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Abstract: The current article handles the valuation of currency options in 

the market that is suffering from a financial crisis. The standard formulas 

for this purpose do not perform accurately. European foreign currency 

exchange options for both the call and the put versions are dealt with. It is 

assumed that the value of the underlying asset is a stochastic process that 

follows a modified Black Scholes model with an augmented stochastic 

volatility to account for the impact of the crisis. Under these settings, a 

closed form solution is offered for the option-pricing problem on foreign 

currency. The underlying solution is mathematically proved. In addition, some 

simulation results and an application are provided. The results based on the 

new formula accord better with reality compared to the standard formula.  
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Introduction 

The evaluation of options is an integral part of modern 
financial risk management. Due to increasingly globalized 
financial markets currency options are increasingly used by 
multinational corporations and other institutions as well as 
individuals to neutralize the underlying exchange rate risk. It 
is widely agreed in the recent literature that the volatility of 
many exchange rates is increasing across time. This seems to 
be the case particularly during the last two decades. In the 
existing literature there is an option pricing formula for 
currency evaluation that is introduced by Biger and Hull 
(1983) as well as Garman and Kohlhagen (1983), which is 
based on the seminal work of Black and Scholes (2019). The 
well-known Black and Scholes (2019) option pricing 
formula is routinely used for the valuation of different 
options. It is a well-established fact in the literature that the 
volatility of financial assets tends to increase during a 
financial crisis period. Due to the increasingly dominant 
globalization effect of the financial markets, the likelihood of 
spillover effects and the resulting contagion is higher than 
ever. Therefore, the Black and Scholes (2019) formula might 
not perform accurately during a financial crisis. 

The goal of the current article is to extend the existing 

formula for tackling the valuation of currency options in 

markets that are suffering from a potential financial crisis. 

It is during a financial crisis that the risk increases and the 

need for accurate hedging via derivative instruments 

                                                           
1For currency option pricing with stochastic interest rate see Amin and 
Jarrow (1991). See also El-Khatib and Hatemi-J (2011, 2012) and El-

Khatib, Hajji, Al-Refai (2013) for price sensitivities calculation during 

crisis as well as for processes with jumps. 

including options is urgent. The standard option pricing 

formulas for currency options work well during normal 

circumstances but not during crises. The current article 

provides a closed form formula for currency option 

pricing during a financial crisis that is more accurate 

compared to alternative formulas. The focus is on a 

European option where the underlying asset is a foreign 

currency. The value of the underlying asset is assumed to 

be a stochastic process that follows a modified Black-

Scholes model with an augmented stochastic volatility. 

Under these settings, formulas for the option-pricing 

problem on foreign currency for both European call and 

put options are obtained in this study. Thus, our suggested 

approach might be useful under these circumstances. 

The Model 

Following Black and Scholes (2019) the subsequent 
assumptions to derive the currency option pricing 
formula are made: 
 
1. The short-term risk-free rates for both domestic and 

the foreign markets, i.e., rd and rf, are assumed to be 
known and constant 1 

2. It is assumed that the underlying distribution of 
currency prices within any finite interval is lognormal 

3. No dividend payouts take place during the lifetime of 

the underlying option.2 

2This assumption can be relaxed if the underlying market price of 
the asset is discounted continuously with regard to the dividends. 
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4. There are no transaction costs. 

5. Short selling is possible. 
 

Nevertheless, unlike the original Black and Scholes 

approach the variance of the original asset does not need 

to be constant and it can increase across time. The 

following denotations are used in the current article. Let 

the probability space be defined by (, F, P). Also let that 

(Wt)t[0, T] represent a Brownian motion process with 

(Ft)t[0, T] being the natural filtration generated by (Wt)t[0, 

T]. In addition, let P signify the risk-neutral probability. In 

this case the data generating process for the foreign 

currency at time t that is determined via P, defined as St, 

is the following stochastic differential equation: 
 

 
   ,

d fr r t

tdS rd rf Stdt St e dWt 


     (2.1) 

 

where, t  [0, T] S0 > 0 and  is a constant. The denotation 

 signifies the volatility of the original asset. Note that rd 

is the domestic interest rate and rf is the foreign interest 

rate. Equation (2.1) accounts of the post-crash (crisis) 

effect via the parameter  > 0. The below proposition 

provides the solution for the foreign currency SDE (2.1). 

Proposition 1 

For 0  t  T, the Eq. (2.1) has the following solution: 
 

 
2

0 exp exp
2

t d f t d fS S r r t W r r t
  


 

                    

 (2.2) 

 

Proof 

The proof is inspired by the proposition one in the article 

of (El-Khatib and Hatemi-J, 2017). If for for 0  t  T: 
 

2

exp
2

t d f tr r t W


 
  

     
    

 
then use Itoˆ formula to get: 

 

  0, 1.t d f t td r r dt dWt        (2.3) 

 

And: 
 

  1 1 21t t d f td r r dt dW          
 

 (2.4) 

 

If  = 0, the solution is St = S0t. The variation of 

constants method can be used to find a general solution in the 

form of St = tZt with S0 = Z0 for the general case where  

 0. In this case, using equation (2.4), the formula: 
 

 1 1 1 1, .t t t t t t t t tdZ d S dS S d d S              
 

and the integration by parts for stochastic calculus give: 

          1 1

0
0

0 ,
t

t t t d fZ S h t h r r h s h s ds


 


       
    (2.5) 

 

where,  
 d fr r t

h t e
     the solution of S is then given by (2.2). 

The Option Valuation Formula 

Consider a European call option on the foreign 

currency with dynamics following the stochastic 

deferential Eq. (2.1). 

Proposition 2 

Assume that the dynamic of the foreign currency process, 

ST, is defined by (2.1), then the premium of a European call 

option with strike K is provided by the following: 

 

   

 

1

2

, f
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r T

T o

r Te r T

C S K S e d

K e d

















 
   
 

 
   
 

 (3.1) 

 

Where: 
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 (3.2) 

 

And: 
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 (3.3) 

 

where the cumulative probability density function for a 

standard normal variable is: 

 

 

2

2 .
2

x

u
e

x du




 



 

 

Proof 

We have: 

 

   

   

, d

d f f

r T

T T

r r T r T

T

C S K E S K e

E S K e e




  

  
  
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 

 (3.4) 

 
Now, by using Proposition 4 of El-Khatib and 

Hatemi-J (2017), we have: 
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 (3.5)  

 

where, 
1d  and 

2d  are given respectively by (3.2) and (3.3) 

then replace the previous expected value in (3.4) to obtain 

(3.1). The proof is completed. 

The following proposition can be used to determine 

the premium of a European put option. 

Proposition 3 

Assume that the dynamic of the foreign currency 

process, ST, is defined by (2.1), then the premium of a 

European put option with strike K is given by 
 

   
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1

2 0
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 (3.6) 

 

where, 
1d 

 and 
2d 

 are given by equations (3.2) and (3.3). 

Proof 

The price of a European put currency option is 

expressed as: 
 

   

   

,

.
d f f

T T d

r r T r T

T

P S K E K S e r T
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

   
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  
  

 

 

Then a similar approach is utilized as in proposition 2 

to obtain the formula (3.5). 

Graphical Presentation of the Predicted Trajectory 

To compare the performance of our suggested 

approach with the standard one we present the 

predicted trajectory for the foreign currency spot rate 

in Fig. (1) and (2). The parameters for these simulations 

are presented in Table 1 and 2. 

In both graphs the suggested approach better depicts 

the effect of increased volatility that characterizes the spot 

rate in real world compared to the standard approach. 

This effect is more prominent in Fig. 2 in which the 

parameter value of is higher. 

These graphs illustrate that the suggested approach 

accords well with the reality since the exchange rates 

are more volatile than what the standard approach 

could capture. 

An Application 

In this section an application is provided to 

demonstrate how the suggested currency option formula 

performs compared to the standard one. The inputs are 

presented in Table 3. The estimated premiums for both 

call and put currency options via each formula are 

presented in Table 4. As it is evident from these results 

the alternative formula provides a lower premium for a 

currency call option and a higher premium for a 

currency put option compared to the respective 

premium obtained by the standard formula. These 

results make sense since during a potential crisis the 

currency price is expected to go down, which means the 

likelihood that the call option will be exercised decreases 

will the opposite is true for the put option in reality.  

Notes: Here, we have σ = the standard deviation, rf = 

the foreign risk-free rate, rd = the domestic risk-free rate, 

S = initial currency spot exchange rate, T = time to 

maturity as a fraction of year, K = exercise currency 

exchange rate and β= the parameter capturing the effect 

of the crisis. 

 
Table 1: Inputs for Fig. 1 

Parameter values Model standard Modified model 

Spot rate (S) 7 7 

Volatility () 0.05 0.05 

Interest 0.02 0.02 

differential (rd -rf) 

Time step t  0.001 0.001 

 0 0.5 

 
Table 2: Inputs for Fig. 2 

 Values for Values for 

parameters standard model modified model 

Spot rate (S) 7 7 

Volatility (𝜎) 0.05 0.05 

Interest 

Differential (rd -rf) 0.02 0.02 

Time step Δ𝑡 0.001 0.001 

𝛽 0 1 

 
Table 3: Information on an original risky financial asset 

Parameters Values 

𝜎 0.25 

𝑟𝑓 0.01 

𝑟𝑑 0.015 

𝑆 2.2 

𝑇 0.75 

𝐾 2.3 

𝛽 0.5 

 
Table 4: The estimation results of the premiums for call and put 

currency options 

Estimated values Standard model Modified model 

Premium for a Call 0.15016 0.04940 

Currency Option  

Premium for a Put 0.24087 0.53712 

Currency Option  
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Fig. 1: The predicted trajectory for the foreign currency spot rate based on standard approach and our suggested approach. The 

horizontal axis represents time and vertical axis provides the values of the spot prices 

 

 

 
Fig. 2: The predicted trajectory for the foreign currency spot rate based on standard approach and our suggested approach. The 

horizontal axis represents time and vertical axis provides the values of the spot prices (Higher case) 

 

Conclusion 

This article deals with the issue of currency option 

pricing, which is gaining increasingly importance in 

globalized financial markets. A modified version of the 

standard model for the evaluation of both call and put 

currency options during a financial crisis is suggested. A 

closed form solution is provided and a mathematical proof 

for the underlying solution is given. Some simulation 

results are also generated, which demonstrate the predicted 

trajectory for the foreign currency spot rate based on our 

suggested approach accords better with reality compared to 

the trajectory generated by the standard approach. In 

addition, an application is provided, which shows that the 

modified approach results in a lower premium for a call 

currency option and a higher premium for a put currency 

option compared to the corresponding values based on the 

standard approach. This seems to accord well with the 

reality since in a market that is characterized by a crisis 

the value of a call option is expected to decrease while 

the value of a put option is expected to increase 

assuming the ceteris paribus condition. 
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