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Introduction is called g-binomial coefficient. Note that [0],! := 1.

) The g-derivative of f{x) is defined by:
Throughout this paper, we make use of the

following standard notations: N={1,2,3,---} and
onins 23] D)=/ SIS (o oy
N, =Nu{0} . Also, as usual, Z denotes the set of a d,x (1-¢)x
integers, R denotes the set of real numbers and C
denotes the set of complex numbers. If g — 17, it becomes:
We now begin with the fundamental properties of
g-calculus. Let g be chosen as a fixed real number df(x)
between 0 and 1. The g-analogue of any number # is hm D, f(x)=
given by:

representing familiar derivative of a function f, with
respect to x. The Jackson definite g-integral of a
function f'is also defined by:

[], =

The expression:

ff(x)dqx = a(l—q);:)f(q’a)qf
[n],!=[7],[n=1],--[2],[1,

The g-exponential functions are given by:

means the g-factorial of » and also let n, ke N, for k< n: ( )
e, (t)= z and E, (1) = zq r (teC with |t|<1)
n=0 [i’l] n=0 [n]
["J U
q

k

[k] ![n- k] ' with the following equality:
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¢, (1)=E,(1)

These fundamental properties of g-calculus listed
above are taken from the book (Kac and Cheung, 2002).

By wusing an exponential function ey (x),
Kupershmidt (2005) defined the following g-Bernoulli
polynomials:

< t" t
S (g =2y )

In the case x = 0, B, 4(0) = B,, means the n-th g-
Bernoulli number.

Very recently, Kurt (2016) defined Apostol type g-
Bernoulli polynomials of order o by making use of the
following generating function:

t
Ae,(1)-1

Ms

n=0

B (x,yﬁi)[;]n! = ( ] e,(x)E,(yr)  (1.2)

where, 1€ Cand a €N, . In this study, we will study on
the following polynomial B" (x,2) := B, ,(x, A) which is

-9
given by special cases o = 1 and y =0 in (1.2):

= t" t
;Bﬂ_q(x,l)[n]q! . (t)_leq(xt) (1.3)

When ¢ — 1 in (1.3), it reduces to Apostol-
Bernoulli polynomials (Choi ef al., 2008; Luo and
Srivastava, 2006).

We now review briefly the concept of g-umbral
calculus. For the properties of g-umbral calculus, we
refer the reader to see the references (Araci er al.,
2007; Choi et al., 2008; Kac and Cheung, 2002; Kim and
Kim, 2014a; Kim et al., 2013; Mahmudov and
Keleshteri, 2013; Roman, 1985).

Let C be a field of characteristic zero and let F be
the set of all formal power series in the variable ¢ over
C with:

Let P be the algebra of polynomials in the single
variable x over the field complex numbers and let P
be the vector space of all linear functionals on P . In
the g-Umbral calculus, {L|p(x)) means the action of a
linear functional L on the polynomial p(x). This
operator has a linear property on P* given by:

(L+M | p(x))=(L| p(x))+ (M| p(x)

and:

{eL1p(x)) =e{LIp(x))

for any constant ¢ in C.
The formal power series:

- k
1(0=3a [;L! (1.4)
defines a linear functional on P by setting:
(f()1x")=a, (x=0) (1.5)
Taking £7) = ¢ in Equation 1.4 and 1.5 gives:
(t1x")=[n],5,» (nk=0) (1.6)
where:
L

Actually, any linear functional L in P* has the form
(1.4). That is, since:

we have:
VAGIESEIVAES:

and so as linear functionals L = f;(f). Moreover, the
map L — f;(¢) is a vector space isomorphism from P*
onto F. Henceforth, F will denote both the algebra of
formal power series in ¢ and the vector space of all
linear functionals on P and so an element f{¢) of F will
be thought of as both a formal power series and a
linear functional. From (1.5), we have:

(e, () 12") ="
and so:
(e, (001 p(x)) = p(») (p(x)P)

The order o(f(f)) of a power series f(f) is the
smallest integer k for which the coefficient of /* does
not vanish. If o(f(£)) = 0, then f{¢) is called an invertible
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series. A series f{¢) for which o(f(£)) = 1 will be called a
delta series (Araci et al., 2007; Choi et al., 2008; Kac and
Cheung, 2002; Kim and Kim, 2014a; Kim et al., 2013;
Mahmudov and Keleshteri, 2013; Roman, 1985).

If f1(0), ..., fu(?) are in F, then:

VAGEAGIES:
- ¥ [ZI”IMJ VAGIEIAGIES)

I+ ., =n
where:

&wal‘@Lw@Lz

We use the notation 7 for the k-th g-derivative
operator on P as follows:

[, ..
={n -kl

0, k>n

k<n

If f(¥) and g(¢) are in F, then:

(£ p())=(7 ()1 2() p(x))=(2 () /(1) p(x))

for all polynomials p(x). Notice that for all f{¢) in F and
for all polynomials p(x):

f(t =g< l‘)|xk>[]ii ' and
. ‘ 1.7
p(x)=] (l | p(x >[k] :
Using (1.7), we obtain:
P (x)=D!p(x) g< |[;])(x)> ”H[l s+1],
providing:
p(0)= (| p(x)) and (1] p¥) (x))= p* (0) (1.8)

Thus, from (1.8), we note that:
p(x)=p" (x)= D} p(x)

Let f{() € F be a delta series and let g(r) € F be
an invertible series. Then there exists a unique

sequence s,(x) of polynomials
following property:

satisfying the

<g(t)f(l)k s, (x)> = [n]q 16,, (x.k>0) (1.9)

which is called an orthogonality condition for any g-
sheffer sequence, c¢f- (Araci et al., 2007; Choi et al., 2008;
Kac and Cheung, 2002; Kim and Kim, 2014a; Kim et al.,
2013; Mahmudov and Keleshteri, 2013; Roman, 1985).
The sequence s,(x) is called the g-Sheffer sequence
for the pair of (g(?), f{?)), or this s,(x) is g-Sheffer for

(g(0), f(1)), which is denoted by s,(x) ~ (g(?), f1)).
Let s,(x) be g-Sheffer for (g(¢), f(t)). Then for any
h(?) in F and for any polynomial p(x), we have:

<h(t | s, (x >
k=0 [k]q.
(2(0) ()1 p(x))

- k=0 [k]q!

2(1) /(1)
(1.10)

s (x)

and the sequence s,(x) is g-Sheffer for (g(¢), f(¢)) if and
only if:

! 7 = 3 S A\X J .
() O Z i

forallx in C, where f(f()) = f(f(t))=t.

An important property for the g-Sheffer sequence
s,(x) having (g(?), 7) is the g-Appell sequence. It is also

called g-Appell for g() with the following
consequence:
5,(x) =——x" & 15,(x)=[n] 5, (x) (1.12)

()

Further important property for g-Sheffer sequence
s,(x) is as follows:

1
= meq (x1)

s, (x)isq — Alppel for g(t)

0 n

(xeQ

For having information about the properties of g-
umbral theory (Araci et al., 2007; Choi et al., 2008;
Kac and Cheung, 2002; Kim and Kim, 2014a; Kim et al.,
2013; Mahmudov and Keleshteri, 2013; Roman, 1985)
and cited references therein.

Recently several authors have studied g-Bernoulli
polynomials, g-Euler polynomials and various
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generalizations of these polynomials (Araci et al., 2007,
Choi et al., 2008; Kac and Cheung, 2002; Kim and Kim,
2014a; 2014b; 2015; Kim et al., 2013; Kurt, 2016;
Kurt and Simsek, 2013; Kupershmidt, 2005; Luo and
Srivastava, 2006; Mahmudov, 2013; Mahmudov and
Keleshteri, 2013; Roman, 1985; Srivastava, 2011). In
the next section, we investigate modified Apostol type
g-Bernoulli numbers and polynomials and we apply
these numbers and polynomials to g-umbral theory
which is the systematic study of g-umbral algebra.
Actually, we are motivated to write this paper from
Kim’s systematic works on g-umbral theory (Kim and
Kim, 2014a; 2014b; 2015; Kim et al., 2013).

Modified Apostol Type g-Bernoulli Numbers
and Polynomials

Recall from (1.3) that:

35,,( e, (x1) (A#1) @)

¢ t
s l T
)[n]q! Je,(1)—1
Taking t — 0 on the above gives By 4(x, &) = 0. This
shows that the generating function of these
polynomials is not invertible. Therefore, we need to
modify slightly Equation (2.1) as follows:

ZBM(x A) W Weq(xt)
representing:
rr+1q()C )“) * X
7[]”1]‘] =B,,(x.2) 2.2)

Here we called B,  (x.4) modified Apostol type g-

Bernoulli polynomials. Now:

lim £ (x.r) = M(ﬂ):ﬁ;&o (2#1)

This modification yields to being invertible for
generating function of modified Apostol type g-
Bernoulli polynomials. As a traditional for some
special polynomials to be a number, in the case when x
=0, B,,(0.4)= B,,(4) is called the modified Apostol

type n-th g-Bernoulli number. Now we list some
properties of modified Apostol type g-Bernoulli
polynomials as follows.

From (2.2), we obtain:

) =3 0t =3 0 @)

k=0

10

By (2.2), the modified Apostol type g-Bernoulli
numbers can be found by means of the following
recurrence relation:

B, (x.1)= % and 1B, ,(1.2)~ B, (1)=6,,  (2.4)

A few numbers are listed below:

. 1 . -4 . A(1+ Aq)

B ()= B ()= 2, ()=

. —A(1+24q+ 244> + A7)
B3-,q(/1)= 1
(2-1)

From (1.11) and (1.12), we have:
B;’q(x,ﬂ)~()ueq(t)—l,t) (2.5)
and:
tBnq(x ﬂ.) [n] - lq x,ﬂ.)=Bn‘q(x,/1) 2.6)

It follows from (2.6) that B,

n.q
hey(0)-1.
We now have the following theorem.

(x.4) is g-Appell for

Theorem 1

Let p(x)eP. We have:

<ﬂ"e(t Ip(X)> [ p(u)d

Proof
From Equation (2.5) and (2.6), we write:

B 2)= 3

By (1.1) and (1.6), we obtain the following
calculations:
|txn+l>

de(t)-1 \ 1 [Ze/(r)-1
< r "‘>'[n+11q< r

(nZO)

=[njl]<;beq (z)-1|x"“> .7
il A[x"d,x

Thus, from (2.7), we arrive at:
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Ae, (t)—l
(=

which is desired result.

|p<x>>=z [ pdu (p()<P)

Example 1

If we take p(x) = B,,
one hand, we derive:

. /?.eq (t) -1 .,
2[ B, (x.2)d,x= <t B, (x,l)>

=<1| el )>

l 0 xn+l n o
[n+1]q< | > [] "

On the other hand:

(x.4) in Theorem 1, on the

-1 tBn+1 " (x,/l

[n + l]q

An+1), [ B, (x.2)d,x=2[n+1], fZU ()5 dx
—l[n+1]qZ[] L o(2) [xd,x

n+1

I RHLT

Thus we have the following interesting property for
modified Apostol type g-Bernoulli numbers derived
from Theorem 1 for n > 0:

" (p+1)
;(k"'lj Bn—k7q(/1)=0
q

which can be also generated by Equation (2.3) and (2.4).
The following is an immediate result emerging
from (1.10) and (2.5) that:

"2 [£],! < t
[+, [ 2e, (1)~ L
= [k]! < t
« [n+1]q
k=0 k]q!

By choosing suitable polynomials p(x), one can derive
some interesting results. So we omit to give examples and
so we now take care of a fundamental property in g-
umbral theory which is stated below by Theorem 2.

e rk|p(x>>8,:.q(x,z>
¢ (x>>B:.q(x,z>

A

B, (x.2) [ p(x)d,x

11

Theorem 2

Let n be nonnegative integer. Then we have:
e (t) -1
<"t B, > [8.(
Proof

From (2.3), we first obtain:

[ B, Ay = ZU )WIIL{(XW)M-X"”}
g Slin] e

1 .
= 7(Bn—1,q
[n+1]q

W+1q(Jc /1))

(x+y,/1)

Thus, by applying (2.8), we get:

=[n-:1] { n+1q(l A)- n+1q(/1)} 9)
= (B, (u.2)d,u

Comparing Equation (2.8) with Equation (2.9), we
complete the proof of this theorem.
The following theorem is useful to derive any
polynomial as a linear combination of modified
Apostol type g-Bernoulli polynomials.

Theorem 3

For g(x) € P, let:
x) = zbk,qB/:.,q (x’i)
k=0

Then:

Proof
It follows from (1.9) that:

(e, (1)- k=0)  (2.10)

l)tk | B:,'q (x,ﬂ.)> = [n]q 16, (n
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We now consider the following sets of polynomials
of degree less than or equal to »:

P ={q(x

n

)eC[x]|degg(x)< n}

For g(x)eP,, we further consider that:

%)=Yb, B, (x.) @.11)
Combining (2.10) with (2.11), it becomes:
(2, ()-1) 1a(x))= Z%(( -1 B, (x.2))
(2.12)

=2b,
1=0

[1],1, =[], 'b.,,
Thus, from (2.12), we have:

1 &
bk_q=[k—]q!<(x L ()-1) [4(x)) = [k]q{ 9(1)-4"(0)}

where, ¢®(x) = D//q(x). Thus the proof is completed.

When we choose q(x) = E,, (x), we have the
following corollary which is given by its proof.

Corollary 1
Let n>2. Then:

E,,(x)=(Ag-1)B., (x.A) +[n ](“1) B ()
S} e

k=0

Proof

Recall that the g-Euler polynomials E, (x) are
defined by (Mahmudov, 2013; Srivastava, 2011):

2
[(z)]q+ 1 (x1)

[n] t

which in turn yields to:

”(]( ) (

tqu(x) [n]q wlq

e,(1)+1

B J (=0)

and:

12

Set:

Then it becomes:

E,,(x)= Y8, (x.2) 2.13)

Let us now evaluate the coefficients b, as follows:

(Wi

il (e )-1)¢ 1, (0)

=[n]q[n—1]q-~-[n—k+l]

(4]
¥ j ey ()11 E, 1 ()

q

2 (e, (1) =11 E, ., (x))

where, E,, E,,0) are called g-Euler numbers
satisfying the following property:

E,,(+E,, =[2] 3, (2.14)
with the conditions £y, = 1 and E,, =—%. By (2.13)
and (2.14), we have:

n-2
E, (x)=b,,B, (x.2)+b,_ B, (x.1) +Zb B, (x.2)

=0

~(2g-1)B,, (5. 4) +[] (“lj L (x])

n-2 n N
_(,1+1)2(k] E, . B, (x.2).
k=0 q

Recall from (1.2) that Apostol type g-Bernoulli
polynomials of order r are given by the following
generating function, for y = 0 (Kurt, 2016):

oy
=[;Leq(t)_1j ()

where, e C and reN. If ¢ approaches to 0 on the
above, it yields to B(“ (x.4)= 0, which means that the

. . /X)
generating function of Bn‘q

3B
n=0

t
A

(x.4)is not invertible. So,
we need to modify slightly Equation (2.1), as follows:
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F“I(r)(x,[)zigr(:; x,i) ! (lt
n=0

[n]"! =(ie)-1] e,(xt) (2.15)

which implies an invertible since:

— - 1Y
l{lil(}F;)(x,t)=Bi‘q)(x,/1)=(ﬂ) #0 (1#1)

Therefore, we called B!')(x.4) as modified Apostol
type q—Bernoulli polynomials of higher order. In the
(0.2):= B")(2)may be called the

modified Apostol type g-Bernoulli numbers.
Let:

case x = 0 B(

> “ng

g (1.2) = (e, (1)-1)

It is clear that g'(, A) is an invertible series. It
follows from (2.15) that BY)(x.2)is g-Appell for
(hey(®) -1)". So, by (1.12), we have:

and:
(B} (x,2)=[n], B, (x.4)
Thus, we have:
B (x.2)~((7e, (0)-1) )

By (1.5) and (2.15), we get:

r n
<W€q(yt)|x >

(2.16)
~B0(n2)- z() 0, (1)
Here we find that:
1 "| n\_ 1 XeeeX 1 | 4
Je,)=1) 7\ e (=1 de () =1 o

n & »
> B (2)--

Dol g i s
iy et =\ 00 /g

By using (2.16), we have:

(4

13

(2.18)

<[/1e,,(lt)‘1J 'x">=33 “

Therefore, by (2.17) and (2.18), we obtain the
following theorem.

Theorem 4

Let n be nonnegative integer. Then we have:

—( n A
Bw- 3 ()T
iy 4, =n 12 >'r q J=

Set:
Eﬁ'; (x,/i) eP,

q(x)=

Then, by Theorem 3, we write:

2)=Sb, B, (x.2) (2.19)
where the coefficient by, is given by:
) = i <(ie (1) -1)* 1a(x))
- (Z] ((2e,(1)-1)1BY, , (. 2)) (2.20)

q

()

From the Equation (2.15), we have:

B0

n—k.q

_/1)

(7))

(Bl t" 1
;(;LB )(1 /1) nq( ))[n]qlz[ieq(t)—l

. -1
Ae,(1)-1

o

>E ()

n=0 n]q !

]V (7e,(1)-1)

By comparing the coefficients in the above

n| !
q

equation, we get:
AB")(1.4)-BY)(4)=B"" (1) (2:21)

From the Equation (2.19) to (2.21), we get the
following theorem.
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Theorem 5

Let neN and reN,. Then:

B(r -1)

n-k.q

(1B, (x.2)

Let us assume that:

P, (2.22)

x) b B (x.2
k=0

We use a similar method in order to find the
coefficient b,  as same as Theorem 3. So we omit the

e

we state the

details and give the following equality:

O E L]

By (2.22) and coefficient
following theorem.

(m+k) ( 0)

S DND)

m20j) 4 +i

br

k.q >

Theorem 6

For neN, let:

=>"b BV (x.2) P,

k=0

Then:

b, = [kl]q!<(ﬂeq (0-1)7"19(x)

TR

m=01=0

>

Aty

"[4],! ( . ][]' "o

where, ¢“(x) = Dlq(x).

Let us consider g(x) = B, (x,A)eP,. Then, by

nq

Theorem 6, we have:

B, (x.2) =Y b B} (x.2) (2.23)
k=0

From Theorem 6 and (2.23), we acquire the
following theorem.

Theorem 7

For n, r e N, the following equality holds true:

14

. n n-k r e r m
Bn,q(x’ﬂ“)=2[z Z (_l) Iﬂ'l[lj [[ ,’J
k=0{ m=01=0 4 +--ti, =m g\,
m+k n . —(r
X( m l(mﬂj BMM(;L)] A(;(X/i)
Conclusion

In the paper, we have derived some new and
interesting identities arising from g-umbral theory.
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