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1. Introduction

Type theories were developed as alternatives to set
theory for the foundation of mathematics. Important type
theories were introduced by A. Church and P. Martin-Lof;
they are typed A-calculus (see, for example, Barendregt
(2012)) and intuitionistic type theory (see, for example,
Granstrom (2011)). There are several higher-order variants
of typed A-calculus, such as Calculus of Constructions (CoC)
and Calculus of Inductive Constructions (CIC) (Bertot and
Casteran, 2013). These variants make formal bases of proof
assistants, which are computer tools for formalizing and
developing mathematics. In particular, the well-known proof
assistant Coq (Cog Development Team, 2021) is based
on the CIC.

This study uses the variant AD of CoC developed by
Nederpelt and Geuvers (2014); AD is called the Calculus of
Constructions with Definitions. AD is chosen because of its
following useful properties described in their book.

— In AD, as in other variants of CoC, proofs are
expressed as formal terms and thus are incorporated
into the system.

— In AD type checking is decidable and therefore proof
checking is decidable. So the correctness of a proof
can be checked by an algorithm.

— AD s strongly normalizing, which implies the logical
consistency of this theory, even with classical logic
(when no extra axioms are added).

The theory AD is weaker than CIC because AD does not
have inductive types. This does not limit its capability for
formalizing mathematics because in AD one can use an
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axiomatic approach and higher-order logic to express the
objects that CIC defines with inductive types.

In these formalizations, the author aims to keep the
language and theorems as close as possible to the ones of
standard mathematics. Definitions and proofs in this study
use the flag-style derivation described in Nederpelt and
Geuvers (2014). Long formal derivations are moved from the
main text to Appendices for better readability.

2. Type Theory AD

Nederpelt and Geuvers (2014) developed a formal
theory AD and formalized some parts of logic and
mathematics in it. The main features of AD are briefly
described below.

2.1. Type Theory AD

The language of AD described in Nederpelt and
Geuvers (2014) has an infinite set of variables, V, and an
infinite set of constants, C; these two sets are disjoint.
There are also special symbols o and *.

Definition 2.1

Expressions of the language are defined recursively
as follows.

(1) Each variable is an expression.

(2) Each constant is an expression.

(3) The constant * is an expression.

(4) The constant o is an expression.

(5) (Application) If A and B are expressions, then AB is
an expression.
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(6)
(7)
(8)

(Abstraction) If A and B are expressions and X is a
variable, then Ax: A.B is an expression.

(Dependent Product) If A and B are expressions and
X is a variable, then TIx: A.B is an expression.

If A1, Az,..., Anare expressions and c is a constant,
then c(Ay, Az,..., An) is an expression.

An expression A — B is introduced as a particular type
of Dependent Product from (7) when x is not a free
variable in B.

Definition 2.2

(1) A statement is of the form M: N, where M and N are
expressions.

(2) A declaration is of form x: N, where x is a variable

and N is an expression.

(3) A descriptive definition is of the form:

XA >cX:=M:N,

where, ¥ is a list x4, Xz,..., X» Of variables, 4 is a list
A1, A, ..., Aqof expressions, ¢ is a constant, and M
and N are expressions.

(4) A primitive definition is of the form:

X:A >c(x)=4L:N,

where, x, 4, and ¢ are described the same way as in (3),

and N is an expression. The symbol 1L denotes the non-
existing definiens. Primitive definitions are used for
introducing axioms where no proof terms are needed.

(5) A definition is a descriptive definition or a primitive
definition.
(6) A judgment is of the form:

A;THFMEN,

where, M and N are expressions of the language, A is an
environment (a properly constructed sequence of
definitions) and T is a context (a properly constructed
sequence of declarations).

For brevity, most definitions use implicit variables
by omitting the previously declared variables x in c(x)
in (3) and (4).

The following informally explains the meaning of
expressions.

(1) If an expression M appears in a derived statement of
the form M: x, then M is interpreted as a type, which
represents a set or a proposition.

Note: There is only one type * in AD. But informally
*p IS often used for propositions and *s for sets to make
proofs more readable.
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(2) If an expression M appears in a derived statement of
the form M: N, where N is a type, then M is
interpreted as an object at the lowest level.

When N is interpreted as a set, then M is regarded as
an element of this set.

When N is interpreted as a proposition, then M is
regarded as a proof (or a proof term) of this
proposition.

The symbol o represents the highest level.

Sort is * or. Letters s, s, Sy,... are used as variables for
sorts.

If an expression M appears in a statement of the form
M: o, then M is called a kind.

(3)
4

(5)

AD contains the derivation rule:

¢;¢ =g,

It is an axiom (the only axiom) of AD, because it has
an empty environment and an empty context.

Further details of the language and derivation rules of
the theory AD can be found in Nederpelt and Geuvers
(2014). Judgments are formally derived in AD using the
derivation rules.

2.2.Flag Format of Derivations

The flag-style deduction was introduced by
Jaskowski and Fitch; it is described in detail by Nederpelt
and Kamareddine (2004), and Nederpelt and Geuvers
(2014). In short, a derivation in the flag format is a linear
deduction. Each “flag” (a rectangular box) contains a
declaration that introduces a variable or an assumption; a
collection of already introduced variables and assumptions
makes the current context. The scope of the variable or
assumption is established by the ’flag pole". In the scope, one
constructs  definitions and proof terms for proving
statements/theorems in AD. Each new flag extends the
context and at the end of each flag pole, the context is
reduced by the corresponding declaration. For brevity,
several declarations can be combined in one flag.

2.3. Logic in AD

The rules of intuitionistic logic are derived from the
theory AD as shown in Nederpelt and Geuvers (2014).
These are briefly described below by showing the
introduction and elimination rules for logical
connectives and quantifiers.

Implication

The logical implication A = B is identified with the
arrow type A — B. The rules for implication follow the
following general rules for the arrow type (here they are
written in the flag format):
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var A: & | B: .e«-,-]

A= Bisy

AM:B
Ar:AM : A B

Here x is not a free variable in B.
In AD arrows are right-associative, thatisA - B — C
is a shorthand for A — (B — C).

Falsity and Negation

Falsity L is introduced in AD by: L :=TIA: *,.A: .
From this definition one gets a rule for falsity:

w's L
u:llA: =, A
uB: B

The rule states that falsity implies any proposition.

As usual, negation is defined by: -A:=A — L.

Other logical connectives and quantifiers are also
defined using second-order encoding. Here only a list of
their derived rules and names of the corresponding terms
are provided, without details of their construction. The
exact values of the terms can be found in Nederpelt and
Geuvers (2014).

Some of our flag derivations contain the proof terms
that will be re-used in other proofs; such proof terms are
written in bold font, e.g., A-in in the first derived rule for
conjunction as follows.

Conjunction

These are derived rules for conjunction A:

var A,B: =,
u:A|t.v:B|

A-in{A, B,u,v) : ANB

w:A/\BI

A-el (A, B,w) : A
N-ela(A, B,w) : B

Disjunction

These are derived rules for disjunction v:
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var A, B: =,

u: A

V-ini(A, B,u} : AVE

2]

V-inx{A,B,u) : AVEB
o)
u:AVB|lv:AwC|w:B=C
Veel(A, B,C u,v,w) : C

Bi-Implication

Bi-implication & has the standard definition:
(AeB)=(A=>B)A(B=>A).

Lemma 2.3.

This lemma will be often used to prove bi-implication
A & B.

var A, B s,

u:A=B|lv:B= f\l

bi-impl{ A, B, u,v) i= A-inflA=+ B, B= Auv) : A8

Universal Quantifier

The universal quantifier vV is defined through the
dependent product:

varS:«,]P:S—L",I

Definition ¥(S,P) :=ITlz: S.Px : =,
Notation : (vVx : S.Px) for ¥(S, P)
Existential Quantifier

These are derived rules for the existential quantifier 3:

var S:4, | P:8 =5

var y! S| u: Py
Fin(S, P,y,u) : (3r: 8.Px)
Oz

»

u:(3xr:S5Px)|v:(Ve:S(Px=C))

Feel(S, Pou,Cv) : ©

Here x is not a free variable in C.
Classical Logic

This study uses mostly intuitionistic logic. But
sometimes classical logic is needed; in these cases, the
following Axiom of Excluded Third is added:

var A: s,

exc-thrd(A) ;= 1L : AV -A
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This axiom implies the Double Negation theorem:

var A: t,,]

doub-neg(A) : (A= A)

3. Intensional Equality in AD

This section introduces intensional equality for elements
of any type; it is called just equality. The next section will
introduce extensional equality and the axiom of
extensionality relating to the two types of equality.

var S : ]
‘.mr Ty ‘-‘—I
egiS,z,0) = MNP S < o (Pr=sPy):v,
Notatlon 1 2 =g y for eq(S, x,y)

Intensional equality

3.1. Properties of Equality
Reflexivity

The following diagram proves the reflexivity property
of equality in AD:

var S:e|2z:8

.
var P:S = o,
—

Pr:s,

ay = A Prou: Prw Pr
eg-refl(5,2) =AP: S = =pay : (IIP: 5 = +,.(Px = Pr))

eq-refl(S,2):r =g

Proof terms are constructed similarly for the following
properties of Substitutivity, Congruence, Symmetry, and
Transitivity (see Nederpelt and Geuvers (2014)).

Substitutivity

Substitutivity means that equality is consistent with
predicates of corresponding types.

var S : x

var P: S5 = s,

vm'r,y:S|u:.r=5y|v:P.r|

eq-subs(S, P,x,y,u,v): Py

Congruence

Congruence means that equality is consistent with
functions of corresponding types.

var 0,5 :»
varf:Q—»Si

var z,y:Q |u:x =g y]

eq-cong(Q, S, f,x,y,u): fr=s fy
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Symmetry

The following diagram expresses the symmetry
property of equality in AD.

var S:»

\'arz'.y:S|u:.r.;5y]

eq-sym(S,z.y,u) 1y =5z

Transitivity
The following diagram expresses the transitivity
property of equality in AD.

var S«

v:lr.r.y.:,:Slta:xzsy[t-:y=gzl

eq-trans(S, x,y, s, u,v) i & =5 3

4. Relations in Type Theory
4.1. Sets in AD

Below are some definitions from Nederpelt and Geuvers
(2014) relating to sets, in particular, subsets of type S:

var S: e,
ps(S) =8 e

var V' pa(S)

» Power st of §

Notation: {x 1S | ceV} for Az SVr

var ! S|
clement(S,x,V) 1= Vz s,

Notation: xeglV or xeV for element(S, x, V')

Thus, a subset V of S is regarded as a predicate on S
and xeV means x satisfies the predicate V.

4.2. Defining Binary Relations in AD

Binary relations are introduced in Nederpelt and
Geuvers (2014), together with the properties of
reflexivity, symmetry, antisymmetry, and transitivity, and
definitions of equivalence relation and partial order.
These are used here as a starting point for formalizing the
theory of binary relations in AD.

A relation on S is a binary predicate on S, which is
regarded in AD as a composition of unary predicates.
The type br(S) of all binary relations on S is introduced
below, for brevity:

var S:-,l

Definition br(S) ;=S = S5 = =, :

0O

In the rest of the article, binary relations are called
just relations. The equality of relations and operations
on relations are defined similarly to the set equality and
set operations.
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Next, the extensional equality of relations is defined vs
the intentional equality introduced in the previous section.

var Sie,

var I, Q

Deinition G (S, 1, Q) s= (Vo y : 5.(frg = Qry)) = v,
Notation : RS @ for € (S, 7,Q)

Difinition Erveg(S, 7,Q) =RCQAQCH = »,
Notation 1 R = @ for Er-eg(3.7,Q)

Extensional equality

The following axiom of extensionality for relations is
added to the theory AD.

var S:e,
var R,Q l-uj.fs‘|!
ju:lt= E

| ext-axiom(S, R,Q,u) = I

R=¢n @ Extensionality Axiom

The axiom is introduced in the last line by a primitive

definition with the symbol 1 replacing a non-existing
proof term. The Extensionality Axiom states that the two
types of equality are the same for binary relations. So the
symbol = will be used for both without elaborating on
details of applying the axiom of extensionality, when
converting one type of equality to the other.

4.3. Operations on Binary Relations

The flag format is used to introduce the identity
relation ids on type S and converse R of a relation R:

var S: -,]

F i}:lil-x.il.i;n idg 1= \e,p: S{r=5p) : Wr(S)
‘ Definbtion conv(S, B) = Ar,y: S.(Ryz)
Notation ; = for cone(S, It)

Identity relation

w(S)

Converse relation

Next, the operations of union U, intersection N, and
composition ° of relations are introduced:

var S,
var 1,Q : (S)
Dofinltion U (S, R7,Q) 1= Ar,y: S(Reyv Quey) : W(8)
Notathon : RUQ for U(S.R.Q) Unlon
Definltlon NS, R.Q) 1= Ar,y 1 S{fey A Quy) : W(8)
Notation : RN Q for N (S, R.Q) Intersection
Dyfinition o (S, B,.Q) = Ar,y: S.(3r: S Rz AQay)) : W(S)
Notatkon : Ro Q for o (S, 1,Q) Composition

4.4.

The following two technical lemmas will be used in
some future proofs.

Properties of Operations

Lemma 4.1.
This lemma gives a shortcut for constructing an
element of a composite relation.
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[var §:v, | 1,Q:01S) | 3,9, 8

w:Bry|v;:Qys

0= Aeim (Ray, Qus,o,0) ¢ Rag AQys

prod-tarm (S, 0,Q, x4, 2,0,0) i Z-in (S, ML B2t AQt2,y,6) : (RoQ)rs

Lemma 4.2.

This lemma gives a shortcut for proving the equality
of two relations:

var S+, | R.Q: Ww{S)
«W:RCQ|v:QCR
rel-equal(S, R, Q. uv) = A-in (RCQ.QC R u,v) 1 R=Q

Theorem 4.3.
For relations R, P, and Q on type S the following hold:

1) (RY)*=R

2)(R-Q*=R
3(RNQ*=R*nQ*
HRVIT=RTUQ?
5)R°(PUQ)=R°PUR®°Q
6)(PUQ)°R=P°RUQC°R
7Y)R° (PN Q) cR°PAR°Q
8)(PNQ)°RcP°RNQ°R
9(R-Q°Q=R°(P°Q)

The formal proof is in Appendix A. The proof of part
2) has the form:

[

|var 8=, | /l'.(),l'-.'!\'ll
| ¢

|

conv-prod(S.R.Q):=... : (ReQ)'=Q 'oR
Its proof term conv-prod (S, R, Q) will be re-used later
in the paper.

5. Properties of Binary Relations

The  properties of  reflexivity,  symmetry,
antisymmetry, transitivity and the relations of equivalence
and partial order are defined in Nederpelt and Geuvers
(2014) as follows.

Definition re fI(S, ) :=Vr:S{lirz) ! »,
Definltion sym{S, R} 1=
Definition antisym(S, R) =Yz, p: S(Rig= Byr=sa=5y) * «,

Vry:S(Rzy = Ryz) : o,
Definition trans{S, R} = ¥r y,2:8(R1y = Ryz = fxa) : »,
v re SIS, R) A sy S, I A trona(S,R) @ o,

Definition part-ord(S, I?) = re fI(S, RY A antisym(S, RY A trans{S, N

Defiultlon equiverelation(S, )

*»

Theorem 5.1.

Suppose R is a relation on type S. Then the
following hold.
1) Criterion of reflexivity. R is reflexive & ids € R.
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2) First criterion of symmetry. R is symmetric &
RICR.

3) Second criterion of symmetry. R is symmetric
R1=R.

4) Criterion of antisymmetry. R is antisymmetric &
RTNRCids.

5) Criterion of transitivity. R is transitive & R°R € R.

The formal proof is in Appendix B. The proof of part
3) has the form:

var §: %, | R: br(S)|

syme-eriterion(S,R) = ... : sym(S,R) > R ' =R

Its proof term sym-criterion (S, R) will be re-used later
in the paper.

Theorem 5.2.

Relation R on S
antisymmetric = R = ids.

Proof. The formal proof is in the following flag
diagram.

is reflexive, symmetric, and

var S:+, | R:br(S) |

cantisym(S. R)

»sym(S, R) | us

uy : L)

var x4 : 8| v: Rxy

ay ugryv : Ryx
az uyryvay L =5y
ay 1= Az,y: S v: Rryay : (R Cdg)

var r,y:S|v '“L"""Il

vix=g¥Y
Notation P ;= Az : S.Rxz : S =,
ag = wyx: Raa
ay: Px
ay, = eq-subs(S, P,x,y,v,04) : Py
as : Ray
ag = Az, y S v lidg)ey.as : (ids T R)
ay :=rel-equal(S, R, ids,ay,aq) : R = tds

O

Theorem 5.3. Invariance under converse operation.

Suppose R is a relation on type S. Then the following
hold:

1) Ris reflexive = R1is reflexive

2) Rissymmetric = R™tis symmetric

3) Ris antisymmetric = Rt is antisymmetric
4) Ris transitive = R is transitive
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Proof. 1)

var 8=, R iw(S)

reflis, R)

var r: S
wr : Rua
wr s Ve

Sour

a= A refliS. NN

2)

var S:», R:lulb’l}

u:sym(S, R)

varr,y:S|v: B

Iy
uyzr : (Ryz = Rry)
ay = uyre | Ray

R yx

S. A

ay

ay = Ar.y R ry.ay symiS, R

3)

var S | A br(8)

u :antisym( S, R)

var r.y: 8 R 'zy|w: R 'y

i Rys
: Rry

uxy : {Rry

» Ryx = x y)

o) = wrywn or =y

ayi=Ar,y SAv: B Vaydw : R Vyray @ antisym(S. R™')

4)

var S:«, | R: /u':.\:‘

w:trans(S. /)

var r,y.z: 8| v:

W H'.f,l
v Ryr
uzyr : (Rzy = Ryz = Rzx)
ay ‘= uzyrunr : Rz

ay: R\ z:

Ao, Y.z

= SAv: R ey - R Iy.’ul © trans(S. R™')

y

O
Theorem 5.4. Invariance under intersection.

Suppose R and Q are relations on type S. Then the
following hold.

1) Rand Q are reflexive = R N Q is reflexive.

2) Rand Q are symmetric = R N Q is symmetric.

3) Ror Q isantisymmetric = R N Q is antisymmetric.
4) Rand Q are transitive = R N Q is transitive.
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Proof. 1)

var S+, | RQ: lwlS.)_]
wirefl(S.R) | v:refl(S,Q) |

|var e : S

ay ;=ur : Rix

g ==wvr | Qrx

ag = A«in (Rexr, Qee,aq,az) ¢ (RO Q)xx
ay = Ax: Sa : refl(S,RNQ)

2)
var S, |R.Q: br(S) ]

u:sym(S.R) | v: s!nn(S.Q)l
var x,y: S| w: (RFIQ)xyl

w: Ray A Qry

ay == A-ely(Rxy. Qry,w) : Rxy

az = N-elp( Ry, Qry, w) : Qry

a3 = wryay : Ryr

veyay  Qur

A-in (Ryx, Qur.ag,ay) @ (RN Q)ux

ag = A,y S A (RN Q)xyag @ sym(S, RNQ)

ay -

as;:

3)

var S : +,|R.Q: br(S)|
Notation A = antisym(S,R) : +,
Notation B := antisymi(S. Q) : »,
Notation C := amisynd(S. R0 Q)

varey S | w, ;tRn(_)).rylw;:(RnQ)_\'xI

Wy Rxy A Qxy

ay = Al (Rxy, Quv,wy) @ Rxy
wy t Rvx A Oy

az = A-cl(Ryx, Qux,wa) & Ryx
v Ry R x=v)

ayi=vyaay - X=y

ag = A ALY SAw RO Q)eyadws L (RN Q)vaay
tA=0)

v:B|

var v S [wy (RN Qhxy | wy s (RhQ),\'.x’]

w; - Rxy A Oxy

ag 1= A-cly(Rxy, Qxvowy) ¢ Oxy
Wit Ryx A Qvx

g = A-ely(Ryx, Qvr,wy) & Qur
vy (o= (hx=x=y

G 1= VX¥asdy : X=Y

ag = AV BAGy: Sdwy S (RO Gxydw: S (RN Ohras
cB=0)

ay = V-clA, B, C.uag.ay): C

ay : amiymiS. R0 Q)
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4)

var sy : =,

|R.Q:br(S)]

iy rrans(S, Ry [y trans(S, Q)]

var o v.o o S Ivi (R0 Qv i w s (RN Qe

viRxv A Qxy

ay = A-el(Rxy. Qry.v) @ Ry
az = A2l Rey. Qxvev) @ Oxy
wiRvzAQy:
us = A-el(Rvz, Qvaow) 1 Ryz
ag = AchiRyz, Qvoow) ;o Qe
as i= wyxvzapay - Rxg
g 1= HaXvZauay ¢ Qxz
a7 = AN Rxz Qxz,as.ag) © (RN Qs
ag =0y, S RO Qyadw S (RN Qv

Ctrans(S.Rn0 Q)

Theorem 5.5. Invariance under union.

Suppose R and Q are relations on type S. Then the

following hold.
1) RorQisreflexive = R U Q is reflexive.
2) Rand Q are symmetric = R U Q is symmetric.

Proof. 1)

var S C#.|R.Q: br(§ ll

2)

wirefS,RY| x: .SJ

uy 1 Rxx

az = Au; re

ay o= VA R, Q) L (RU Q)
iy = VeimlRux, Qe ux) © (QU Ry
USRSy

S refUS.R)Y = refl(S,RU Q)
AR Q)= du e fl S, RYAx : S.ap
S refUS Ry = reflS,QUR)
as = 4O, R) © lrefUS. Q)= refl(S.RVU Q)

wirefiS, RV n'ﬂ(S.Q)|

oreflt

ay = N-ellre fUS, R, re fI(S, Q). re fI(S, R Q). u,u3.as)

S.RUQ)

var S+, | R.Q : br(S)

uy osym(S, R) | uy : sym(S.Q)J

var

r.y:Slr:(RUQ]ryl

v:RryV Qry

[w: R.ryl

@y == wyryw : Ryr
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09 iy (R, Qua,ay) 2 (RUQ )y
iy Aw t Rayag (Haey = (RUQux)
w i Qry
iy upryn Quyr
s gl Ryx, Que,ay) + (RO Qyx
e At Qg (Qry (RJQ)yx)
0y ‘~4'5-‘/|'|q‘l.’||/,l't" (g, v chy, g ) (R (R I7RY
Nx A S AR 12y sum( S, R 1))

Theorem 5.6. Invariance under composition.

Suppose R and Q are relations on type S. Then the
following hold.

1) R-Rlisalways symmetric.

2) Rand Q are reflexive = R ° Q is reflexive.

3) Suppose R and Q are symmetric. Then
ReQissymmetric & R-Q=Q°R.

Proof. 1)
wrSie  R: WS
var .y 1 8wz (Ro R ey
Notation I \i SR n' S y
u SPr)
Vi S P
Rez AR 2y
‘ oly(Res, B! |+ Ra
i ehy(Res, Rz o)t B2y
w3 Ry
ay : R™' 2
" prodeterm (SRR g, 2.0, 05.04) Ro R g
oy A2 S A Pray @ | S(P o R ya
0 el (S, Pou, (Ro R yyaaq) : (Ro R )y
iy Ae i S (Re R ey sy S, Ra R™1)
2)
var S «, ﬁl(i(,ﬁ;::
Tu C rr_ﬂ’l:.r_\f[u'hl vl f(l ."_(JT
ur : Rrx
v Qxr
@y == prod-term (S, R, Q. e, z, 2, vz, ve) : (RoQlre
ag = Ar:Say  refl(S. o Q)

3) The derivation below uses the proof term sym-
criterion (S, R) from Theorem 5.1.3) for the second
criterion of symmetry and the proof term conv-prod from
Theorem 4.3.2).
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. ay = sym-criterion(S,R) : sym(S,R) = (R"' = R)
ax(R) = A-eli(sym(S.R) = (R'=R.L(R"=R)
= sym(S.R),a;) : sym(S.R)=(R"'=R)
ay(R) := A-eb(sym(S,.R) = (R'=R.L(R'"=R)
= sym(S.R)ay) : R'=R)= sym(S.R)
varR,Q : br(S) | u: sym(S.R) | v: sym(S, Qll

aRu: (R'=R)

a(Qy: (0 '=Q)

as = conv-prod(S,R.Q) : (Ro @) ' =Q 'oR!

AK : br(S).((Ro Q)y'=KoR™) : br(S)— #,

as:

as

Notation Py :=

Notation P; := AK : br(S).((Rc Q) = QoK) : br(S)— =,
as: P
a7 = eq-subs(br(S). P\, Q7'.Q.as,as) : (RoQ)'=QoR"!
ar: Py(R™")

ag := eq-subs(br(S). P2, R"'.R,as.a7) : (RoQ)'=QoR
Notation A := sym(S.Ro Q) : #,
Notation B:=(Ro Q=Q¢R) : #,
tA
a:=a(RoQw : (RoQ)'=RoQ
ayp := eg-sym(br(S),(Rc Q)" ',Ro Q.ag) : RoQ=(Ro Q)"
ayy := eg-trans(br(S),R o Q,(Re Q)', Q o R, ayg. ag)
: Ro@Q=0Q¢R
A=B

w

ap:=Aw:Aay :
v o8]
w:(RoQ=QoR)
a3 = eq-symbr(S).Ro Q.QoR,w) : QeR=Ro(Q
ays = eg-trans(br(S),(Ro Q). Qo R.R o Q,as.a13)
:(Ro@Q)y'=RoQ
ais:=ax(Ro Qays : sym(S,Ro Q)
ais:=Aw:Bais : B=2A
ay; = bi-impl(A. B,ayy, ay) : (sym(S.Ro Q) @ RoQ=QoR)

6. Special Binary Relations
6.1. Equivalence Relation and Partition

Theorem 6.1. Invariance of equivalence relation under
converse operation and intersection.

Suppose R and Q are equivalence relations on type S.
Then the following hold.

1) Risan equivalence relation on S.
2) RN Qisan equivalence relation on S.

Proof

1) Can easily be derived from Theorem 5.3.1), 2), 4)
using intuitionistic logic.

Can easily be derived from Theorem 5.4. 1), 2), 4)
using intuitionistic logic.

2)

The formal proofs are skipped. o
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Next is a formalization of the fact that there is a
correspondence between equivalence relations on S and
partitions of S. Equivalence classes are introduced in
Nederpelt and Geuvers (2014) as follows.

var S:x, | R:zbr(S) | u: equie-rel(S. R)
var xS
clasa(S, R, u,x): {.l,' S | R u} pPsiS)

Notation I.l‘}n for eluss( S, H. [T |

Next, a partition of type S is defined:

varS :+, |[R:S — ps(S)|

partition(S, R) = (Vx5S a&Rx)
AYN Y, 2 SdzeR = zeRy = Ry = Ry))

As usual, one can regard a partition R as a collection Rx
(x € S) of subsets of S. From this point of view, the above
diagram expresses the standard two facts for a partition:

(1) any element of S belongs to one of the subsets from
the collection (namely Rx);

(2) ifintersection of two subsets Rx and Ry is non-empty,
then they coincide.

(1) implies that each subset from the collection is non-
empty and that the union of all subsets from the collection is S.

Theorem 6.2.

Any equivalence relation R on type S is a partition of
S and vice versa.

Proof. The type of partitions of S is S — ps(S), which
is S — S — x,, and it is the same as the type br(S) of
relations on S. The proof consists of two steps.

Step 1. Any equivalence relation is a partition.

var 5 R:§5 =5

W egquiv-rel S R)

cm Aol ire FIS R, syl SR, A~elilre fILS Ry A symil S, K),
trons(S. R ) refUS, R)
var .t A
oy 1=y Rxx
r : {xskx)
vi=dx: S 0 (Vx SaxeX)

This proves the first part of the definition of partition
(S, R), and the second part was proven in Nederpelt and
Geuvers (2014), pg. 291.

Step 2. Any partition is an equivalence relation.
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varS i+ |[R: S 585 - %

u : partition(S,R)

Notation A := ¥Yx : S.(xeRx)

Notation B := ¥x,y.z: S.(zeRx = zeRy = Rx = Ry)
u:AAB
ay = A-eli(A,B.u): A
ay = N-ely(A,B.u): B
varx: S
a3 = a1x : XxeRx
asy : Rxx
refl(S,R)

varx,y: S |v: Rxy

ay:=Ax:S.a;3 :

as = ayy : (yeRy)
v: (yeRx)

as = axxyyvas : Rx =Ry

a7 = a;x : (xeRx)
ag = eq-subs(ps(S), AZ : ps(S).xeZ,Rx,Ry.ag.a7) : (xeRy)
ag : Ryx
ag = Ax,y: S.Av: Rxy.ag : sym(S.R)
varx,y,z: S |v:Rxy|w:Ryz
V:yeRx
ay 1= agyzw : Rzy
ayg : (yeRz)
apy = axzxyaywv : Rz=Rx
apn :=a1z : (zeRz)
ayy = eq-subs(ps(S), AZ : ps(S).zeZ, Rz, Rx,ay,ay3) : zeRx

aiz: Rxz

ays = Ax,y,z: S.Av: Rxy.Aw : Ryz.a1z : trans(S,R)
ays 1= A-in(refI(S,R) A sym(S,R).trans(S,R), A-in(refI(S, R),

sym(S.R),ay.a9).a1s) : equiv-rel(S,R)

6.2. Partial Order

Theorem 6.3. Invariance of partial order under
converse operation and intersection.

Suppose R and Q are partial orders on type S. Then the
following hold.

1) Rlisa partial order onS.
2) RN Qisapartial order on S.

Proof.

1) can easily be derived from Theorem 5.3.1), 3), 4)
using intuitionistic logic.

2) can easily be derived from Theorem 5.4. 1), 3), 4)
using intuitionistic logic.

The formal proofs are skipped. o

Example 6.4

C is a partial order on the power set ps(S) of type S.
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Proof.

This is the formal proof.

vars s,
Notation R == AX, Y i pyS).XCV :

reflips(S).R)

brips(S)H

Notation A :
Notation B :

antisym(ps(S ), R)

Notation C := trans(ps(S ), R)

SRRy
var X : psiS) |

ap = A S Au(xeX)u 2 XEX
ay ;= AX  ps(S)ray A
var X.¥: ps(S) luz XS ¥ |v: Y o X|
=X Yo Xy i X=Y
g =AY i ps(Srdu: XCYv:YCXusy : B
varX. Y. Z:psaS)lu: XCY|v:Y¥YCQ ZI
varx: S |w: u'.\"]
as = w1 (xeY)
Uy = vxag | (xeZ)
ari=Ax: SAwi(xeX)as : XS Z
ag =AY Z poS) A XCYAv:¥YCZuy : C
a9 = A-IlA A B.C.A-imdA, Boaz as)ag) : ANBAC

g : part-ord(ps(S ), R)

6.3. Well-Ordering and Transfinite Induction

Notation < will be used for a partial order. The following
diagram defines the strict order <, the least element of a
partially ordered set, and the well-ordering of type S.

var S o, | =:brS) | u: part-ord(S. %) |

Definition <:=Ax.v:iSx€vA~e=y)

[var X : pPsS)| \':.\':

Definition least(S, 2. X, x) ;= xeX AVy: SiveX =2 x<y)
Detinition well-ord(S . <) := part-ord(S, €}
AYX : ps( S SoxeX = Ao Sdeast(S. 2. X, x)]

Theorem 6.5. Transfinite Induction.

Suppose < is a well-ordering of type S. Then for any
predicate P on S:
vx: S.[(Vy : S.(y <x = Py) = Px] = vx : S.Px.
Proof

Here is the formal proof.
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var S : e, | <:br(S)|ug : well-ord(S.€) | P: S — =,

uy P VxS Vy:S.y<x=2Py) > Px]l

Notation A := part-ord(§S.<)
Notation B := [VX : ps(§).(3x : SxeX
= Ax: S.leasi(§,£.X.x))]

um:AAB

ay = A-eh(A,B.y) t A

az = A-el(A,B.u1) 1 B

ay = A-ely(refl(S,<) A antisym(S,<).trans(S.<),a;)

1 reflS. <) A antisym(S.<)
ay = A-el(refl(S. <), antisym(S.<).as) : amisym(S.<)
Notation X = Ax : §.-Px :

v o (3x - SxeX) |

as :=a:Xvy : [Ax: S.leas(S.<,X.x)]

ps(S)

varx: S| vy lcasx(S.-;.X..r)l

ag = A-el|(xeX Yy : S(yeX = x < y).va) | xeX
ag: -Px
a7 = A-eh(xeX . Vy: S.(veX = x < ¥).v2)

VYIS eX = x<y)]

ag = r-eli(yex.~(x=yLw) ! y£x
Qg = A-eh(¥y £ X, ~(x =yLwy) : ~(x=Yy)
| Wi @ =Py

wy L yveX

Qo = @IyW2. X%y

Ay =aXyapag - X =Yy
apn 1= asai
—Py.a

8 &

ay3:=Aw; 1 =Py
&Py

[Vy: Sy <x= Py)]

ayy = doub-neg(Pv)ay:

Qs = AV: S.Awy i y<xay
Px
1

Qe = WaXa)s *

ap = Al -
ag = Ax : S.Avy : least(S. <, X, x).a7

: [Vx: S(leasuS. <. X.x)= 1)]
@y := F-el(S,ix : Sleast(S.<.X,x), a5, L,aig) : L

ax = Avy @ (3x: S.xeX)apw : —(Ix: S.xeX)

varx: S

w: =Px
w:xeX

ay = F-in(S, Az : SzeX, x,w) : (Az: SzeX)

an =away . L

an = Aw : -~Px.an : -—Px

Ay = doub-neg(Px)an : Px

: (Vx: 8.Px)

axs = Ax: S.axn

Here the Double Negation theorem is used (twice) with
the proof term doub-neg. This is the only place in this study
where classical (not intuitionistic) logic is used.
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7. Conclusion

Starting with the definitions from Nederpelt and
Geuvers (2014) of binary relations and properties of
reflexivity, symmetry, antisymmetry, and transitivity, this
study formalizes in the theory AD (the Calculus of
Constructions with Definitions) criteria for these
properties and proves their invariance under operations of
union, intersection, composition, and taking converse.
The author provides a formal definition of partition and
formally proves correspondence between equivalence
relations and partitions. The author derives formal proof
that < is a partial order on the power set. Finally, the
author formally proves the principle of transfinite
induction for a type with well-ordering.

The results can be transferred to the proof assistants
that are based on the Calculus of Constructions. Since
binary relation is an abstract concept used in many areas
of mathematics, the results can be useful for further
formalizations of mathematics in AD. Next direction of
research is formalization of parts of probability theory in
AD that was outlined in Kachapova (2018).
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APPENDIX

Appendix A. Proof of Theorem 4.3

Proof. 1)
vars :+, IR l’)l(‘.\l.
varx,v:J) |
wi (R '
u: R '
u; Rxy
ay i= A (R v 2 (R ey = Ry
u: R
u: R '
wi (R 'y
as i= Au Ravae + Ryy = (R
avi=Adev:Sar c (RR'Y'CR
agi=Ax.v:Sa : RSy
as ‘= rel-equal(R™' Y Rya3.a8) : (R ' =R
2)
varS :+, |R.O:br(S)
Notation A := (Ra Q)" - br(S)
Notation B:= @' o R™' - br(S)
var l.\:,\”
.\A(vl.lilt‘ll Pyi=Az:SR:AQzx 0 § —
Notation Py = A2 S0 'vcAR 'y - S =
;u Ly
|
[ (Ro Q)vx
w:(3::S.P2)
Slvi#
v R A Qox
o) 1= Al (Rvz, Qzx, v) o Ry
iy 1= A-el(Rvz, Qzx,v) : Qxx
@ + R 'n
wy L Q'
ay = prod-term (S, Q7 R v v a0 )
("o R "1y
as By
dg = Az S v Pyzay 2 Y2 SUPiz= Byy)
a5 = FV(S, Pyow, By, ag) o Byy
ag = A, v Sodu: Axvas \Ch
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3)

| | as = V(S Py Byy,ag) : Byy
ACH

e = ANV S A Avyaas

S| u: By

var o\

widz 5. Pacd

viQ e AR 2y

wr = Al Qv R v L Q7 s

iy = Ael(Q7 xR v v) s Ry

iy L Qo

xRyt

iy = prod-term (S. R, Q. v, 2. x, ag, a47) -
g (Re Q) 'y

(Ko Qv

g LAy

g = Az SAv: Pasag 0 (Y2 S0Pz = Axy))
F-el (S, P, Axy,ap) - Axy

Sdu: Bowvay : BCA
comv-prod(S.R. Q) .= rel-equallA, B, ag. ay3)

CRo Q1 = Qo R

uayn <=

gz = AN,y

varS : x| R, Q: br(S)|
Notation A := (RN Q)" : br(S)
Notation B:=R'n Q7' :br(S)
varx,y: S |u: Ax_\'|
u: (RN Q) 'xy
u: (RN Qyx
u: Ryx A Qyx
a, := A-eli(Ryx, Qyx.v) : Ryx
a, = A-el(Ryx, Qyx.v) : Qyx

a; : R'xy

a:Q 'xy

az == A-in(R"'xy, Q"'xy.a1,a2) : Bxy
as:=Ax,y: S.Au:Axya; : ACB

varx,y: S |u: Bxy |

u:R'xyn Q 'xy

as = Ael (R 'xy, Q7 'xy,v) : R 'xy

ag = AelL(R'xy, 0 'xy,v) : O 'xy

as : Ryx

ag : Qyx

ar = A-in(Ryx, Qyx,as,as) : (RN Q)yx

a;: (RNQ)'xy

a; : Axy

ag ;= Ax,y: S.Au: Bxy.a; : BCA

ay := rel-equal(A,B.as.ag) : RN Q)" =R'n Q!

159

4)

5)

\‘arS:*,IR.Q:br(S)I

Notation A := (RU Q)" : br(S)
Notation B:=R'u Q™' : br(S)
varx,y:S |u: A.ryl
u:(RUQ)yx
u: RyxV Qyx

v:Ryx [

v:iR 'xy

ay = V-iny (R 'xy, @ 'xy,v) : Bxy
az = Av: Ryx.aa; : Ryx= Bxy
v:Qyx

v:Q'xy

ay := V-imy(R 'xy, Q" 'xy,v) : Bxy
ay = Av: Qyx.az : Qvx = Bxy
as := V-l (Ryx,

hx, Bxy,u,ax,as) : Bxy

ag:=Ax,y: S.Au:Axyas : ACB

varx,y:S |u: B.r_vl

u: R"xyv Q".r_v
v R"‘.\'y
v: Ryx
a7 := V-iny(Ryx, Qvx,v) : Ryx V Qyx
a7:(RUQ)'xy
aj : Axy

as:=Av: R 'xva; : Rlxy= Axy

v:Qyx
ag = V-ina(Ryx, Qvx,v) : Ryx V Qyx
as: (RU Q) 'xy

ay : Axy

ap:=Aav: Q".ry.ag 5 Q".r_v = Axy

ayy := v-el (R 'xy, Q"xy.A.ry. u.ag,ay) : Axy
ap:=Ax,y:S.Au: Bxya; : BCA
a3 = rel-equallA, B,ag.a2) : (RU Q)’l =R'u Q’l

var S v.IRPQbr(:S]:

Noution A := Ro(PUQ) :br(§)
Notation Bi= Ro PUR o Q : bn(§)
Notation Py := 2 : SRz APUQIzy @ § = 5,

widz: S.Py2)

!::_ilx':l’ﬂ

viRez A PUQly
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a) := A-elj(Rxz.(PU Q)zy,v) : Rxz

ay := A-el)(Rxz. (P U Q)zy,v) : (PU Q)zy

ax : Py v Qzy
a3 := prod-term (S, R. P, x,z,y.a;.w) : (Ro Plxy
ay = V-iny((R o P)xy,(R o Q)xy.a3) : Bxy

as = Aw: Pzy.ay : Pzy= Bxy
ag := prod-term (S, R, Q, x,z,y,a.w) : (Ro Q)xy
a7 = V-in 2((R o P)xy.(R o Q)xy.as) : Bxy

ag = Aw: Qzy.a; : Qzy = Bxy

ag = V-el (Pzy, Qzv, Bxy.az.as,ag) : Bxy

ay:=Az:8.4v: Ppz.ag @ (Vz: S.(Poz = Bxy))

ayy = A=l (S, Py, u. Bxy.ay) : Bxy

ap = Ax,y:S.Au: Axya; : ACB

varx,y: S
Notation Pj := Az : S.RxzA Pzy : § — #,
Notation Py := Az : S.RxzA Qzy : § — =,

u: Bxy
u:(RoP)xyV (Ro Q)xy
v:(Ro Pxy

v:(3z: S.P12)
z2:8|w: Pz
w: Rxz A Pzy
a3 := A-ely(Rxz, Py, w) @ Rxz
ayy := Aeh(Rxz, Pzy.w) @ Pzy
ays == V-im(Pzy, Qzy,ais) : (PU Q)zy
ayg = prod-term (S.R. (P U Q). x.2,¥.as3.ay5)
: Axy
a7 := Az: S.Aw: Piz.ais : (¥7:S.(Piz= Axy)
ayg := Fel (S, Py, v,Axy.ap7) : Axy
ap :=Av:(Ro Pixy.ajg : ((Ro P)xy = Axy)

v:(RoQ)xy

v:(3z:8.Px2)

V: 8w P:.‘q‘

g = Al (Rxz, Qzvow) o Rz

uyy = ARz, Qayow) @ Qzy

w3 = Veim(Pzy, Qzv,un) 0 (P U Q)zy

s 2= prod-term (5, R AP U Q) x. 2, voam, axs)

T Axy

@y = Az SaAw s Pz 2 (V2 S (P = Axy))
ays = el (S Pa v, Aoveay) @ Axy

day = AviiRoe Qivvaess @ ((Ro Quv = Axy)

| g = V-eliR o Prov (R o Qlay  Axy, oy, tizg) @ Ay
ap = A0y S A Byvay; 2 BCA
ww = rel-equaliA, B,upy.ax) : Ro(PUQ)=RoPURSQ

160

6) is proven similarly to 5).

7)

var S . o,lR.I’.Q:hNSl[

Ve
iy
ay
az
LLkY
s
s
g

ay

us

Wy T

Notation A := Re (PN Q) - brlS)
Notation B:= Re PNRo Q : br(S)
varyv: S
Notation P:= Az: SRz APOQky &+,
[u: .4.\)'.
I w3z S.P:)
varz:S|v: P:

Rxz A (PO Q)zy

= Al (Ryz AP0 Q)zy, v) ! Raz

= A-eh(Rxz, (PO Qky,v) (PN Oy

Py A Qv

= A-ely(Pzy, Qzv.an) ¢ Py

= A-elp Poy, Qayvoaz) o Qoy

= prod-term (SR Pox.z v.ay,a3) @ (Ro Phxy
= prod-term (S, R. Q. v, 2, voag.ag) @ (Ro Qhyy
= A ((Re Py (Ro Qay, as.ag) ¢+ By

Az Suv: Poay @ (Y2: S.(Pz= Bxy)
F-el(S. P.u, Byv,as) : Bay

g = A, v:Sdu: Axvag 2 Re(POQICRoPNRoQ

8) is proven similarly to 7).

9)

var$ : o, | R,P.Q: bris)|

Notation A
Notation B

Notation
Notation
Notation
Notation

=(RePioQ : br(§)
=Ro(Po () :br(S)

varx.y:§ |

Pilx M =dz: SRoPizAQzy 0 § =,
Prey)=Ade: S R:A(PoQ)y : 8 =«
Pix,y)=d::S.RxeA Py 2 8 = »p
P, y) = Az SPxxnQzy 0 S =4

var Xy : S ju: Axy I

wid:S.Pxyk)

varz: S |v: P.(.w.y):l

ay = A-ehi((Ro Pz Qzv.v) : (Re Pz
ay = A-ely((R e Pz, Qzy, vyt Qv
ay: (Glzy : S.P(x,2)z2)

varz 1S [ we Pyl I

w: Rz A Pz
ay = Al (Rxzy. Poyzow) @ Razy
ay = A-el(Rxzy, Pzyz,w) i Pryz
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as .= prodterm (S, P, Q, oy v, a4.03) © (Po @)y
ag = prod-term (S, R, (P o @), x.2y, ¥, ay.0¢) - Bxy
a7 0= Azt Soadw s Palx, o)y,
(Vzy : SUPyx, o)z = Boy))
ag = el (S, Py(x,2),ap, Bry,ay) : Bxy
as = Az SAv: Pilxoyizas - (Fz: SAPx v = Bay)
ayy 2= el (5. Piix.y) 0, Bxy,ay) ; Bxy
Ay =Any:SAu:Axvayy c ACHB
var x,y: S |u: Bxy I
3z 5P e
varz: S |v: P;u.n:]

2= Al (Rxz, (P o @)y, v) : Rxz

gy 1= A=l Rxz (P o Qizv.v) : (Po Q)zy
g s (Fey 0 8Py, Vzy)

vary S |w: P..(:.)r:.]

wi Pz AQzny
s i= AL (P, Qzvw) & Pz
ays = A-ch( Py, Qzivow) - Qnyy
ay, := prod-term (8. R, P.x. 2,20 0y3.G14)
T (Ro Pixzy
a7 = prod-term (S, R o P QL X, 24, V. @0, Q45)

o Axy
Ay = A2y = Sodw : Pyl v)z.ap
t (V2 SUPyz yizy = Axy))

g = Al (S, Palz, ¥), a5, Axy, ap) © Axy

@y = Az S Av: Pox,vieae o (Y2 SAPalx, v)z = Axy))
F-cl (5, Py(x. v) 1, Axy, i) - Axy

Gy =Ax,y:S.Au:Bxvay : BCA

ay

ay = relegualiA, B.ay,0) - (RePlo@Q=Ro(Po ()

Appendix B. Proof of Theorem 5.1

Proof. Each statement here is a bi-implication, so
the proof term bi-impl from Lemma 2.3 is used.

1)

var S = |R: br(S)

Notation A ;
Notation B :

”(’_,‘I‘S.R, : "'p
i(l; c R ¢ "1

‘u:A

var x.v: S | v (ids)xy

vIX=g ¥

Notation P:= Az : S.Rxz : § = %,

ux . Px

ay = eq-subs(S, P.x,y.v,ux) : Py

ay : Rxy

161

@y = Ay SAv s Gdg vy ¢ (lds © R)
w : B

av:i=du:Aar : (A= B)

i B
varx: S

ay = eqerefi(S.x) 1 x=g X
ay s )ax

uxx : {idg )xx = Rxx

s = uxxay o Ryx

g = Ax: Sas L (Ve S.Rxx)
g 1 A

ay = Au: Buayg

(B= A

as ;= bi-impl(A, B.as.a7)

2) and 3) are proven together as follows.

varS:*SIR:br(S)|

Notation A := sym(S.R) : #,
Notation B:=R'CR: %,
Notation C:= R"' =R: %,

varx,y: S |v: R lxy

v: Ryx

uyx : (Ryx = Rxy)

: Rxy
a=Ax.y:SAu:R'xya; : (R'CR)
varx,y: S |v: Rxy

ap = uyxv

uxy : (Rxy = Ryx)

ai = uxyv : Ryx

as: R‘lx_v

ay:=Ax,y: S.Au:Rxyas : (RCR)

as = rel-equal(S,R“,R.ag,m) :R'=R
A=B

A=>C

as:=Au:A.a :
aj:=Au:Aas :
u:B

varx,y: S |v: Rxy

viR lyx

uyx : (R'yx = Ryx)

ag = uyxv : Ryx

ay ;= Ax,y: S.Av: Rxy.ag : sym(S,R)
ay:=Au:Bag : (B= A)

: u:C

u:R'CRARCR
ap=Aelf(R"CRRCR ' w:R'CR

refiS. Ry = id, CR
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ay: B
a

2:=apay : A

aiz:=Au:Cap : (C=A)

ayy := bi-impl(A, B, as, arp) : sym(S.R) & R'CR

sym-criterion(S,R) := bi-impl(A, C, a7. a13)
sym(S.R) = R' =R

4)
var S : #;|R: br(S)

Notation A := antisym(S.R) : #p
Notation B:= RN R™' Cid : %
u:A

varx,y:S |v: (RﬂR"’)_ty

v:R'xy A Rxy

a; := A-el | (R xy, Rxy,v) : R"'xy

az = A-ela(R ' xy. Rxy,v) : Rxy

a; : Ryx

uxy:Rxy=>Ryx=>x=y

az = uxyaa; : (x=1y)

ax : (idg)xy

ay = Ax,y: S.Av: (ROR Hayas : (RNR™ Cids)
ay: B

as:=Au:Aay : (A=B)

u:B
varx,y:S |v: Rxy|w: Ryx

w: R 'xy

ag := A-iny(R™'xy, Rxy,w,v) : (R™' N R)xy

a7 := uxyag : (ids)xy

a:x=y
ag = Ax,y: S.Av: Rxy.Aw: Ryx.a; : antisym(S.R)
ag: A

ag:=Au:Bag : (B=A)
ayo := bi-impl(A, B, as.as)
(antisym(S.R) & (RN R™' C ids))

162

5)
vars :« |R Im.\‘»]

Notation A == rrans(S . R) : »,
Notstion B:=ReRCR:»,

| A

varay:S I
| Notation P := Az : S Rxz AR
| vi(32:S.P2)

var::S|w I':]

S e

w:RxzA R

ay o= ALl Rz, Rov.w) @ Raz
ay = A-elatRxz, Rzv.w) : Ray
| @3 :i=uxzyaay o Rxy
g ;= Az S.w s Pray - (Y2 S(P:= Ryy))
asg i= F=ellS, Pov. Rav,aq) © Ry
g = ey S.Av:i(RoRixyas : (ReRCR)
g : B
ayi=Aui Aug

n: B

var V.S | viRxy|w: R.\-.-,l

A= B

ay = prod-termS, R, R, x, v,z v,w) = (Ro Rixz
ay = uxs - (URo R)x; = Rxz)
dyp = agay : Raz

ayy = Aoy, 2 Sov: Ry dw : Ryvzayy : rrans(S,R)

ayy ‘A
ajp=Adu:Bay : (B=A)

ayy = bi-implA, B, ay,ay3) : (rranstS,R) < (Ro R C R))



