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Introduction

In recent years, saddle point criteria for vector
optimization problems, also called multiobjective
programming problems or multicriteria optimization
problems, have attracted much interest. There are several
reasons for studying the characterization of a (weak)
Pareto solution for multicriteria optimization problems
via the saddle point criteria. But probably the most
important one is related to the result that a saddle point
of the Lagrange function is always a global optimal
solution of a constrained optimization problem. Because
of the importance of this result, for example, in
optimization theory and economics, therefore, many
authors have analyzed and studied theory of saddle point
criteria for nonconvex multiobjective programming
problems (see, for instance, (Adan and Novo, 2005;
Antczak, 2003; 2005; 2015; Bhatia, 2008; Bigi, 2001;
Craven, 1990; Ehrgott and Wiecek, 2005; Jiang and
Xu, 2010; Kuk et al., 1998; Kumar and Garg, 2015;
Maciel et al., 2016; Mishra and Giorgi, 2008; Li and
Wang, 1994; Van Rooyen et al., 1994; Tanaka, 1990;
1994; Tanino, 1982; Valyi, 1987; Varalakshmi et al.,
2010; Yan and Li, 2004; Zeng, 2017). Taninio (1982)
proved that solutions of multicriteria optimization
problems and corresponding multiplier vectors are
saddle points of vector-valued Lagrange functions. Used
a scalarization method, Tanaka (1990) characterized
generalized saddle points of vector-valued Lagrangians.
Li and Wang (1994) derived several conditions for the
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existence of a Lagrange multiplier or a weak saddle point
of vector optimization problems and proved relationships
between them. Bigi (2001) proved criteria for saddle
points of nondifferentiable multiobjective programming
problems under convexity hypotheses. Ehrgott and
Wiecek (2005) studied relations between saddle points
and Pareto points for both convex and nonconvex vector
optimization problems used scalarizations. Antczak (2003;
2005) proved saddle point criteria for the considered
multiobjective programming problem by using the
introduced nonlinear approximation methods. Bhatia (2008)
established the equivalence between a mixed saddle point
of order m defined for the vector-valued partial Lagrange
function and higher order minima of the considered
nondifferentiable multiobjective programming problem.
Kumar and Garg (2015) introduced the definition of a so-
called mixed saddle point of a vector-valued Lagrange
function defined for the considered nonsmooth
multicriteria optimization problem and proved the
equivalence between a Pareto solution and a mixed saddle
point under the concept of generalized (V, p)-invexity.
Recently, under generalized notions of convexity, Maciel
et al. (2016) investigated the relations between a Fritz
John critical point of the considered differentiable
multiobjective programming problem and a saddle point
of the vector-valued Lagrange function.

One of generalized convexity notions introduced into
optimization theory is the concept of E-convexity which
was defined by Youness (1999). The concept of E-
convexity is based on the effecting of an operator
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E : R" —> R" on the sets and the domain on which
functions are defined. Recently, the definition of an E-
differentiable function was introduced by Megahed et al.
(2013) in which, based on the effect of an operator
E : R" — R", a (not necessarily) differentiable function is
transformed to a differentiable function (in the usual sense).
Up to now, the most of papers dealing with the
characterization of Pareto optimality by saddle point
criteria is restricted to differentiable multiobjective
programming problems. Therefore, in the present paper,
we consider the class of E-differentiable multiobjective
programming problems with both inequality and equality
constraints in which the functions involved are (not
necessarily) differentiable. For such (not necessarily)
differentiable vector optimization problems involving E-
differentiable functions, characterizations of their saddle
points are presented. In the used approach, for the
original E-differentiable multicriteria  optimization
problem, its related E-vector optimization problem is
constructed in which the involved functions are
differentiable (in the usual sense). Then, so-called scalar
and vector-valued E-Lagrange functions and their E-
saddle points are defined for the considered
multiobjective programming problem. Further, the so-
called E-saddle point criteria are established for such
(not  necessarily)  differentiable =~ multiobjective
programming problems under E-convexity hypotheses.
Then, the equivalence is proved between (weak) E-
Pareto solutions and FE-saddle points of scalar and
vectorial E-Lagrange functions defined in the considered
E-differentiable multiobjective programming problem
with E-convex functions via the similar result
established for its associated FE-vector optimization
problem. Hence, tools of differentiable analysis are used
in proving saddle point criteria for (not necessarily)
differentiable multiobjective programming problems.

Preliminaries

In this section, we provide some notations and results
that we shall use in the sequel.

Let R" be the n-dimensional Euclidean space and R’

be its nonnegative orthant. The following convention for
equalities and inequalities will be used in the paper.
Namely, for any vectors x = (xy, X2,...%,) and y =0
Va,..n)’ in R", we define x = y if and only if x; = y; for
all i =12,.., n,x 2y ifand only if x; = y, for all i =
1,2,....n; x 2 y if and only if x; > y; for all i = 1,2,...,n;
x>yifand only ifx 2y and x # y.

Definition 1 (Youness, 1999)

A set M S R is said to be E-convex (with respect to
an operator £: R" — R") if and only if the following
relation:

E(u)+A(E(x)-E(u))eM
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holds for all x, € M and any 1 € [0,1].

Definition 2 (Youness, 1999)

Let E: R" — R" and M be a nonempty E-convex
subset of R". £ M — R is said an E-convex function on
M if and only if the inequality:

FAE()+ (1= 2)E(w) <

2 (E)+ (- 2) 7 () @

is satisfied for all x, u € M and any 4 € [0,1].

Definition 3 (Megahed et al., 2013)

Let E: R" — R", M be an open E-convex set, /: M —
R be a (not necessarily) differentiable function at a given
point u. It is said that f'is an E-differentiable function at
u if and only if fo E is a differentiable function at u (in
the usual sense) and, moreover:

(foE)(x)=(f = E))+ V(S E)u)(x-u)+

2
9(u,x—u)||x—u||, @

where, O(u,x-u)—>0 as x>u.

Proposition 4

Let £ : R" — R", M be an E-convex subset of R” and
f: R"— R be an E-convex (a strictly E-convex) function
on M and u € M. Moreover, we assume that the function
fis E-differentiable at . Then, the inequality:

FEE@) =7 (E@) 25 (E@)EE)-E@). ) @)

holds for all x € M, (E(x)) # (E(w)).

In the paper, we consider the following (not
necessarily differentiable) vector optimization problem
(VP) with both inequality and equality constraints
defined as follows:

minimize f(x)= (f1 (%)sen f, (x))
subject to g, (x) <0, jeJ={l,..m}, (VP)
h (x)=0, teT ={l,...q},

xeR",

where, f:R' >R, iel={l,.,p}, g:R >R, je

h: R" — R, t € T, are functions defined on R". Let Q
denote the set of all feasible solutions of the problem
(VP), that is, the set:
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Q={xeR":g, (x)=0, jeJ, h (x)=0,1eT}.
Further, the set of inequality constraint indices that
are active at a feasible solution X is denoted by J(X)
and it is defined by J(¥)={jeJ:g, (¥)=0}.

For such multicriteria optimization problems, the key
optimality concept is that of a Pareto (a weak Pareto)
solution which is defined as follows.

Definition 5

X € Q is said to be a weak Pareto solution (a weakly
efficient solution) of the problem (VP) if and only if
there is no another feasible point x such that:

F(x)< /().
Definition 6

X e Q is said to be a Pareto solution (an efficient
solution) of the problem (VP) if and only if there is no
another feasible point x such that:

f(x) < f(?c)

Let E: R" — R" be a given one-to-one and onto
operator. Throughout the paper, we shall assume that the
functions involved in the vector optimization problem (VP)
are E-differentiable at any its feasible solution.

Now, for the original vector optimization problem
(VP), we define its associated differentiable multicriteria
optimization problem as follows:

minimize  f(E(x)) = (fi(E(x)) ..., f,(E(x)))
subjectto g (E(x))<0, jeJ={l,....,m},(VP,)
h,(E(x))zO, teTz{l,...,q},

xeR".

We call the multiple objective programming problem
(VPg) an E-vector optimization problem associated to
the original multicriteria optimization problem (VP). Let
Q,={xeR": g, (Ex)=0, jeJ, h (E(x)=0,1eT}.
be the set of all feasible solutions of the E-vector
optimization problem (VP,). Since all functions
constituting the considered multiobjective
programming problem (VP) are assumed to be E-
differentiable at any its feasible solution, by
Definition 3, all functions involved in its associated
E-vector optimization problem (VP,) are differentiable at

any its feasible solution (in the usual sense).

Let J,(x) denote the set of all inequality constraint

indices that are active at xeQ,, that
Jp(x)={jeJ:g,(E(x)=0}.

is,
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Lemma 7 (Antczak and Abdulaleem, 2018)

Let £: R' — R" be a one-to-one and onto and
Q,={xeR" g (E(x)<0,jeJ,h(Ex)=0eT}.
Then E(Q,) =Q.

Now, we give the relationship between (weak) Pareto
solutions in both multiobjective programming problems
(VP) and (VPy) which was established by Antczak and
Abdulaleem (2018).

Lemma 8 (Antczak and Abdulaleem, 2018)

Let zeQ be a weak Pareto solution (a Pareto
solution) of the considered multicriteria optimization
problem (VP). Then, there exists xe€(Q, such that
z=E(x) and X is a weak Pareto (a Pareto) solution of

the E-vector optimization problem (VPp).
Lemma 9 (Antczak and Abdulaleem, 2018)

Let xe€Q, be a weak Pareto (Pareto) solution of the
E-vector optimization problem (VPj). Then E(X) is a
weak Pareto solution (Pareto solution) of the considered
multicriteria programming problem (VP).

Remark 10

As it follows from Lemma 9, if x€Q, is a weak
Pareto (Pareto) solution of the E-vector optimization
problem (VPp), then E(x)eQ is a weak Pareto solution
(Pareto solution) of the considered multiobjective
programming problem (VP). We call E(X) a weak

E-Pareto solution (E-Pareto solution) of the original
multiobjective optimization problem (VP).

Theorem 11 (Antczak and Abdulaleem, 2018)
(E-Karush-Kuhn-Tucker — Necessary — Optimality
Conditions (E-KKT Conditions, for short) for (VP))

Let x€Q, be a weak Pareto solution of the E-vector
optimization problem (VPg) (and, thus, £(x) be a weak
E-Pareto solution of the considered multiobjective
programming problem (VP)). Further, assume that the
objective functions f;, i € I, the constraint functions g;,
j e Jand h, t € T, are E-differentiable at x and the
E-Abadie Constraint Qualification (ACQg) is satisfied at
X . Then there exist Lagrange multipliers 4 € R”,zie R"

and £eR? such that:

DL AVAEGE) + Y E Vg (E(X)+

_ “
2L EVh(EX) =0,

(g °E)(X)=0.jeJ, (5)
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We now give the definitions of a Karush-Kuhn-
Tucker point for the E-vector optimization problem
(VPg) and an E-Karush-Kuhn-Tucker point for the
considered multiobjective programming problem (VP).

Definition 12
We say that (E,I,ﬁ,é_)e Q, xR”xXR"xR* is

a Karush-Kuhn-Tucker point (KKT point, for short) of
the E-vector optimization problem (VPg) if the Karush-
Kuhn-Tucker necessary optimality conditions (4)-(6) are

fulfilled at ¥ with Lagrange multipliers A, z. & .
Definition 13

Let X be a feasible solution of the E-vector
optimization problem (VPp). Then
(E(x).1.2.8)eQ, x R”x R"x R* s said to be an E-

Karush-Kuhn-Tucker point (E-KKT point, for short) of
the considered multiobjective programming problem (VP)
if the FE-Karush-Kuhn-Tucker necessary optimality
conditions (4)-(6) are satisfied at x with Lagrange

multipliers A, 7. & .

Scalar E-saddle Point Criteria

Now, we introduce the definition of the scalar
Lagrange function L,: Q,xR’xR"xR — R for the
E-vector optimization problem (VPg) as follows:

Ly(x.2.0.8)= 20 4, (f, < E)(x)+

. . @)
Y u (g e E)x)+ X & (hoo E)(x).

Then, we give the definition of a saddle point of the
Lagrangian Ly defined for (VPg).

Definition 14

We say that (E,I,ﬁ,g?) €Q, xR"xR"xR" is a saddle

point of the E-vector optimization problem (V'P,) if:

We now define a scalar Lagrange function
L: OxR’xR"xR" >R the

multiobjective programming problem (VP) as follows:

for considered

L(zAmw&)=20 2 1 (2)+ 2 e, (2)+ 2 &k (2) (8)
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For the scalar Lagrange function L defined above, we
now give the definition of its £-saddle point.

Definition 15

Let ¥ be a feasible solution of the FE-vector
optimization  problem  (VPg). We say that

(E()?),Z,,E,E) € Qx R’ xR"xR' is an E-saddle point of
the considered multiobjective programming problem
(VP)if:

(E(X).4.mE) YueR! ,VéeR,
Vz € Q.

First, we prove the necessary condition for a saddle
point of the Lagrangian Ly which is defined for the E-
vector optimization problem (VPg).

Theorem 16

Let (f,z,ﬁ,f)eQEfofo’ xR® be a saddle point

of the scalar Lagrange function Ly defined in the
problem (VPg). Then, X is a weak Pareto solution of

(VPg). Further, if the Lagrange multiplier 4 >0, then ¥
is a Pareto solution of (VPg).

Proof
By assumption, (E,Z,E,E) €Q, xR’ xR"x R is a

saddle point of the scalar Lagrange function L;. Thus, by
the condition a) in Definition 14 and (7), the inequality:

LA e E)®) X k(g0 E)(F)
26 (h e E)F) X A (1 2 E)(F)
+z/:1/u1(g_/OE)(x)+Zp:1§’ (hf OE)()?)

holds for all #eR" and ¢ € R’. From the feasibility of
X in (VPg), we have, for all peR":

Z,lﬂ/(/ ) ) Z (

Then, for =0, (10) gives:

©

E)(x) (10)
> (g, o E)(x)z0.

Using the feasibility of X in (VPE) together with
HeR", we get:

> A (g0 E)(F)=0.
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By two inequalities above, it follows that:

Z.r/yl:lﬁ/ (g./ ° E)()?)

Now, suppose, contrary to the result, that X eQ, is

0. (1)

not a weak Pareto solution of (VPg). Hence, by

Definition 5, there exists XeQ, such that
(foE)(%)<(f<E)(¥).By 120, it follows that:
A S E)®) <X A (2 E)F) a2

Since ¥€Q, and x€Q,, (11) and (12) yield:

YIS E)® Y (2,0 E)(F)
28 (e E)(®)< XA (f 2 E)(F)
+Z_/:lﬁj (g, °E)®)+> & (h o E)(X).

Hence, by definition of the Lagrange function Lj (see
(8)), the inequality L,(%1.mE)<L,(¥.2.2E) is

satisfied, which contradicts the in
Definition 14.

Now, by using the result established in Theorem 16,
we prove the similar result for the original multicriteria
optimization problem (VP). Namely, we derive the
necessary condition for a saddle point criteria of the
Lagrangian L defined for (VP). In other words, we prove
the necessary condition for an E-saddle point of the

scalar Lagrange function L defined in (VP).
Theorem 17

inequality b)

Let (E(f),Z,ﬁ,E)eQfofoxR“ be an E-saddle

point of the scalar Lagrangian L defined in the
considered vector optimization problem (VP). Then
E(x) is a weak E-Pareto solution of (VP). Further, if

A>0,then E(X) is an E-Pareto solution of (VP).

Proof

We assume that (E(?c)j,ﬁ,f)e QxR’xR"x R’ is an

E-saddle point of L. Then, the conditions (i) and (ii) in
Definition 15 are fulfilled. For any z € Q, by Lemma 7,
there exists x € Qp such that z = E(x). Then, by (8), the
conditions (i) and (ii) can be rewritten, respectively:

SIS E)®)+ Y (2,0 E)(F)
+2,6 (h e E)(F) 2 Z,l,( © E)(x)
2" i (g, o E)®)+ Y E (e

VYue R"VEeR

(13)
E)(¥)
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and:

PR VRYI[CRD I ATIRYC)
208 (e E)(x) 2204 (f < E)()
w0, (2,0 E)®)+ X E (h o E)(F)xeQ,.

By (7), inequalities (13) and (14) imply, respectively:

14

Ly (¥ A.1.8) S Ly (J?J_,,ﬁ,;?)v,ue R".NEeR', (15)

Ly (%2, 12.8) < Ly (x4,

A

n.E)VxeQ,. (16)

Note that (15) and (16) are the saddle point criteria
which have already been established in Theorem 16.

Then, by Theorem 16, X €Q, is a weak Pareto solution
of (VPg). Hence, by Lemma 9 (see also Remark 10),
E(X) is an E-Pareto solution of (VP). Thus, the proof of
this theorem is completed.

Note that the result proved in Theorem 17 can also be
formulated in the following way.

Theorem 18

Let x be a feasible solution of the the E-
multiobjective programming problem (VPg) such that
(E(x).4.1.8)e QxRI x R" x R is a saddle point of the
scalar Lagrange function L defined for considered
multicriteria optimization problem (VP). Then E(xX) isa

weak E-Pareto solution of the problem (VP). Further, if
A >0, then E(X) is an E-Pareto solution of (VP).

Now, under appropriate E-differentiable E-convexity
hypotheses, we establish the sufficient condition for a
saddle point of the Lagrange function L, defined in the
E-vector optimization problem (VPg) which we use in
proving the sufficient condition for an E-saddle point of
the Lagrange function L defined for the considered
multiobjective programming problem (VP).

Theorem 19

Let (J_C,Z,ﬂ,é?) €, xR’ xR" xR’ be a Karush-Kuhn-

Tucker point of the E-vector optimization problem
(VPg). Assume, moreover, that each objective function f,
i € I, is E-convex at ¥ on Qg each constraint function

g, j € J, is E-convex at X on Qp A,
tel;(¥)={teT:£>0} and the functions A,
tel, (¥)=1{teT:£ <0}, are E-convex at X on €.

Then (?c,)f,ﬁ,g ) is a saddle point of the Lagrange
function Ly defined in the problem (VPg).
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Proof

First, we prove the inequality (i) in Definition 14. By
hypothesis (;’c,ﬂf,ﬁ,f) €Q, xR xR"x R is a KKT point
of the E-vector optimization problem (VPg). Then, by
X €Q, , we have that the relations:

& (h o E)x)=& (h - E)(x). teT (17)

hold for all &= (¢,,...,¢,) €R’. Again by X €Q, and using

the E-KKT necessary optimality condition (5), we get
that the inequalities:

(2,2 E)F)<m (2, E)F). jeJ (18)

hold for all u=(u....u,)eR". By (17) and (18), we
have, for all ze R” and forall ¢ € R

PININ (RN [CORD ISV CIRRD (€D

+X L8 ()@ XA (2 E) )

+ 2L E (g, 0 E)@)+ X LE (0 E)(F).
Then, by (8), the inequality:

Lo (T4 u.8)2 L, (F.2.14.) (19)

holds for all zeR” and ¢ € R'. Hence, the inequality i)
in Definition 14 is fulfilled.

We now prove the condition (ii) in Definition 14.
From the assumption, f;, i € I, g, j € J, h, teT,;(X), —h,,
Then, by

Proposition 4 and the KKT optimality condition (6), the
inequalities:

2 f(E() =2 f (E(¥)z

teT;(x), are E-convex at X on Q.

4V (E@))(E(x)- E(X)). iel. (20
Ve, (E( §()(E(3> E(igf(je))f(ff(f)), b
£ v (K . gfbf() (h >()E (rxe))i(fs@)), e
Zvn (EG ()f;) ?gf( e))f(g( P

hold for all x € Q. Hence, we add both sides of each
inequality (20)-(23). Thus, by the KKT necessary
optimality condition (4), we get that the inequality:
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Zf’l (e E) @)+ XA (g E)(x)
E(h )W)z X A (1 E)(F)

7 (g, o E)@)+ X8 (b E)F)
is satisfied for all x € Q. Then, by (7), the inequality:

Ly (x2.0.8)2 L, (%. 2. 4.5) (24)

holds for all x € Q;. Hence, by (19) and (24), (f,ﬂf JLE )

is a saddle point of the scalar Lagrangian Lz. Thus, the
conclusion of this theorem is established.

Corollary 20

Let xeQ,be a (weak) Pareto solution of the E-

vector optimization problem (VPg) and all assumptions
of Theorem 19 be satisfied. Then, there exist Lagrange

multipliers ZeR”, mzeR" and £eR such that
(;?,Z,/?,E) is a saddle point of the Lagrangian L
defined for (VPg).

By using Theorem 19 and Corollary 20, we now
prove the sufficient condition for an E-saddle point of
the Lagrange function L in the problem (VP).

Theorem 21
Let X be a feasible point of the E-vector optimization
problem (VPg) such that (E(x AL, f) € QxR xR"xR’

is an E-KKT point of the considered multiobjective
programming problem (VP). Assume, moreover, that
each objective function f;, i € I, is E-convex at X on Q,
each constraint function g, j € J, is E-convex at ¥ on
Qp, each constraint function /i, re7,(X) and each

function —4,, te7; (X), are E-convex at X on Q. Then
(E(x).2.2.8)e QxR xR x R* is an E-saddle point of
the Lagrangian L defined for (VP).

Proof
By assumption, x is a feasible solution of the E-
vector optimization problem (VPg) such that

(E(x).2.2.8)e QxR xR" x R* is an E-KKT point of the

considered multiobjective programming problem (VP).
Then, by Definition 13, the E-KKT conditions are
fulfilled for the problem (VP) with Lagrange multipliers

A, m & . Since all hypotheses of Theorem 19 are
fulfilled, (3,;1;1,5 ) €Q, xR’ xR"x R is a saddle point
of the Lagrange function L, in (VPg). This means, by
Definition 14, that the following conditions:
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Ly (%A, 4,8) <Ly (¥ 4. B.E)Vue R \VEER,
Ly (x. 2. 7.8)< L, (.2, 2.8 )VxeQ,
hold. By (7), it follows that the inequalities:

LA (e E)ED) X a8, 0 E)(F)

26 (e E)®) XA (1 E)E)

- o (25)
" E (g, E)E)+ X E (o E)(F)
VYueR" VEeR'
YA E) @)+ A (g0 E) ()
+3E (e E) )2 YA (4 2 E)(F) (26)

DN (g, E)®)+X & (h - E)(X) vxeQ,

hold, respectively. Since £ : R" — R" is an one-to-one
and onto operator, this means that, for any x € Q;, there
existas z € Q, such that z = E(x). Hence, (25) and (26)
yield, respectively:

(S E)YE) X (g, E)E)
b E)®E LA (4 E)E) oy
2w (g, E)F)+ X E (h o E)F)

YueR'VEeR

LA () g () 6 (2)

2N (s cE) @)+ Y (5, E)(E)  (8)
+30E (b cE)(F)VxeQ.
By Definition 15, (27) and (28) imply that

(E(x).2.2.8)e QxR xR x R* is an E-saddle point of
the Lagrange function L defined for (VP).

As it follows from the above proof, the definition of
an E-saddle point of the Lagrange function L can be re-
formulated as follows.

Definition 22

Let x be a feasible solution of the E-vector
optimization problem (VPE). We say that
(E(E),Z,p,f)eQfofoxR‘ is an E-saddle point for
the considered multiobjective programming problem
(VP) if:

i L(E(x).2.ué)<L(E(X). L. LE)VueRI ViR,

ii. L(E®).2.2.8)<L(E(x).1.2.8)VE(x)e Q.
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Now, we illustrate the main result established in this
section by an example of an E-differentiable
multiobjective programming problem.

Example 23

Consider the following nonconvex nondifferentiable
vector optimization problem:

minimizef(xl ,x2)=(x12 +2x, —{’/2,3 X, +X, — X, )
s.lf.g(xl ,x2)= Jx, —x, 20, (VP1)
h(xl ,x2)=x12 —{/Z=0.
Note that:

Q={(xl,x2)eR2:{/Z—xl §0Axf—{/Z=0},

Let E£:R>— R’ be an one-to-one and onto mapping
defined by E(x.x,)=(x.x). Now, for the considered
nonconvex nondifferentiable multicriteria optimization

problem (VP1), we construct its associated E-vector
optimization problem (VP1) as follows:

mim'mizef(E(x1 ,X, )) = (xl2 +2X, —X,,X) + X, — X, )
s.t.g(E(xl,xz))=x2 -x <0, (VPIE)

h(E(x1 ,xz))= x; —x, =0.

Note that Q, :{(xl,xz)e R*:x,-x <0AX —x, =0}.
and x = (0,0) is a feasible solution of the problem
(VP1g). Further, note that all functions constituting the
considered vector optimization problem (VP1) are E-
differentiable at x = (0,0). Moreover, the E-KKT
necessary optimality conditions (4)-(6) are satisfied at
1

Z,ﬂ:

¥ =(0,0) with Lagrange multipliers 4 =%/Tz = %

and & =% . Hence, we have shown that all hypotheses of
Theorem 19 are satisfied. Thus, we conclude by
Theorem 19 that (f,ﬂf,p,f ) is a saddle point of the

Lagrange function Ly defined for the E-vector
optimization problem (VPlg). Further, it follows by

Theorem 21 that (E(?c))f, R ) is an E-saddle point of

the Lagrange function L defined for the considered
multiobjective programming problem (VP1).

Vector E-saddle Point Criteria

introduce a definition of
Lagrange function

In this section, we

the vector-valued
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L, :Q,xR"xR"xR — R” defined for the constrained

Pe
E-vector optimization problem (VPg). Namely, this
Lagrange function is defined as follows:

L, (x, A, 1,8 =diag A(f > E)(x)+
1

X (e o B) @+ (e E)) Je

29

where, e =[1,...,1] € R’ and, moreover,

A 0 0
’ A, 0
diagl = S :
0 0 A,
Definition 24

We say that (E,Z,ﬁ,f) €Q, xR’ xR"xR" is a saddle
point of the vector-valued Lagrange function L,

defined in the E-vector optimization problem (VPg) if:

a) ,E)V,ueRf’,VéfeR:,

2,1
X, A Il,r’?)VXEQE.

Now, for the considered multiobjective programming
problem (VP), we define its vector-valued Lagrange
function L,:QxR!xR"xR"— R by:

L,(z,A,u,8)=diag 21 (z)+

%[Z " og, () X Eh, (z)]e_ (30)

Definition 25

Let x be a feasible solution of the FE-vector
optimization  problem  (VPg). We say that
(E(E),I,ﬁ,f)eQfofo’st is a saddle point of the

considered multiobjective programming problem (VP) if:

i L (E().AwE)s L, (E(x).2.LE)VueR! . VEeR,

i L,(z4.m.8)¢L,(E(X).4.0.8)VzeQ.

First, we prove the necessary condition for a vector
saddle point of the Lagrange function L, .

Theorem 26

Let (E,Z,ﬁ,ff)e Q, xR’ x R" x R* be a saddle point of

the vector-valued Lagrange function L, defined for the
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E-vector optimization problem (VPg). Then X is a weak
Pareto solution of (VPg). If Lagrange multiplier 1 is

extra assumed to satisfy 4>0, then X is a Pareto
solution of (VPg).

Proof
Since (E,Z,ﬁ,f) €Q, xR’ xR"x R* is a saddle point of
the vector-valued Lagrange function L, by Definition 24,

the conditions a) and b) are satisfied. Thus, by the condition
a) in Definition 24 and (29), the inequality:

% (1, OE)(f)ﬁ[ZL#] (g,°E)(®)
+X 8 (o E)®)|2 7 (1 < E)EF)
+%[ZLE_, (g, E)®)+ X & (h oE)(f)J i=lp

holds for all wueR" and for all £ € R'. From the

feasibility of X in the problem (VPg), it follows that the
inequality:

Y (g e E)®) Y 1 (2,0 E)(F)

holds for all xe€ R". In the similar way as in the proof of

€2y

Theorem 16, we get:
> (g, E)(F)=0.

Now, suppose, contrary to the result, that XeQ, is
not a Pareto solution of the problem (VPg). Then, there
exists ¥ e€Q, such that:

(32

(S E)F)< (/> E)(X).

By assumption, the Lagrange multiplier 4 is assumed to

satisfy 1 >0 . Thus:
diagZ(foE)()?)Sdiag/T(foE)()T). (33)

Using the feasibility of x and x of (VPg) together with
(31), we get:

diag (£ E)®)+- [ 37,7, (s, E)(3)
42L& (h o E)(F)|e < diagZ (f = E)(F)
[ S0 (g E)E)+ ZLE (o E)(®)Je

(€2

Hence, by (29), (34) implies that the inequality:
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L (GEEE)< L, (1A

holds, which is a contradiction to the condition ii) in
Definition 24.

Remark 27

Note that it is sufficient to assume in Theorem 26 that

A 20 in order to prove that X is a weak Pareto optimal

Using the result established in Theorem 28, we
prove the necessary condition for

(E()?)j,ﬁf) e Qx R’ x R"xR* to be a vector E-saddle
point of the Lagrange function L, in (VP).

Theorem 28

Let x be a feasible solution of the E-vector
optimization problem (VPg) such that
(E(;?),Z,ﬁ,g) e Qx R’ xR" x R* is an E-saddle point of

the vector-valued Lagrange function L, defined for the
considered multiobjective programming problem (VP).
Then E(xX) is a weak E-Pareto solution of (VP). If we

assume extra that Lagrange multiplier 1 >0, then E(X)
is an E-Pareto solution in (VP).

Proof

Assume that x is a feasible solution of the E-vector
optimization problem (VPg) such that
(E()?)j,ﬁf) e Qx R’ xR"xR* is an E-saddle point of

the vector-valued Lagrange function L, Then, by
Definition 25, the conditions (i) and (ii) are fulfilled. For
any z € Q, by Lemma 7, there exists x € Q such that z =
E(x). Then, by (30), the following relations:

diagZ (1< E)(®)+~[ 2" 4, (8, < £)(F)
e o (35)
+3 6 (o E)(F) |e 2 diagZ (f < E)(F)

and:
diagZ (f - E)(x)+ %[z " (g, E)(¥)
+2E (h o E)(x)]e 2 diagZ (1 E)(F) (6
[ (g E)E) T LE (e E)E)]e

hold for all ueR", ¢ € R and any E(x) € Q. By (35),
(36) and (29), we conclude that the conditions (a) and (b)

in Definition 24 are satisfied. Since all hypotheses of
Theorem 26 are fulfilled, xeQ is a (weak) Pareto
solution of (VPg). Hence, by Lemma 9 (see also Remark
10), E(x) is a (weak) E-Pareto solution of (VP). This

completes the proof of this theorem.

Now, we prove the sufficient condition for
(f, A, /75) eQ,xR’xR"x R’ to be a vector saddle point

of the Lagrange function L, .

Theorem 29

Let (f, Z,ﬁ,f) €Q,xR”xR"x R' be an Karush-Kuhn-
Tucker point of the vector-valued Lagrange function L, .

Assume, moreover, that each objective function f;, i € 1, is
E-convex at X on Qy, each constraint function g;, j € J, is

E-convex at X on Qy, the functions 4, re7,"(X) and the
functions —4,, teT, (¥), are E-convex at X on Q. Then

(Tc, 1,[1,5) is a saddle point of L .

Proof

First, we prove the inequality (a) in Definition 24. By
assumption, (f, A, /75) eQ,xR’xR"xR' is a Karush-
Kuhn-Tucker point of L, . Hence, from the feasibility of

X , we have that the inequalities:
EV(h oE)X)=& V(b E)X). 1T (37

hold for all &= (&,...,&) € R’. By xe€Q, and the E-KKT

necessary optimality condition (5), it follows that the
inequalities:

1V (g, E)x)si, V(g cE)X).jeJ (38)
are satisfied for all s =(4,....s,)e R . Combining (37)
and (38), we get, for all ueR” and & € R*:
diagZ (f - E)(¥)+ %[zj’:ly, (2, E))
4006 (b 2 E)(F) Je < diagZ (1 + E)(F)
+%[Z " (g, E)®)+ Y8 (h o E)(;?)Je.
Then, by (29), the inequality:
L (rEd) L, (750 ) @

holds for all ze R" and ¢ ER’.
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We now establish the condition (b) in Definition 24.
We prove it by means of contradiction. Suppose that
there exists x € Q. such that

LPE (X’Z’E’E)SLPE (Y’Z”E’f_)'
Then, by (29), we have:
Z LA E) @)X A (2,0 E)(F)
f (B oE)(x) YA (f o E)F) (o)

7 (g, E)®)+ X & (h o E)(F).

Since f,,ie 1, g,jeJ, h, tel,'(x),—h, tel, (X), are

E-convex on Q, by Proposition 4, the inequalities:

L (E@)-/ (E®) 2V (EX))(E(F)-E(x)).iel.  (41)

g/(E (;C))_ &, (E ()T))é (42)
Ve, (E@)(E ()= E(F)).) € J(E(F)).

h (@)= h (E(3)z @)
Vi, (E@)(E )~ E(F)).re T (E(F)),

“h (E (D) h (£(F) 2 w

i, (E@)EE) - E@)re T (E(F))

hold, respectively. Then, we multiply inequalities (41)-(44)
by corresponding Lagrange multipliers, respectively. After
that, we add the resulting inequalities and obtain:

A B e (8,0 E) ()
D o B )(x)+Z,ETE &k (E)(F)
A (S B)®) -2 E (8,0 F) )
S ERBE S A ()
2| XAV (@)X B Ve, (E(F))
o VB (E@) T, o F Y (E@)|(EE) - £@).

By the E-Karush-Kuhn-Tucker necessary optimality
condition (4) and taking Lagrange multipliers 7./ ¢ J(¥)

and &, .te T, (X)UT, (¥), we get that the inequality:
YAk () D)+ XA (2,0 E)()

+Zt 1§f (h OE)(x) z, 177 (f E)(x
L (g, E)®)+ X E (b o E)(F)
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holds, contradicting (40). This completes the proof of
this theorem.

From Theorem 29, it follows directly the following
result.

Corollary 30

Let xeQ, be a (weak) Pareto solution of the E-

vector optimization problem (VPg) and the KKT
necessary optimality conditions (4)-(6) be fulfilled with

Lagrange multiplier 2 e R, zeR" and & € R'. We also
assume that all hypotheses of Theorem 29 are satisfied.
Then (f,ﬂf JLE ) is a vector saddle point of the vector-

valued Lagrange function L, defined for (VPg).

Using the foregoing results established for the E-vector
optimization problem (VPg), we now establish the sufficient

condition for (E(?c)j,ﬁ,f) eQxR'xR"xR to be a
vector E-saddle point of the Lagrange function L,,.
Theorem 31

Let X be a feasible solution of the FE-vector
optimization problem (VPg) such that (E (x). 4. 1. )e
QOxRIxR"xR' is an E-KKT point of the considered
multicriteria optimization problem (VP). Assume,
moreover, that each objective function f, i € I, is E-
convex at ¥ on £, each constraint function g;, j € J, is E-
convex at X on Qy, each constraint function 4, re7,"(x)

and each function —h, te7, (X), are E-convex at X on
Q. Then (E(x AL, f)eQxR” xR"xR* is a vector E-
saddle point of the Lagrange function L, for (VP).

Proof

From the assumption, it follows that x is a feasible
solution of the E-vector optimization problem (VPg)

such that (E(x AL, f)eQxR”xR’”xR‘ is an E-KKT
point of (VP). Then, by Definition 13, the E-KKT
necessary optimality conditions are fulfilled for the
problem (VP) with Lagrange multipliers 1,7z.& .
Since all assumptions of Theorem 29 are satisfied,
(f, 7, ﬁ,f) €Q, xR? xR" x R* is a vector saddle point of
the Lagrange function Ly defined for (VPg). This means,
by Definition 24, that the following conditions:

L (%.4..8) <L, (X.4..E)VueR! .Vée R,

PE

(45)

Lo (nFEE)2 (46)

Pr

L (7.2.78.8)vxeQ,

hold. By (29), (45) and (46) yield, respectively:
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P (S E)E) Xk (g, 0 E)E)
YL (e E)®) X A (f 0 E)F)

_ (47)
2 (8, E)®@)+ X8 (ko E)(F)
VYue R"V&eR'
and:
LA e E) )+ XA (2,0 E)(x)
+Z,1é(f E)(x)2 204 (£ <E)F) @)

(B oE)(x)vx e Q.

> (g E)T)+ X8

Since E : R"—R" is an one-to-one and onto operator, this
means that, for any xe€), there exists z € €, such that z
= E(x). Hence, (25) and (26) yield, respectively:

SLE (B (e )
XL )OEE L (1 E)E)
X (g E)®)+ XL (o E)(F)

VYueR"VEeR'

and:

DAL ()Y mg () + X, & h (2) %
YA cE) @)X E (g0 E)F)  (s0)
+y & (h oE)F)VzeQ

By Definition 25, (49) and (50) imply that
(E(x).2.2.8)eQxRI xR xR* is a vector E-saddle
point of the vector-valued Lagrange function L, in (VP).

Corollary 32

Let xeQ be a (weak) E-Pareto solution of the E-
vector optimization problem (VPg) and, thus, £(x) be a
(weak) E-Pareto solution of the considered

multiobjective programming problem (VP). Further,
assume that the £E-KKT conditions (4)-(6) are satisfied at
E(x) with Lagrange multiplier 1eR”, zeR" and
£ e R'. If all assumptions of Theorem 29 are satisfied,
then (E(?c),)f, R ) is a vector E-saddle point of the

vector-valued Lagrangian L, in (VP).

As it follows from the above proofs, the definition of
a vector E-saddle point of the vector-valued Lagrange
function L, can be formulated as follows.
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Definition 33

Let ¥ be a feasible solution of the E-vector
optimization problem (VPg). A point (E(;?),)f,ﬁ,g )e
OxRI'xR"xR' is said to be an E-saddle point for the
considered multiobjective programming problem (VP) if:

i L(E(x).Aué)<sL,(E(X).A.BE)VueR! . VEe R,

ii. (E(x)

1.&)2 L, (E(X).1.2.2)VE(x) e Q.

Now, we illustrate the main result established in this
section by an example of an E-differentiable vector
optimization problem.

Example 34

Consider the following nondifferentiable vector
optimization problem:

minimize f (x, .x, ) = (2xl +23x,

— X, X7+ X, — 3%, )

s.t.g(xl,xz)z Jxi —x, 20 (vpP2)
h(x1 x2)=x22—{/;=0.

Note that Q= {(XI,XZ)ERZ {/7 X, S0AX] — \/Z=O}.
Let £ : R*> — R* be an operator defined by
E (xl X, ) = (xf X, ) ) the  considered

optimization problem (VP2), we define its associated E-
multicriteria optimization problem (VP2g) as follows:

For vector

minimizef(E(x1 L X, )) = (2x13 +2x, = X,, X2+ X, — X, )
s.t. g(E(xl,xz))= X —x, £0

h(E(xl,xz))= x; =X

(vP2,)

Then, and
x¥=(0,0) is a feasible solution. Further, note that all

functions constituting the considered vector optimization
problem (VP2) are E-differentiable at x =(0,0). Then, it

can also be proved that the £E-KKT necessary optimality
conditions (4)-(6) are fulfilled at x =(0,0) with Lagrange
1
> ,u =—

k=L ==

assumptions of Theorem 29 are fulfilled, (?c,)f, R ) is a

QE={(xl,xz)eR2:xf—x2 §0/\x22—xl=0}

multipliers and ¢& =%. Since all

saddle point of the vector-valued Lagrange function L,

defined for the E-multicriteria optimization problem
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(VP2g). Furthermore, by Theorem 31, it follows that
(E(?c)j,ﬁ,f ) is an E-saddle point of the Lagrange

function L, of the vector optimization problem (VP2).

Conclusion

In this paper, to the best of our knowledge, for the
first time, the saddle point criteria have been derived for
the class of (not necessarily) differentiable
multiobjective programming problems with both
inequality and equality constraints in which the involved
functions are E-differentiable. For the considered E-
differentiable multiobjective programming problem, its
associated FE-vector optimization problem has been
constructed in which the involved functions are
differentiable in the usual sense. Further, two types of
the so-called E-saddle point criteria have been derived
for the original (not necessarily) differentiable
multiobjective programming problem using the similar
results established under E-convexity hypotheses for its
associated E-vector optimization problem in which the
involved functions are differentiable in the usual sense.
The E-saddle point criteria presented in the paper have
been illustrated by examples of nondifferentiable
multiobjective programming problems with E-differentiable
functions. This kind of studies seems to be important
because the methods used to characterize saddle point
criteria for (not necessarily) differentiable multicriteria
optimization problems are based on the similar results
established for differentiable vector optimization problems.

The results established in this paper warrant
further research in several directions. In particular, it
would be of great interest to examine how the results
of this paper can be generalized and extended for
other  classes  E-differentiable = multiobjective
programming problems. This may be the topic of
some of our forthcoming papers.
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