random variable Z = max {Y}, 1>} following CDF:

G,(z)= |:1 —e @bzt :|V' BACEE o

Proof

Since:
G,(z)=P[Z <z]=P[max{, .Y, }<z]
=PlY, <z,Y, <z]
=Plmax{y', V,}<z,max{, V, }<z]
=PV, ,<zV,<z,V, <z]

But 11, V5 and V; are independent random variables, so:

G,(z)=PlV, <z]PlV, <z]PlV, <z]

: (25)
= HGEMW (z;v,,a,b,c)
i=1

From Equation (2) into (25), we get (24).
We note that, Z ~ EMWD(v, + v, + v3, a, b, ¢).

Lemma 2

Let W = min{Y;, Y>} be the random variable, the
Gy(w) can be derived as:

V2

s +bw© i —(aw +bw ©
Gy ) =[1=e @m0 " 41— om0 ]

(26)
_|:1 _ef(aw hw©) :|v, +Vy +Vy
Proof
Since:
G, (w)=P[W <w]=Pmin{Y] ,Y, } <w]
=1-P[min{Y, .Y, } > w] 27)

=1-PY, >w,Y, >w]=1-S(w,w].

Substituting from Equation (22) into Equation
(27), we get:
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G,(w)= GY. (w) + Gy2 (w)— GY. sz (w,w)

(28)

We can obtain Equation (26) by substituting from
Equations (3) and (13) into Equation (28).

Stress-Strength Model

In this section, we consider the problem of the stress-
strength model. The reliability R = P[Y; < Y,] which
defined as a life of a component which has a random
variable strength Y, and is subjected to random stress Y.
We derive the form of R when (Y3, ¥>) follow a BEM (v,
V2, V3, @, b, ¢) with dependence between Y; and Y.

Theorem 7.

For the random variables (Y}, 1) with BEMW, then
R:P(Y1<Y2)is:

vy

R=v,(v, +Vv )Ziv':fol%("z ._ljx

Vv, +Vv, -1 (_l)w_/t +'(k +1v)'vfi)'”' ) (29)
k ] ![!a./wl (i +1)./(z 1)+1
. Je bC[(] +1)C ] JUDe-l :|
a(jc)! bel(j + e —1]° ’
{ e 2 vy + TR S
where:
_ [G+Da"
Y T e+ i 2
{“F(Wl +lc+1) +bcr(m+([+l)f)}
[(k+i+2)a]
Proof
Since:
R=P(Y, <¥,)=["["g(.2,)dv.dy, G0)

Substituting from Equation (6) into Equation (30),
we get:

-1
X

- o2
R = jomji v, (a+bey e @D [1 _e—(mfﬁhvzq

. -l
(v, +v;)(a +bcy ;’l)e’(q‘"”"' ) [1 —e @i )J dy,dy,.

By using the Dbinomial expansion  for
vl
[1 —e"”"’“”"“} , we get:
Hfvy -1 i © e =1y —(i D)@ 1 +by5)
R :Z =D'v, (v, +V3)j0 LI (a+beys e e
i=0 l

) -1
—(ay; +by1) :|V' ™

(a+bey e ™ i) [1 —e dy,dy,

334

Using the series expansion for e "%

( j( 1y [(i +1')b]
i !

» | (@, +bv¢) (@, +by¢) vy +vy—1
o 1y ~(ay, +by a4y
jo (@+bcy; e ™ [l—e e J X

[ @y +beys e dy dy,

, we have:

I
R =v,(v, +V3)ZZ

i=0 j=0

1)

Let u = (i+1)ay,, then from Equation (31), we get:

R=v,(v, +v, )szli(vz - lj(_;):ﬂ[(i +1bY

i=0 j=0

0 c o -l
jo“ (a +bCy lz'flk*(ﬂyﬁhy. ) |:1 —e @it ):| (32)

al'(¢j +1,G +Day, ) bel(c(j+1).G +Day, )

. je+l + . j+)c dyl
[( +Dal [ +1a]”

where, I'(s, x) is the incomplete Gamma function:
T(s,x)= Jth e’'dt (33)

—(ay, +byf

) <1, by using binomial expansion:

(Vl +V, —IJ(_I)kek(zgr,Jrhyf)' (34)
k

Since O<e

ol vl
[l—e’(‘“"”’}")} =y

k=0

Substituting from Equation (34) into Equation (32),
we get:

Vo=l o v 43—l

—V (V Y )ZZ Z (V IJ(VI +/:3 _lj(_l)i+_/+k «

i=0 j=0 k=0
}dyl.

by using the series expansion,

[G+DpT o
7!(1 ) /Mj (a+bcy e

—(k )@ +byT) x

beT(c(j +1),3 +Day,)
[G +Da]™

{al"(cj +1L(@{ +Day, )+

Since 0<e M <1,

then:
Vo=l o v+r-1 o -1 -1
R=v,( +v)x 23> z(vz j(* j
i=0 j=0 k=0 (=0 l k
(35)
(_1)i+_/+k+/(k +1)/b_/+/ bC
— — |, + —1,
JUa" 1y e [(i +Da]
where:
1 = [ @+ bey e T Ge + LG+ Day )y, (36)
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1, = [ @+ bey e I TG 4 Dey G+ Day s, (37)

If ¢ is an integer then by using the following identity:

n=1 _m
T(nz)=(n-Dle?Y = (38)
m=0 M!
One can evaluate /, and 7, as follows:
& [(G+ Da]”
= !
h=0 C)'Zg mi[(k +i+2)a]" " (39)
bel'(m+(L+De)| . \ &
{al"(m +/lc+1)+ —[(k vt 2l } = (]c).’;)(//m,
where:
v - [G+Da”
m\[(k +i +2)a]"""
[ar(m +le +1) +W}
[(k +i +2)al
and
(j+De—
I, =((j+De-1)! Z v, (40)

m=0

Substituting from Equations (39) and (40) into

[ lj[vl -V — 1] %

1
Yo

V-l o v

R=v,(v, +V3)ZZ )
=0 j=0 k=0 (=0
(_1)1+/’+k+%‘(k +1)%‘b/'+f N
0@ G+ 1) e
be[(j +1De —1]0 0
[ +D,1

(41)

je
a(je Y v, +
m=0

This completes the proof.

Maximum Likelihood Estimators

We consider constant values to the parameters a =
0.012 and b = 2.159x107%, (Sarhan and Zaindin,
2009). We want to estimate the unknown parameters
vi, V2, v3 and ¢ of the BEMWD. The maximum
likelihood method can be used to estimate these
unknown parameters.

Let (11, ¥21)), V12, V22)+-+5 V1ms Vom)) be a random
sample from BEMW(v, v, vi, a, b, ¢), suppose the
following notation:

m, =iy, > y,)
m=m, +m, +m,.

my =, <Yy
my =G, =Yy =)
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For the sample of size m, the likelihood function is
given by:

my y my

L(D) :Hg1 (y1[’y2[)Hg2(y1[’y2[)Hg3 Yis2)s (42)

where, @ = (v, v2, v3, 4, b, ¢).
Substituting from Equations (6,7) and (8) into
Equation (42), we get:

my . . " B
L ((D) — H{Vz (a +bcy ;’l)e’(m’m*hyz; ) [1 767(""2’#7“’ )]Vz 1
i=1
(v, +v,)(a +bcy -1 )e*(zvm%yf, ) |:1 — e @by ):|V'+Vrl}
1 3 1i
my

i=l

I (@ +byE,) (@, bvS)) vytvy—1
(a +bCy;7)€ W2ty 3 |:1*€ Y 2i t0Y 3; :|

T I O
{Vl (a +bcy1‘,‘)e (zuf.,+hy.,)|:1,e (m|,+hJ|,):| (V2 +V3)

i

i=l

c eVt
{v3 (a+bey e @i )[lfe’(”’"*””' )} }
The log-likelihood function can be obtained as:

L(D)=m, ln(v2)+Hln(a +bey$) - Z(ayz, +bys5,)
+(v, —I)Z:;ln[l—e’(””z’””’g’)}+ml In(v, +v,)+
2ln(a+bcyl‘fl)—2(ay“ Fhy{ )+ (v vy — D)
gln[l —e @ | In(y, )+’§1n (a+beys)—
i::(ayli by )+, —l)ijln[l—e’(”’"’””’f’)J+ 43)
m, In(v, +V)+Z;ln(a+bcy - Z(ay2, +bys)

+(v, +v, —l)gln[l—e’(””z'””’é'q+m3 In(v,) +

2ln(a+bcyl‘"l)—2(ay, by Y+, +v, v, —1)

a1 oo
i=l

The first partial derivatives of Eq. (43) with respect
to vy, v, v3 and ¢ are given as in the following forms:
o°_ m
ov,

+ iln[l —e"‘”"'*””f'q + 2
i v, (44)

+§2: ln[l _e*(¢o’|,+byi,):| + iln[l _e*(¢o’|,+byi,):|

i=l i=l

VvV, +V

1
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+§lln[
=1

) i

my .
Zln[l —e @by ):| +
i=1

oL
81/

_m —(ayz,+bya,)}+ m, 4

Vv vV, +V,

mi]ll[l _e*(ay, +by i ):|,

i=l

(45)

84’
8\/

_m m,

+

+3 1

i=l
m. m
+ —3+21n
Vs i=l

_e—(mr.»hyt’,)} "
|:1—e

rz'lf(yz, )+ (v, - 1)“§y; In(y, A, )~

2 v, +V,

~(ay; +by§) }

(46)

my

Yin[1-¢ o]

i=l

oL _,
oc

Zly;, ln(yz,)+zlf(y1,)+(vl +v _I)X
Zlyl(, ln(yl,)A(yl,)—Zlyl", ln(yl,)"'zl]:(yn)_

SyiInG )+ 0 ~DIY; G, A, + @7)

Zl]:(yz,)_zly;, In(y, )+ (v, +v, -Dx

zjy;, In(y,, )A(yz,)@f(y, )—gy:' In(y,)

Y, +V, +v, —l)gy:' In(y, JA(y, )},

where:
iy g2l ]y e
' a+bey;" T l—e@nd’

Setting the first partial derivatives equal to zeros and
solve the system of nonlinear equations with respect to
V1, V2, v3 and ¢ to get the MLEs. The Equations (44) to
(47) are not easy to solve, so numerical technique is
needed to get the MLEs.

Based on the asymptotic distributions of the MLEs,
the approximate confidence intervals of the parameters
vi, Vo, v3 and c¢ are derived. The variance-covariance
matrix may be approximated by:

S=1" (48)

where, [ is the information matrix as follows:

oL oL oL oL |
“ov owvov, ovov, ovéc
oL oL oL oL
I g Cov,ov, 0! ov,0v,  dv,dc
’c oL dL &L
Covov,  ovov,  ovi  dvde
s 3L L gy
“dcov,  ocov,  ocov, ac? |
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The second partial derivatives can be obtained as
follows:

0L m, m, oL 0
é\vl2 (Vl +V3)2 V12 ’ 61/161/2 ’
oL _om EJ\Z,C__m1 _omy
ov,0v, v, +v,) ov: v (v +v)
oL _om, oL moom,  my
ov,0v, v, +v,)P ovi (v +vy)t (v, V)t v
oL Lo
acov b|:z Y ln(yl,)A(J’n)"'zyn m()’l,)A(J’n)"'zy In(y, )A(y, )j|
1
aL mo m o n
acov :b|:zy2, In(y , ) AW ,) + zyz, In(y,)A(y )+ Zy, In(y, )A(y, ):|=
y in1 inl inl
oL m
2eor b[Zly In(y, )Ay,)+ Zya, In(y, )A(y,)+ Zy In(y )A®, )}
8 i
bx 5 In(y ) +bey 57 (In(y )’
L m thoys?
01:: aToYa . +(v,—Dx
oct H| by +bey i Ingy ) i

(@+beys ")’
5 (b Um0y, A, =52y (n(r, A () + A0 ))

2by i In(y ;) +bey i (In(y, )
a+bcy 1‘;’1

by +bey M In(y )’
(a +bCy1, )

m
+(v, +v; —D)x

i=l

S (i (n(y, ) A () =By U0y, )Y
x[A(yl,)+A2<yl,)])—i‘lby;<yz, ) -

Zlby 2 (In(y,))° —Zby i (n(y,)* +

2by ' In(y ;) +bey i (In(y )

my a+bcy”’l
> . . i +(v, —Dx
S by +bey i (n(y )’
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3 (byi () A,) =57y (n(y, ) X [AW )+ A2, )]) +

1

2by5 ! In(y,,) +bey s (In(y )’
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S -1

Z (bys +beys (In(y )’ A
(a+bcy2,)

35 (b, 0y, )P A, ) =% 210y, ) X LA ) + A (0, -

Yhy s (n(y,)) —zby (n(y,)) + (v, +v, +v, —1)x
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a+bcy (a+bey ™y
By using Equation (48), we can compute the (1-
8)100% confidence interval for v;, v, v3 and ¢
respectively as:
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Table 1. American football league data

Y, 2.05 9.05 0.85 3.43 7.78 10.57 7.05
Y, 3.98 9.05 0.85 3.43 7.78 14.28 7.05
Y, 2.58 7.23 6.85 32.45 5.78 13.80 7.25
Y, 2.58 9.68 34.58 42.35 25.98 49.75 7.25
Y, 4.25 1.65 6.42 4.22 15.53 2.90 7.02
Y, 4.25 1.65 15.08 9.48 15.53 2.90 7.02
Y, 6.42 10.4 0.75 3.88 0.75 11.63 1.38
Y, 6.42 10.25 2.98 6.43 0.75 17.37 1.38
Y, 10.53 12.13 14.58 11.82 5.52 31.13 14.58
Y, 10.53 12.13 14.58 11.82 11.27 49.88 20.57
Y, 10.15 8.87 17.83 10.85 8.53 8.98 19.65
Y, 10.15 8.87 17.83 38.07 14.57 8.98 10.70
Table 2. The MLEs of the parameters
Models v, v, A a b ¢
BGED 0.0500 0.1700 0.3640 0.012 - -
BGLFR 0.0294 0.1701 0.3705 0.012 2.159%1078 -
BEMW 0.0298 0.1777 0.3745 0.012 2.159 x107°% 4.7314
Table 3. The values of £, AIC, AICC and BIC
Models £ AIC AICC BICB
GED -354.885 711.770 711.870 713.507
BGLFR -270.719 547.439 548.070 552.652
BEMW -262.407 532.814 533.895 539.765
v+ zg\/z,i —1,2.3.¢ izm/i (49) The approximate 95% confidence interval of vy, v,,
A 2 vz and ¢ are [0, 0.070535], [0.091124, 0.264276],

where, zg, is the upper (&/2)th percentile of the standard
normal distribution.

Data Analysis

The following data represent the American Football.
For more details Csorgo and Welsh (1989). The data
(scoring times in minutes and seconds) are represented in
the following Table 1.

The MLEs of the unknown parameters of

BGED(®, ,v,,v,,a) Kundu and Gupta (2009),
BGLFRD(%, ,%,,%,,4,b) , (2011)
BEMW (v, ,v,,V, ,a,b,¢) models are presented in Table 2.

Table 3 contains the values of £, AIC, AICC and
BIC for the three models.

Based on the Table 3, the BEMW model fits the data
better than the BGED and BGLFR model. Also, by
substituting the MLEs of unknown parameters in
Equation (48), the variance covariance matrix can be
estimated as follows:

Sarhan et al. and

0.00043193  0.00000213 —-0.00015334 0.00001292
0.00000213  0.00195113  -0.00004533 0.00017073
~0.00015334 -0.00004533  0.00368595 0.00013815 |
0.00001292  0.00017073  0.00013815 0.01346693

[0.255504, 0.493496] and [4.503948, 4.958852],
respectively.

Conclusion

In this study, the BEMWD whose marginals are
EMW distributions is introduced. We derive some
statistical and reliability measures of the new bivariate
distribution. The reliability estimation for the stress-
strength model is obtained. Maximum likelihood
estimates are discussed. Moreover, the observed
variance covariance matrix is derived. The real data
set is analyzed. Finally, we conclude that, the new
bivariate model fits the given real data best than the
BGED and BGLFR models.
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