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problem is obtained.

Introduction

As is known, in the boundary value problem for an
ordinary differential equation the number of boundary
conditions coinsides with the order of the differential
equation. Unlike boundary value problem for a linear
ordinary differential equations, in the boundary value
problem for partial differential equations of the elliptic
type the number of local boundary conditions coinsides
with the half of the order of equation under consideration
(Bitsadze and Samarskii, 1969). The canonic form of the
equations of elliptic type is the Laplas equation for
which the conditions of Dirichlet, Neumann, Poincare,
the 3rd boundary value problem and etc., were
considered (Babich ef al., 1964).

As the Cauchy-Riemann equation is the partial
differential equation of the first order of the eliptic type,
then the local boundary conditions mentioned above are
unacceptable and the Dirichlet problem for the Cauchy-
Riemann equation that was considered by some authors
is incorrect (Begehr, 2005).

Different boundary value problems with the non-local
conditions for the Cauchy-Riemann equation were
considered in (Aliyev et al., 2010; Aliev and Mamedov,
1983; Aliev and Mechtiyev, 2002; Aliyev and Mursalova,
2016; Mekhtiyev et al., 2009).

Non-local boundary problem with conditions
describing the relationship between the values of the
unknown function on the part of the boundary and its
values on some line lying within the considered domain
was studied in (Bitsadze and Samarskii, 1969).
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Abstract: The paper deals with investigation of the solutions of the
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curvelinear strip in the real plane. Here the boundary conditions are in the
special type and are fundamental with respect to the direction solutions are
used. An analytic form of the solution of considered boundary value
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In the presented paper non-local boundary conditions
relate values of the unknown function on the part of
boundary with the values of this function on the line
lying outside the considered domain.

Statement of the Problem
Let D = {x = (x1, x2): x1 € R, x; €(0, v20x1)), v2(x1) >
0}cR? is curvelinear strip in the real plane R, Let us

consider the following problem:

=0 0 g e peRr? )
ox, 0Ox,

u(xl e (Xl )) = a(xl )u(xl - i}/z (xl ):0) + (p(xl )9 X € R, (2)

here, i=+v-La(x )andg(x,) are given continuous

functions of x, € R%.

Fundamental Solutions
As it is known (Vladimirov, 1988), the function:

1

1
- - @@ 3
2n x, =&, +i(x, =¢&)) )

Ulx=¢)

is the fundamental solution of the Cauchy-Riemann
Equation (1), which may be obtained by using the Fourier
transform. As it was noted in (Bitsadze, 1968), the
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difference between two known fundamental solutions of
the same equation is the regular solution of the
corresponding homogeneous equation. Let us now
consider solutions of Equation (1), that are fundamental
with respect to direction. It is easy to see that the function:

Uz(x_‘f)=‘9(xz_é:z)5(x1 -¢ _i(xz_é:z)) )

is the fundamental solution of Equation (1) with respect
to direction x, and function:
U (x—é:):—iﬁ(xl _51)5(’52_52 +i(x1 -¢ )) (5)
is the fundamental solution of Equation (1) with respect
to direction x;. Here 6 (x) is the unital Heaviside function

and o (x — &) is the Dirac delta function with the complex
argument. Indeed:

oU,(x— . .
Tj:zg):é‘(xz _gz)'ﬁ(xl -4 _l(xz _52))_19(]‘2 _52)'
-5'(](1 -¢ _i(xz _52)):5(x_§)_i9(x2 _52)'
’5'(9‘1 -4 _i(xz _52))’
oU,(x— - .
%:9(% _52)") (‘xl - —l(x2 _52))-
Then:
oU,(x=¢)  .oU,(x=¢&) 3
ST gy ©)
By analogy:
ou, (x—f)_HGUl (x=¢&) T
ox, 0Ox,
But their difference:
Uz(x_é:)_U1(x_§)=Uu(x_§) (7)

is not a regular solution of the Cauchy-Riemann
Equation (1), althrough it is a solution of this equation.

Main Relation
We prove the following.

Theorem 1.

Let y,(x;) > 0 be continuously differentiable function
for x; € R. If:

72 (%)
lim j o(
)

Y S® _51 _j(xz _fz ))u(x)dx

x, =&, )5()61
-4, )(3()61

®
72(x)

= lim J. 0(x2
§ o

=& —ix, - &))uxdr,

53

Then for each analytic function defined in D — R?,

the following main relation is valid:
_ J' 9
+ 9(72

u(xl 7 (xl ))dxl =

-¢ +’§2) (

xl)—«:z)a‘(xl —-i(n(xn)-g)1-7 ()] @

u(é),6eDcCR,

)a’xl

%u@),f €dDCR,

Proof

Multiplying (1) on fundamental solution (4),
integrating by domain D and applying the Ostroqradsky-
Gauss formula we get:

0= Jau(x)U( CE)dx i jau(x)

Xy

= Ju(x)U2 (x— &_‘)[cos(v,x2 ) + lcos(v,xl )de

oD

U,(x—&)dx
(10)

_Iu(x){alfz;;—@ HaUz;;c—a)}dx

here v is an external normal to the boundary 0D of the
domain D. Taking into account (6) and properties of the
Dirac d-function (Vladimirov, 1988), we obtain from
(10) following main relation:

e -+l
#Jolr(x)=2:)3(n 2 =i(r:(n)-&.))
(172 () o ()t

u€), EteDcR

- %u(&), EcoDc R

Remark 1

In the main relation (9) the first correlation is
representation of an arbitrary analytic function when & €
D and the second is the necessary condition.

Necessary Conditions

From the main relation (9) we get:

u(&l ,0) = —u(il,O) + 2[!8()(1 -& -y, (&l ))u(x1 2Y, (xl ))
{1-7 (% )]dxl

u(il,yz 1) ZIG(VZ X

S CECRUACYRIACY ) CRAC

-1.(8)):
-iv: () Ja
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or:

u(£,.0) 1
S CEACY LEREEACY) A ()

ufen (&) =u(an(@)) ar

As we see, here the second necessary condition turns
into identity, so we get just one necessary condition (11")

Remark 2.Note 2

Using fundamental solution of the Cauchy-Riemann
equation, which was obtained in (Vladimirov, 1988) we
will obtain two necessary conditions containing singular
part (Aliyev and Mursalova, 2016).

Consider now the following equation with respect to x;:

% =& —iv,(x)=0 (12)
Let its solution is in the form:
x =g +l’52(§1) (13)

here o, (§;) is while unknown function.
Then we get:

£ +icz(§1)—al —iyz(gl +102(§1))EO

and:
% = =iy, (x) +ioy (= ivy (%))
or:
o, (8)=1.(2 +io:(2)) (14)
and
(%) Ecz(xl i, (x, )). (15)

and we obtained the necessary condition (11") in form:

u(él’o) = u(él +i0, (él )’Yz (E.»l +io, (E.»l )))
or, taking into account (14):

u(2,.0)=u(g, +io, (&, ).0, (&) (16)

From the (12) and (13) we get:

Gz(il)=—i(x1—§1)=—i'in(xl)=Yz(xl) a17)
and from (13), (16), (17) we get:

u(§1,0)=u(xl,y2(xl )) (18)
Taking into account (12) in the last expression we get:
u(xl,yz(xl ))=u(x1 —iyz(xl),O). 19)

Solution of the Boundary Value Problem
1), (2)

Let us assume now that:

ax)#1. 20)

X € R.
The following theorem is valid.
Theorem 2.

Let the conditions of Theorem 1 are satisfied. Under
condition (20), there exists a unique solution of problem
(1), (2), representable in the form:

(p(il - i€, +io, (E.d - iiz))
1- a(ﬁl —ig, +io, (il - [az))’

u(é1’§2)= 21

Proof
Indeed, going back to the boundary condition (2) and
using the necessary condition (11) we obtain:
u(xl 2Ys (xl ) = Ol(xl )u(xl aYz(xl )) + (p(xl )

or:

w1 =20 e R (22)

I—a(x) "

Then the solution of the problem (1), (2) may be
obtained from (9) in following form:

u@ = 2oy, (x)-E,)

pl—o(x)

8()61 - &.,1 - i(Yz (x1 )— &.:z N1 - y/z (x1 ))dx1

or:

9, —iE, +io, (€, —it,)) ]
1- OL(él - lE.:z + iGz(&l - iE.:z ))
G(Yz (51 - l&z + [Gz (él - liz)))

u(épiz):
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q;—@+m4g—@»

) )]

(22)

It is obvious that function (21) satisfies Equation (1).
Let us show that it satisfies condition (2) as well:

UGy 12 (E) — B (G — i1, (6).0) = (. 1,(5)
_OL(&.J )u(é»l ’Yz(EA ) = u(é s Yz(é N[L- a(él )](;)(P(él ).
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