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Introduction

Let X ™ be dual space of a normed space X and Sx
denotes the unit sphere of X given by Sx = {x € X: ||x|| =
1}. The Hermite-Hadamard's inequality defined in
(Mihai et al., 2018) is given by:

(bfa)f[ibjs_[bf(t)dts(bfa)w.
2 a 2

We briefly describe the content of this paper: Section
1 contains the review of various properties and
characterizations of Birkhoff orthogonality in normed
linear spaces. Section 2 contains Carlsson orthogonality
in classical sense and in HH-sense with the help of p-HH
norm. Section 3 includes the main results of our research
by introducing new cases of Carlsson orthogonality
verifying some properties of the inner-product space in
relation of these orthogonalities.

There are different orthogonality relations studied in
the general normed linear space since from 1934. The
Robert orthogonality condition which was introduced by
Robert in 1934 is known as the first orthogonality
defined in general normed spaces (Birkhoff, 1935).
Robert orthogonality implies both Birkhoff orthogonality
introduced by (Birkhoff, 1935) and isosceles
orthogonality introduced by (James, 1945). Generalizing
the Isosceles, Robert and Pythagorean orthogonalities in
the normed space, (Carlsson, 1962) introduced a new
type of orthogonality. After that numerous notions of
orthogonality have been introduced. Kikianty and
Dragomir (2010) introduced p-HH-norms (1 < p <o) and
some notions of orthogonality have been introduced by
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utilizing 2-HH-norm, which are closely related to the
classical Pythagorean orthogonality and isosceles
orthogonality. Kapoor and Prasad (1978) proved
uniqueness property of isosceles orthogonality.

Mizuguchi (2017) let (X, ||-|[) be a real normed space.
For any vector x, y € X, we say that x is orthogonal to y
(xLgy) in the sense of Birkhoff if:

[x|[<|x+Ay| forall 2 e R

James was the first who did a comprehensive study of
the properties of Birkhoff orthogonality and therefore
Birkhoff orthogonality is also known to as Birkhoff-
James orthogonality. James (1945) introduced Isosceles
and Pythagorean orthogonality proved that if for every x
it is possible to find a vector y in a two dimensional
subspace containing x such that xLgy; then the space is
necessarily an inner product space (Dragomir and
Kikianty, 2010). If X is an inner product Space, then g
coincide with the standard orthogonality in inner product
space. It is obvious that Birkhoff orthogonality is
homogeneous; however, it is in general, neither
symmetric nor additive.

Definition (Martini and Spirova, 2010)

A hyperplane of a normed linear space X is any
proper closed linear subset H which is not properly
contained in a proper linear subset of X, or any
translation x + H of such a linear subset H.

If {yn} is a sequence converging to y, x is
orthogonal to {yn}, then xLy. Hence for any x, the set
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of all y with xLly is closed. for any element of a
normed linear space there is at least one hyperplane H
through the origin with xLH.

Properties of Birkhoff Orthogonality

The following are the main properties of Birkhoff
orthogonality (Alonso, 1997):

(i) Birkhoff-James orthogonality is not symmetric in
general; however, if dim X > 3 then it is
symmetric if and only if X is an inner product
space. For dim X = 2 Birkhoff orthogonality is
symmetric if and only if X has a norm whose
spheres are regular hexagon

(if) It has the properiy of right and left-existence

(iii) It is right (left) unique if and only if the space is
smooth (strictly convex)

(iv) Itis always homogeneous

(v) Rightadditivity implies smoothness and conversely

(vi) It can always be extended by the right: If xLgy,
then there exist a closed hyperplane P < X such
thaty € H and xLgH

(vii) On the basis homogeneity, the Birkhoff-James

orthogonality can always be extended by the left if
dim X = 2 and in case of dim X > 3, the property is
a characteristic of inner product space and can be
stated, equivalently, as follows:

X is an inner product space if and only if for every
X € X there exist a closed hyperplane H < X such
that P_Lgx

A real normed linear space of dimension (> 3) is an
inner product space if and only if B-orthogonality is
symmetric.

Characterization of Birkhoff Orthogonality
Theorem 1.1 (Alonso, 1997)

Let x, y € X, where X is a normed space, then x_Lgax

f(y)

f(x)

+y, < X "with [f(x)| = |[f || |Ix|| where, « =

Corollary 1.2

Let X, y € X, where X is a normed space. Then xLgy,
< 3f € X0} ()] = [If [ [Ix]]-

Definition (Semi-Inner Product, (Demalya et al.,
2019))

A semi-inner product defined on a real normed space
X is a mapping of X x X into R such that if for any x, y €
X there corresponds a real number (x, y) such that the
following properties hold:

(i) (x+y,2)=(2)+(y,2)forallx,y,ze X

134

(i) (A y)=Axy) forallL eR,x e X
(iii) (x,x)>0forallx=0
(iv) (% ¥)2<(x X)(y,y) forall x,y e X

Every normed space X, where the norm on X is
defined by [)x|| = ,/(x,x) is a semi-inner product space

and norm of any normed linear space can be generated
with the help of semi-inner product in infinitely many
ways (Alonso, 1997). Birkhoff orthogonality can also be
characterized with the help of semi-inner product.
Giles (1967) added homogeneity in the second variable
in the definition of semi- inner product, namely:

(x,Ay)=A(xy) forall 2eR

Let x, y € X, where X is a normed space and (.,.) be a
semi inner product generating the norm of normed linear
space X. Then x is said to be orthogonal to y in the sense of
Lummer relative to semi inner product (.,.) if (.,.) =0 and
written as xL.y. Dragomir and Kikianty (2010) proved the
following characterization of Birkhoff orthogonality.

Theorem 1.3 (Alonso, 1997)

Let x, y € X, where X is an inner-product space. Then
xLgy iff xLpy relative to some semi inner product which
generate the norm of X.

Theorem 1.4 (Alonso, 1997)

Let x, y € X, where X is an inner-product space. Then
the following statements are equivalent:

(i) xlay
(i) for every semi- inner product (.,.) generating the
norm of X, there is n inequality:

(v, x+&y)<0<(y, x+ny) for all £<0<n.

Theorem 1.5. (Birkhoff, 1935)

Let X be a normed linear space. Then Birkhoff
orthogonality is homogeneous in X.

Definition

A normed space X is said to be strict convex (or rotund)
if for every x, y € Xwith ||| =ly|| =1) x +y <2, forx #y.

A normed space with such a norm is called a strictly
convex normed space (or rotund space).

Theorem 1.6. (Alonso, 1997)

Let X is normed space with dim X > 3. Then X is an
inner product space iff Bifkhoff orthogonality is
symmetric in X.

If Birkhoff orthogonality is symmetric in a strictly
convex normed space X with dim X > 3. Then the space
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is an inner product space. Therefore the assumption on
dimension of the space in relation to above theorem can
not be omitted. To study about the symmetry of Birkhoff
orthogonality, James provided an example of radon in
the paper (James, 1945), on which the Birkhoff
orthogonality is symmetric.

Existence

For the existence property of Birkhoff orthogonality
we have the following result.

Theorem 1.7 (Right Existence, (Alonso, 1997))

Let x, y € X, where X is a normed space. Then there
exist a real number & such that x1g & + y and such number

& satisfies |4 < Iyl fxde & +yand xLg 7x +, then x1g

|
Il
vx +y holds for any real number between £and 7.

Remark

In the above theorem along with continuity of
Birkhoff orthogonality imply that; for every any x, y €
X, there exists a closed interval [£ 7] such that for each
number a € [£ 7], XLg ax +y holds.

Theorem 1.8 (Birkhoff, 1935)

Letx,y e X, where X is a normed space with x = 0. If:

§=L=Iim

g = el ey 1)

1
n=——=lim(lInx-y[|- ] nx]]),

x| x>

then £and 7 are the smallest largest values of the scalar
asuch that x Lg (ax +Y).
If xLs (ex +y) and yLls (a@y+x), the relationship

between the scalars « and & is given in the following
theorem.

Theorem 1.9 (James, 1945)

Let x, y € X, where X is a normed space. If xLg (& +
y) and yls (y+x) then [&|<1 and Birkhoff
orthogonality is symmetric iff for any zero vectors x, y
and scalars & & such that xLg (&x +y) and ylg (Ey+x),

the inequality & > 0 holds.
Theorem 1.10 (Left Existence, (Alonso, 1997))

Letx, y € X, where X is a normed space. 3& € R : (&
+y)lex and ||& + y|| = inf {||7x + y||: ne R}. Moreover,
if & +ylexand nx + yLlgx, then yx + yLgx holds for any
number between £and 7.
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Note

For any closed hyperplane H through origin, if xLgy
(yLex respectively) holds for each y € H, then we say
that x is Birkhoff orthogonal to H and denoted by x1H
(H is Birkhoff orthogonal to y, H_Lgy, resp).

Theorem 1.11. (Spiorava and Martini, 2007)

Let x € X, where X is a normed space. Then there
exists a hyper-plane H < X such that x LgH.

Theorem 1.12. (Spiorava and Martini, 2007)

A Banach space X is reflexive if and only if for
any hyperplane H c X there exist a vector x € X \{0}
such that xLgH.

Theorem 1.13. (Birkhoff, 1935)

If the dimension of a normed space X is greater or
equal to 3 and H be a hyperplane of X, then the
following conditions are equivalent:

(i) VHcX, 3x e XY{0}: HLgx.
(i) vxe X,3HcX: Hlgx.
(iif) The normed space X is an inner product space.

Uniqueness

For the uniqueness property of Birkhoff orthogonality
Alonso (1997) proved the following results.

Definition (Birkhoff, 1935)

An orthogonality in the sense of Birkhoff-James is
right-unique iff for no elements x(= 0) and y there is
more than one number « for which xLax + y and left-
unique iff for no elements x(= 0) and y there is more
than one number ¢ for which (ax + y)Lex. Moreover, if
the orthogonality is symmetric, then it is right unique
iff it is left unique.

Theorem 1.14. (Alonso, 1997)

For any normed linear space X in which Birkhoff
orthogonality is unique on the left if and only if X is
strictly convex.

Theorem 1.15 (Alonso, 1997)

In any normed linear space X, the following

statements are true:

(i) If the Birkhoff-James orthogonality is unique on
the left in X ¥, them it is unique on the right in X
and for reflexive normed space, the reciprocal
result is also true

(i) If the Birkhoff-James orthogonality is unique on

the right in X ™, then it is unique on the left and if
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the space weekly compact, the reciprocal result
is also true

It is obvious that every Minkowski space is reflexive
and its unit sphere Sx = {x € X: |x|| = 1} is compact. In that
case the uniqueness of Birkhoff orthogonality on the left (as
well as on the right) in a Minkowski space is equivalent to
the uniqueness of Birkhoff orthogonality on the right (as
well as on left) in X ™ (Spiorava and Martini, 2007).

Additivity
To determine the additivity and uniqueness
properties of Birkhoff orthogonality are closely

related, (Alasno et el., 2012) use the above theorem and
the following result.

Theorem 1.16 (Alonso et al., 2012)

For any normed linear space X, the Birkhoff-James
orthogonality in X is additive on the right if and only
if X is smooth.

Theorem 1.17 (Alonso, 1997)

Let X be a normed linear space with dim X > 2:

(i) For dim X = 2, the Birkhoff-James orthogonality is
additive on the left in X iff X is strictly convex.
(i) For dim X _ 3, the Birkhoff-James orthogonality is
additive on the left in X iff X is an inner product space
Theorem 1.18 (Alonso et al., 2012)
Any normed space X with dim X > 3 is an inner product
space if and only if Birkhoff orthogonality is l.a.b.
Carlssion Orthogonality

Carlsson (1962) gave the definition of orthogonality
in a new pattern which is applicable in an arbitrary
normed space as follows:

Definition

In a normed linear space X:
XL yc»kZ::ak b x+c.y|’=0,
where, m > 2 and ay, by, ¢k are real numbers such that:
Zm:akbkck =1, iakbf = iakcf =0.
k=1 k=1 k=1

The Pythagorean and Isosceles orthogonalities
introduced by James in (Dragomir and Kikianty, 2010)
are the particular cases of Carlssion orthogonality. The
Carlssion orthogonality has the following properties:

(i) It has the property of
simplification and continuity

(if) Carlsson orthogonality is symmetric in some cases
(for instance, Pythagorean and isosceles
orthogonalities) are not symmetric in other cases;
however, the example xLy(C) when |[x + 2y|| = ||x-
2y|| shows that, it may not be symmetric in all cases

(iii) It is either homogeneous or additive to the left if
and only if the underlying normed space is an inner
product space

(iv) Itis existent to the right and to the left

(v) With regards to uniqueness, Carlsson orthogonality
is non-unique when the space is non-rotund; in
particular, Pythagorean orthogonality is unique, but
Isosceles orthogonality is unique iff the underlying
normed space is strictly convex

non-degeneracy,

Definition. (Dragomir and Kikianty, 2012)

A normed linear space (X, ||.||) is uniformly convex if,

X+Yy

given ¢ > 0 there exists 6 > 0 such that — < 1-4,

whenever ||x-y|| = e and X, y € Sx. The function:

X+Yy

5(e)=inf{l—

:x,yeSX,||x—y||Ze}

is called the modulus of uniform convexity of the space
LD
Carlsson Orthogonality in HH-Sense

Dragomir and Kikianty (2012) introduced Carlsson
type orthogonality in terms of the 2-HH-norm, which

generalizes the previous definition of Carlsson's
orthogonality.

Definition: p-HH- norm (1 <p < o) on X?
Foranyx,y € X:

[0, = (2=t )

Some new notation of orthogonality have been
introduced by using the 2-HH norm, which are closely
related to Pythagorean and Isosceles orthogonality. The
results are summarized in (Dragomir and Kikianty,
2012) as follows:

Let X be a normed space:

(i) A vector x € X is HH-P-orthogonal to y € X (
denoted by X Lun-py) if and only if:

Lla-tx+u de=(ixIe 11 yiF)
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(i) A vector x € X is HH-l-orthogonal to y € X
(denoted by X Lyn-1y) iff:

I;H(l—t)xHszdt :J-:H(l—t)x—tszdt

(iii) The homogeneity (or additivity) of the HH-P(and
HH-1) orthogonality characterizes inner product
space (Dragomir and Kikianty, 2012)

Definition. HH-C-Orthogonality (Dragomir and
Kikianty, 2012)

Let x and y be two vectors in X and t € [0, 1]. Suppose
that (1-t)x_Lty(C) almost everywhere on [0, 1] i.e:
2
=0

> |xry
=1

for some m, n e N and real numbers «;, i, % such that:

iaiﬂi% =1land Zm:aiﬂizziaiﬂﬁzzo- (1)
k=1 k=1 k=1

Then:
;a, J:H(l—t)ﬂ, X +ty, sz dt=0 (2)

A normed space (X, ||.|]), x € X is said to be HH-C-
orthogonal to y € X (we denote it by X _Lun.cy if and only
if x and y satisfies (2) with conditions (1).

It can be shown that the HH-C- orthogonality is
equivalent to the usual orthogonality in any inner product
space. HH-P-orthogonality is a particular case of HH-C-
orthogonality which is obtained by choosingm =3, a1 = -
Lao=w=1a=H=1,=0,n=pn=1and p=0.

Similarly, HH-1-orthogonality is also a particular case
of HH-C-orthogonality. The following propositions
follows by the definition of Hh-C-orthogonality; and we
omit the proof.

Theorem 2.1. (Dragomir and Kikianty, 2012)

HH-C-orthogolality satisfies the non-degeneracy,
simplification and continuity.

With regard to symmetry, HH-C-orthogonality is
symmetric in some cases, for example, HH-P- and
HH-I-orthogonalities are symmetric (Dragomir and
Kikianty, 2012).

Example 1. (Dragomir and Kikianty, 2012)
HH-C-orthogonality is not symmetric.
Proof

Define XLy o yto be:

137

j:H(l—t)x+ 2ty dt = j:H(l—t)x—ZtyHZdt.

In R? with I*-norm, x = (2; 1) is HH-C,-orthogonal
1
to y:(a,—lj but YLy, o X

Therefore we may conclude that HH-C-orthogonality is
neither additive nor homogeneous depending on the fact
that HH-P- and HH-I-orthogonalities are neither additive
nor homogeneous (Dragomir and Kikianty, 2012).

Main Result

Roberts  (1934), Pythagorean and  Isosceles
orthogonalities have been generalized by Carlsson in 1962
(Dragomir and Kikianty, 2012). These orthogonalities are
obtained by assigning particular values of constants in a
generalized Carlsson's orthogonality. In this section we
will show how isosceles, Robert and Pyhagorean
orthogonalities can be derived from the Carlsson
orthogonality and obtain two new orthogonality relations
for the Carlsson orthogonality.

Isosceles Orthogonality

A vector x in X is isosceles orthogonal the vector y in
X if and only if |[x +y|| = [[x-Y]I.

Proof
We have:
2 2
Yafbx+cy| =0
k=1
2 2
331Hle+C1yH +a2Hb2x+czyH =0.
1 -1
Put a; = 5,6.22 ?,b1=b2:1,01=1andc2:-1.
Then:
0:a1||b1X+C1Y||2 +a, ||b2X+C2y||2
1 2 _1 2
==|Ix+ +—|x— .
2|I yll 5 [Ix=yll
= x+ylP=lx-yl?.
S+ yl=lx=yll.
Now:

2 —

> abc =abc +abgc, a2t
k=1 2 2

: 2 2 2 1 71

> abl=ab? +ab; ==x1+—=x1=0.

Py 2 2

2 2 2 2 1 _l
D acl =a,cl +a,c; :Exl+?><1:0.
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Robert Orthogonality

A vector x € X is orthogonal to the vector y € X if
and only if ||x + Ay|| = ||x-Ay|| for all real A.

Proof

We have:

a |bx+c Y| +a, |b,x+c,y|?=0.

Putalzg,azz ;,blzbzzl,clzﬁandCZ:-L

Then:
0=a, [Ibx+c Y| +a,[Ibx+c,ylf
1 -1
== x+ Ay P +—=| x=Ay |
SIx+ 2y P +—=lx= 2y
=[x+ Ay [P=[1x= 2y |
Slx+ Ay (=1 x=ayl.

Now:

2 —

D abc, =abc +abe, :%xlxi+71xlx—/1:ﬂ¢0.
k=1

2 2 2 2 1 _1

> ab?=ab’+ahb;=>x1+—=x1=0.

k=1 2 2

_—1></12=0.

M~

1
2 2 2 2
a.cy =a,C; +a,c, :Ex/l +

=~
Il
N

Pythagorean Orthogonality

A vector x in X is Pythagorean orthogonal the vector
y in X if and only if:

I x=yIP=lIxI?+IlyIP.
Proof

We have:

3
zak ” ka+CkY||2 =0
k=1

=8 ||b1x+c1y||2 +a, ||b2X+C2y||2 +a, ||b3X+C3y||2:0-

Putai=-1,a,=as=1,bi=by=1,bz=0and c; =-1,
c2=0,c3=1. Then:

0=a ||blx+cly||2 +a, ||bzX+Czy||2 +a, ||b3X‘H:3y”2
=(=Dlx=yIF+lIxIF+yI?
= Ix=ylIF =P+l yl*.

Now:

138

3 3 3
D abc, =1> ab’=0>ac; =0.
k=1 k=1 k=1

I. Particular Case of Carlsson Orthogonality

A vector x in X is orthogonal the vector y in X if and
only if:

2| x+ylPF +illx+iylP=2[x =y +ill x=iy .

Proof
We have:

4
> a llbx+cylf=0
k=1

=a, [|bx+c Y| +a, [[bx+c,y |
+8, ” b3X'H:3y||2 +a, ” b4X+C4y||2:0-

Putalzblzclzl,az:%,bzzl,CZ:i,agz—l,bg

:1,03:-1,a4:_?',b4:1andc4:-i.Then:

O=a [lbx+cylf +a,[Ibx+c,ylf
+a, [ byx + ¢,y | +a, b x+ ¢,y

i . i .
= lIx+ylP 5 lIxly IF+(-2)lx-yI —Sllx=ly I

i . .
= ey IP ==y IF+ = iy I+ =iy I
2l x+y I +llxiy =2 x- yIF il x-iy IF.

Now:

4
zakbkck = a1b1C1 +a2b2C2 +a3b303 +a4b404
k=1
:1><l><1+l2><1><i+—1><1><—1+ _Elxlx—i
4
D abl =abl +ab; +a;bl +ab]
k=1
—Ixl4 14 —1x14 x1=0.
2 2
4
D a.cl =a,cl +a,C; +a,c; +a,c;
k=1
:1><1+L><i2 +—1><1+_—|><—i2 =0.
2 2

I1. Particular Case of Carlsson's Orthogonality

A vector x in X is orthogonal the vector y in X if and
only if:
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2

T

x+1y
2

Proof

We have:

4
> a llbx+cylf=0
k=1

=a [lbx+cy|’+a, lbx+c,y|?
+8, ” b3X+C3y||2 +a, || b4X+C4y ”2:0-

Putay=ax=1,a3= _?1,8.4: _?1,b1:1,b2:l,b3

:x/z,bct:«/E,Cl:%,Cz:_l

5 cz=1andcs=0. Then:

0=a ||b1X+c1y||2 +a, ||b2X+C2y||2

+ [|byx + ¢y I +a, [Ib,x +c,y |
3] - S -3hef
EVH 2N

x+1y
2

2
+

Y N T

x+1y
2

Now:

4
Zakbkck = a1b1C1 + azbzcz + a3b3c3 + a4b4c4
k=1

%

1 -1 -1 -1
=IxIx = +1xIx— 4+ —x2x1+—x+/2x0=
2 2 2 \/_ 2 \/_
4
D ab? =abl +a,b] +ab? +a,b;
=
:l><1+1><1+_—1><2+_—1><2:0.
2 2

4

2 2 2 2 2
D aci =a,c +a,C; +a,c; +a,c;
k=1

_—1><0:0.
2

:1><£+l><1+_—1><1+
4 4 2
Properties of Orthogonality Relation of Type (1)

Orthogonal relation ||x + y||> + i ||x + iy|?> = 2 ||x-y|* +
i |)x-iy|]?> satisfies non-degeneracy, simplification and
continuity:

(i) Non-degeneracy: x1x = x =0.
Proof

We have:

2 x+ylF +llx+iylP=2l x=y I+l x =iy |

139

If x_Lx, then:

2|1 2| +ifx(1+ i)H2 =2l x=x |+l x(1-i) |
SB[+ (L+ 1)1 1) | X |P=i(1—i)(L+i) | x|
=8| x|’=0

=x=0.

(if)  Simplification: If x Ly = Ax1Ay.
Proof
We have:

2

2| x+yf +in(x+iy)H2=2||x—y||2 H | x—iy||
= 2[AF NI x+y P+ AP x+iy [P
=2|APIx=y P+ AP x=iy |

= 2| AX+AY | +i || Ax+idy P

=2|| AX=Ay | +i|| Ax—idy |}

= AX L Ay.

(iii) Continuity: If (xn), (Yn) < X, such that x, L y, for
everyn €2 N, Xy —> X, ¥n— Y, thenx Ly.

Proof
Let (xn), (yn) < X, such that X, L yn. Then:

2 N 2 2 . 2
2 +i =2 +1i

Xy +Yn

X, +1y,

X0 = Ya Xn_iyn
= 2| x+ylf +illx+iy[=2] x-y|}
H [ x=iy [P (- % =%y, > )

=XL1ly.

Properties of Orthogonality Relation of Type (1)

The orthogonality relation:

o <peg] <3Nl v

satisfies non-degeneracy, simplification and continuity:

(i) Non-degeneracy: x1x = x=0.
Proof

If x Lx, then by definition we have:

2

1 1P 1 2 ,
X+ oX| +x=ox =EH\/§X+XH +Ix
=|Ix[=0
= x=0.
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(if) Simplification: xLy = AxLAy.
Proof

If x Ly, then by definition we have:

1 2 1 2 1 2 :
o] ool < JE o o

If Ae R, then:
1 2 1 2 1 2

af o] 128 o] =312 B s
1 i

SIAX+=AY| +|IAx-=4
2" 2"

:%H\/E/IX+AyHZ+|| AP
= AXLAy.
(iif) Continuity: If (xn), (Yn) < X, such that x, L y, for
everyn € N, Xn — X, yn — Y, then x Ly.
Proof
Let (xn); (yn) < X, such that x, L y, for all n. Then:

2

2
wn v VB[ i

X +1y
n 2 n

X —Ey
n 2 n
2

= +

o =3B

HIXIP (%, = Xy, > y)

x+1y
2

=XxLly.

(iv) Homogeneity: If xLy, then AxLAy holds for any
real number A, ue R .
Proof

If x Ly, then we have:

| pef -3t
Now:
2 2
m%uy + lx—%ﬂyH —%Hﬁm+yyuz—|ux||2=o

1 1 1 1
S (AX+ =y, AX+= +{AX—=puy,Ax—=
(s Sy 3y o (x-S )

—%<«Eﬂx +uyN2Ax+ yy> —(Ax,Ax)=0

& -222u(x,y)=0.

Therefore the given orthogonality is homogeneous
if and only if the space is an inner product space.

Conclusion

Carlsson (1962) introduced a more general type of
orthogonality and also proved that Isosceles, Robert and
Pythagorean orthogonalities are special cases. The most
interesting thing here is that all three particular cases may
not have common properties of inner-product space. There
are some common properties like non-degeneracy,
simplification and continuity, but some properties may be
different in different particular cases. For instance, Robert
orthogonality is homogeneous and symmetric. On the other
hand (Alonso, 1997), Isosceles and Pythagorean
orthogonalities are either homogeneous or additive if and
only if the norm is induced by an inner-product. In this
article we introduced two new special case of generalized
Carlsson's orthogonality namely of type (1) and type (I1) and
we check some properties of inner-product spaces in
relation to these orthogonalities. We proved that
orthogonality relation of type (I) satisfies non-degeneracy,
simplification and continuity; however, the orthogonality
relation of type (I1) satisfies these three properties as well as
homogeneity iff the norm is induced by an inner-product.
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