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the Lebesgue space.

Introduction

This article is dedicated to the spectral theory of the
operators that are defined on the subset of the reflexive
Banach space X. An important example of such
operators is a class of well-bounded operators, which
have spectral decomposition with special properties.
Let us presume that the functional calculus defined on
the Banach algebra of the continuous functions AC ([a,
b]) on a compact interval [a, b] then its operator is well-
bounded. Assuming that the functional calculus of the
well-bounded operator on LP, 1 < p < oo space is
contractive then this operator has a scalar-type spectral.
The last statement is not true in the cases when the
Banach spaces are not reflexive, for example, on L*
(Budde and Landsman, 2016; Colombo et al., 2007;
Haase, 2014).

Let us consider a simpler example of the theory in
Banach space, the structure of the projection measure in
the Hilbert space H. Let (Z, %, r) be a measurable Borel
space and {H}«<; be an n- measurable set of separable
Hilbert spaces (Schmudgen, 2012). The projection-valued
measure E on (Z, ¥) can be defined as a mapping from X
to the set of self-adjoint orthogonal projections on H that
satisfies E(Z) = Idy and the mapping from o- algebra
into the field ¢+ (E(¢)x,y) is a complex measure on X.

In terms of the functional calculus this definition can be
reformulated in the following form: Let (®, H) be
functional calculus on a measurable space (Z, %), the
projection-valued measure is a mapping:
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E:Z—>L(H), E($)=®(zs)eL(H)

forany ¢ € %.

The main result of the theory for separable Hilbert spaces
is the statement that for each projection-valued measure on
the measurable space there is a unique measurable functional
calculus that generates this projection-valued measure, and
conversely, for each measurable functional calculus on a
measurable space, there is a uniquely defined projection-
valued measure (Haase, 2014).

In the present article, these results are developed and
extended in the case of the reflexive Banach spaces. We
show that presuming (®, X) is a functional calculus on the
measurable space (Z, ) then there is a semi-finite measure
space (€, F, x) and operator U: X — LP ((QQ, F, ) and an
injective pointwise continuous *-homomorphism:

F:M(Z,2)>M(QF),

such that @ (f) = UMgUL, where Mg is the operator of the
multiplication by function f.

An important result of the representation theory is the
following statement that if the AC functional calculus of the
operator is contractive then the operator can be represented
as the integral concerning a spectral measure.

There is extensive literature on the subject, for
clarification of definitions and basic concepts, the reader can
consult the list of references.
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license.
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The Spectral Decomposition for the Operator
in Reflexive Banach Spaces

Some Definitions and Notations

The letter P denotes the scalar field usually real or
complex numbers, the letters X, Y, Z denote reflexive
Banach spaces; L(X) denotes the Banach algebra of all
bounded linear operators on X, for any real compact
interval AC([a, b]) denotes the Banach algebra of all
continuous functions with its natural norm and BV([a, b])
denotes the Banach algebra of all functions of bounded
variation with its natural norm. It is easy to show that if a
function f belongs to AC([a, b]) then this function f
necessarily belongs to BV([a, b]), however not
reciprocally, there is such function g € BV([a, b], which
g ¢ BV([a, b], in other words, the algebra AC([a, b]) is a
proper subalgebra of the algebra BV([a, b]). Indeed, let f
€ AC([a, b]) then for any ¢ > 0 there is & > 0 such that for
any sequence of disjointed intervals {(a,b,)} , the

property: That  from > b-a<s follows

> |f(b)-f(a)|<e Is satisfied. Let us divide the

i=1,...n

interval [a, b] by pointsa= A1 < A2 <... <A, =binto parts
in such a way that Ai.1 - Ai < dfori=1,..., n-1. Then for
any division {(c,,, o;)}  of the interval [Zis, 4], on

j=1...m
the lelH f(op)= (o)

these sum
f(o)-f(o) <2 is, so the variation of the

parts,

function f on the interval [4is1, 4] is necessarily less than
&, thus the variation of the function f on the interval [a, b]
is less than &n, so the function f € BV([a, b]).

Definition 1.

Let A: X — Y be an operator defined on Banach spaces
X' then the operator A™: Y* — X" is called the adjoint

operator to A: X — Y, namely, (A*(f))(x) = f(A(x)) for all
feYandallx e X.

In particular, assuming X is a reflexive Banach space
then if operator A: X — X then the adjoint operator is A"
X" — X" if operator A: X — X" then the adjoint operator is
A X > X

Definition 2.

Let operator A: X — X then the set p(A) of all complex
numbers such that:

p(A)={1eC: Al — Ahasinverse}

is called the resolvent set.
The complement o(A) to the resolvent set is a
spectrum of the operator A: X — X.
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The operator R(A4, A) = (Al - A)? is called a resolvent
of operator A.

Definition 3.

The set {E(1), A € R} of projection operators that
satisfies the following conditions:
E(W) E(w) = E(w) EA) = E(W)
sUp[[E(2)] <oc :

for 1 < u; and

L E(A)=strong — lim E ()
s

and:

strong — lim E (1)=0
strong —liLTclE(/I) =1
3. strong ~limE(4)=1
A=[AdE(4)=

R

:strong—’Lim _[ AdE(A)

[-NN]

is called the spectral family of operator A.

Condition 1 is a definition of the projection, which
means the operator E(A4)is a projection onto the subspace
of X created by all eigenvectors corresponding to all
eigenvalues that are no larger than A.

An operator A can be written as:

A= [ AdE(2)

o(A)

where, E is a spectral family of A, all limits are understood

as limits concerning the natural topologies. This integral

is an operator-valued Riemann-Stieltjes integral in the

topology of the operator norm L.

Let us consider the integral f f(4)dE(A) asan operator-

[a.b]

valued Riemann-Stieltjes integral. We can build a

partition P of the compact interval [a, b]asa= Ao < A1 <
< A and the direction of the partition

[Pl = max |2, — 4| then if for any chosen set {&i}...n of

,,,,, n

points (&;) Ai-1, Ai there is a limit:

lim

fim 2. T(E)E(A)-E(4))

and this limit is independent of the specifics of the
partitions, this limit is called the Riemann-Stieltjes
integral of the continuous function f and can be written as:
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| f(2)dE(2)=
[&0]
F(&)(E(%)-E(4))

=lim
‘Pboizl,.”,n

Theorem 1.

For the existence of the integral:

I= [ f(4)dE(A)

[a.b]

it is necessary and sufficient that:

tim 3 (s f(@)- i, 1))
Pl->0, ] Gieldia A

=L\ &elAiaA

x(E(4)-E(4.,))=0.

The proof of this theorem is rather standard: first is
building the upper and lower Darboux-Stieltjes sums and
finding their difference next showing that the conditions
of the theorem are the necessary and sufficient conditions
that the difference between the upper and lower Darboux-
Stieltjes’s sums converges to zero.

Theorem 2.

If the function f is continuous and ||E(A)|| belongs to
BV[a, b] as a function of A then the integral
I= [ f(2)dE(A) exists.

[ab]

This theorem is the consequence of theorem 1.

Theorem 3. If the function f € AC[a, b] then the
integral 1= [ f(1)dE(2)exists.

[

a,b]

Proof. For any f € AC[a, b] the mapping:

[ (2)dE(2)

[a.b]

is defined as the homomorphism w( f): AC([a, b]) > L(X)
for which the following estimation:

()= sup [ECA(| (o) +yvar 1)

Ae[a,b]

holds for all f € AC[a, b].
Lemma 1.

Let, f € AC[a, b] and let ¢ be a continuous function of
the real argument t defined on [a, b] then:

stieltjes [ o(t)d f(t)=
[#0]

= Lebesque j o(t) f'(t)dt.

[a.b]

80

Proof of the existence of both integrals is obvious.
By definition, the Stieltes integral is the limit of the
following integral sums:

X (E)(f ()= T (t)-

Since:

f (ti)_ f (ti—l) = . It] f,(t)dt

we have:

(P(g.)( f (ti)7 f (ti—l)) f gp('[) f,(t)dt =

[a.b]

= > | (e(&)-0(t) f(tyt

=10t 4]

i=1,..n

and:
i:§In¢(5i)(f (t) f(t.,l))—[fb](o(t) f'(t)dt| <
< 3 [ 00t 000) [ i

Next, we have that sup( sup (&)~ inf ]w(g)j
1 Seltian g

i=1,...n\ ety
converge to zero when the maximal longitude of the
segments of the partitions converges to zero. The lemma
has been proven.

Theorem 4.

Let, X be a reflexive Banach space and let the operator
A e L(X) be well-bounded then there is a unique spectral
family E(-) in X such that:

A=aE(a)+ _[ AdE(2)

[4.1]

Remarks the spectral family E(:) is concentrated on a
compact interval.

Proof.

Let us define a functional calculus
Y:AC([a,b]) > LB(X) . We define aset F(4, ) of all real-

valued continuous functions f € AC([a, b]) such that:

1 on [a 4]
f ={decreasing on [, 1+7)]
0 on [A+n,b]
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forall A € [a, b) and 0 < 77 < (b-1). Next, we have |[f||zound
<1 for any f € F(4, 7). The class K(4, #) can be defined
as a closure in the weak topology:

K(4.77)=
=weak cl{Y(f): f eF(4,7)}cLB(X")

For m < 1, we obtain K(4, m) < K(4, ) and it can
bed educed that set K (1)=("K(4,7) Is a weakly

compact uniformly bounded set.
The set Z is a subset of the reflexive Banach space
defined by the formula:

z(2)=
:{XGX Y (f)x=0, fGUO(l—F(’LU))}'

ﬂKir]

n>0

yeZ

Let then there is a net {g,}
following property:

_cK(4n) with the
(e ) ~timx(a, ) -
= Liern<(1—Y(1— fa))x, y*>

for all x € X. Since <Ex, y*> =<x, y*>we have x € Rang(E)
thus set Z(7) is the range of each k (1) = NK(2.7)-

n>0

S

For any 6> 0, there is 7 > 0 such that 0< f (t)< > for

all t € [A, A + )], so for E € K(4, n) there is a net
{9,},., = F(4 n,) with the property weak ~limY(g,)=E -

Now, we are going to apply the fourth condition of the
definition:

[ l(fa.)|= [ {fg,+f ga'\s
o o
< ] Jrel ||
[4, A+m0] [4, A+m0]
0.0,
2 2

SO:

<

[tim(x(f 0.)x y')
y

<sub|Y(f g, HHXHH ‘

ash

81

for all y* € X" so EcK(Z . Thus, from the

)=(K (%)

n>0

inequalityK Y(f)x y*>‘ <o|y| x| |y’] follows Y(f)x = 0, so

the range of E coincides with Z(1); the set E is a projection.
Let us establish that K(4, 7) is a commutative
multiplicative semigroup. Let K, K e K (4, 77) , Us have that

thereare nets (g 1 . {h,}  <F(4,5) suchthat

K =weak -limY(g,)

aeh

and:

K =weak —limY(h,).

peB

For all x € X, we have:

E(4)eK(A)=K(4. 7).
uniqueness follows from the properties of the projections.
We define the set of the projection {E(l)}ie[a,b] on X by

presuming E(1) =0 for A<aand E(1) =1for A>b.
Now, let us establish the properties {E(1)}

Jefab]
Assuming that a < A < g < b and assuming n is large enough,
we are going to obtain that from E(2), E () € K(4, 1)
follows E(4), E (¢) = E(x) E(1) = E(A). If = - A, then
from E(1) € K(4, n) follows the existence of the nets
{9} eF(an) {hﬁ}pea € F(4,7)and with the properties

weak —lim (g, ) =E(4) and Weak—lﬂiigY(hﬂ):E(,u) :

Next, since g,h, =g, we have:
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for all x € X, y° € X". Thus, it has been obtained
(E(2)E(u)x v )=(E(2)x, y) and so equality of
projection:

E(4)E (1) = E(4)E(4) = E(2)

holds foralla< A< u<bh.

Since strong _/,E';HOE(”) =E(2+0) we have E(4 + 0)

e K(4).
For any pair x € X, y* € X" and for any functionf e
ACJa, b] the morphism ¢ ()% y") is an element of

the dual space to AC([a, b]) and since AC[a, b] is isometric
to L' [a, b]®C, from the duality argument, we have that

thereare (x, y*) e L" ([a, b])c(x, y*) e C , Which satisfy the
following equality:

(r(f)xy)=
c(x y)f(b)+

j £/(t)7(x, y*)(t)dt

[4.5]

for all f € AC([a, b]).
For any 4 € [a, b), we assume 0 < A + 7 < b then the
function:

1 on [a 1]
g(A.,n)(t)=1ecreasing on [A,A+7]

0 on [A+7b]

belongs to F(4, 7) and:

(x(a(2m)x, y*>:_£ |

12,2

7/<x, y*>(t)dt :

Thus, there is a weak limit g (1,7)—22%-20 5 E(2).

82

So, A - almost everywhere, we obtain
7(x,y")(2)=—(E(4)x, y"), and for arbitrary x € X, y" e

X7, the integral equality:
<Y(f)x, y*>=<x, y*> f (b)—[ajb] f’(ﬂ)<E(/1)x, y*>d/1

holds for all f € AC[a, b].
Next, we have:

fireh)

_ (E(b)x,y") f(b)-
TS GG
=(xy")f(b)~
_Liemn{;(f
=(xy)f(b)-

N R )

[a,b]

Thus, by taking f(1) = 4, we have:

(A y)=b(xy)- | (E

[a.b]

(A)x, y*>d/1.

The Characteristics of Well-Bounded
Operators in Terms of the Weak Spectral
Family

Definition 4.
The set {E(g,)g |_(x
that satisfies the following conditions:

). 4 eR} of projection operators

1. E() is concentrated on a compact interval [a, b]
2. E(), E (v = E(u) E(1) = EQA) for A < y; and

sup|[E (2)] <

3. E(@)=Oforall Ai<aand E(4)=Iforallb<Ai
4. thereis jimL Nda = -
LILng _f <x, E(4)y >dl <x, E(t)y >

[t,t+s]

forallx e X, y", X"and forall t € (a, b)
is called a weak spectral family.

Theorem 5. Let A € L(X) be a linear well-bounded
operator then there is a unique weak spectral family
{E(g) eL(X"), Ae R} concentrated on [a, b] such that

the equality:
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(A(x), y ) =b(x y)- I (x E(4)y")dA

[a.b]

holds for all x € X, y*, X".

Proof. Let @ denotes a functional calculus
®:AC([a,b])—>LB(X) then we define a functional
calculus Y:AC([a,b]) > LB(X") by the formula

r(f)=(o(f)) .

The Y is compact functional calculus in the weak
topology of AC[a, b] for the operator A* e LB(X").

Let us define a set F(4, ) of all real-valued functions
f € AC([a, b]) such that:

1 on [a 4]
f ={decreasing on [, A+7]
0 on [A+n,b]

forall X € [a, b) and 0 < 7 < (b-2). The class K(4, ) can
be defined as a closure in the weak topology:

K(l,r])z
=weak cl{Y(f): f eF(4,7)} = LB(X")

From 7. < 122 follows K (2,7,) = K(4,7,) and we can

(\K(24.7) is a weakly compact
n>0
uniformly bounded set.

We define the subset Z of the reflexive Banach space
by the formula:

deduce that set K(4)=

2(2)=

—{x*ex*:Y(f)x*—O, f eU(l—F(/lv'?))}-

n>0

=(K(4,7n) then there is a net

n>0

K(4,77) with the following property:

Let Y €Z(4)eK(
{9u}n ©

<x, Ey*> = Ialern<x Y(ga)y*> =

=lim(x (1-Y(1-f,))y")

aeA

for all x € X. Since (x,Ey")=(x,y") we have y' e
Rang(E).
For any 6 > 0, there is 70 > 0 such that 0< f(t)<—

forallt € [4, 4 + no], so for E € K(4, no) there is a net
{9.},.0 = F(4,1,) with the property:

83

weakaiEnA'nY(ga): E.

Now, we are going to apply the fourth condition of the
definition:

[|(fa,)]=

[a.b]

[a.]

<

[4, A+m] [4, 2+m]

SO:

\ \ <

omeer-
- EA< <f>w<ga>v>\=
=‘EE\‘<X'Y(‘C ga)y*>‘£

<sub

aeh

(g )Xy

(\K(4, 7). Thus, from the

>0

<o|v]]

for all y* e X"so EeK(4)=

)% y') =0, 50
the range of E coincides with Z(1); the set E is a projection.
Let us establish that K(4, 7) is a commutative

multiplicative semigroup. Let K, K eK(4,7), us have

inequality K Y

that there are nets {d,},_, , {hﬂ}ﬂeB e F(4,7) such that:

K =weak —limY(g,)

aeh
and:
K =weak —limY(h,).

peB
For all x € X, we have:

<x, K Ky" > I|m<x Y(gl) Ky’>:
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s0 K K = KK, thus:

2=k ()

n>0

uniqueness is follows from the properties of the
projections. We define the set of the projection

{E(i)}le[a,b] on X by presuming E(4) = O for 1 < a and

E(1) =1for A>h.
Now, let us establish the properties {E(4)} .. .

Assuming that a< A< u<b, and assuming 7 is

large enough, we are going to obtain that from E(A4),
E(x) € K(4, n) follows E(4), E(x) = E(x) E(X) = E(4).
If n = u- A4, then from E(4) € K(4, n) follows the
existence of the nets {g,} ,eF(4,7) and

{hﬂ}pes e F(4,17) with the properties:
weak —limY (g, ) =E(4)
and:

Weak—llgggY(hﬂ)z E(u).

Next, since g,h, =g, we have:

Il /\
|'|'|
v
m
—_
] =
—
—

Im
lim( ®(g,)x.E(u)y")=
lim

E(4

<

{
~timfiim( ®(g,)x (h,) ')} -

{

{

for all x € X, ¥y € X". So, we have obtained
(x, E(2) E(u)y")=(x E(4)y") and thus equality:

E()E (1) =E(u)E(2)=E(2)
holds foralla< A< u<hb.
Since:
strong — lim E( )=E(2+0)

H—A+0

we have E(4 + 0) € K(4).
For any pair x € X, y" € X" and any function f € AC([a,
b]) the morphism ¢ (% r(f)y) is an element of the

dual space to AC([a, b]) and since AC([a, b]) is isometric

84

to I ([a, b])@C , from the duality argument, we have that
thereare y (x, y*) < L ([a, b])c(x, y*) eC , Which satisfy the
following equality:

< (f)y>:é<xy>f(b)+
+ ] FR)r(x

[a.b]

For any 2 e([a,b), then the

function:

We asSume o<a+7<b

1 on [a 4]
g(4.n)(t)=<ecreasing on [1, 1+7]
0 on [A+7b]

belongsto F(4,7) and:

(x Y(a(am)y)=-= |

(4 2+n]

y<x, y*>(t)dt .

Thus, there is a weak limit g(2,7)—**=%5E(2).

So, A-almost everywhere, we obtain
7{x y)(2)=—(x, E(2)y")and for arbitrary xe X, y" & X"

, the integral equality:

(o r(f)y)=(xy)f(b)-
- [ F/(2)(x E(2)y")d2

[2.0]

holds for all f « AC([a, b]) . Thus, by taking f(1)=4,
we have:

(Axy)y= (e Ay)=
=b(x, y*>—[ajb]<x, E(4)y")dA.

Let function p < *([a, b]) then we can define:

f(p)= .[ p(t)dt
[2.0]
thus  f(p)eAC([a,b]) and almost everywhere
f'(¢)(2)=—¢(4) . For any fixed x e X, the mapping

A(x)(@)=®(f())(x) is continuous as the mapping
L*([a,b])—> X - So, we have:

(A(2)x
= [ p(2)

[ab]

> < ( P y)=

)y )da
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and the mapping  A"(x): X — L*([a, b]) is such that:

(oA (x)y)= |

[2.0]

p(2)(x E(2)y")dA.

Theorem 6. Let {E(/l)eL(X*), AeR} be a weak

spectral family concentrated on [a, b] then there is a linear
well-bounded operator A e L(X) on the reflexive Banach
space X such that:

(M) y)=b(x )= |

(a.b]

(X E(2)y)da

holds forall x € X, y" € X".
Proof. Assuming {E(/l)eL(X*), AGR} is a weak

spectral family concentrated on [a, b], the linear operator
A e L(X) can be defined by the following formula:

<A(x),y*>:b<x, y*>— J <x,E(/1)y*>d/1,

[a.b]

it is easy to see that this operator is linear and the only
property of it that has to be established is well-
boundedness.

By the induction and the Fubini theorem, we have:

(A" y ) =07 (% y)-
- [ (% E(2)y)dA,
o5

thus:

Aela, b]

H(A(x))”H <b"+n sup {HE(A)H}[Jb]A”’ldﬂ

and operator A is well-bounded.

Continuous Functional Calculus on
Lebesgue Spaces

Theorem 7. Let A be a well-bounded linear operator on
Lebesgue spaces L"(Q,%, i), pe(1,). Then the operator

A is a scalar type spectral operator.
Proof. The spectral family {E(1)} of operator A is

concentrated on the interval[a,b]c R
Let us assume that uel’(Q,%,u) pe(l,«) and

vel' (%, u), where 111 We have to show that
P q

the variation of the function <E(ﬂ)u, v> is bounded as the
function of A. Assume that 5 ; <4 <..<4 —b IS @

85

partition of the interval [a, b]. For arbitrary elements
uel’(Q2,u),pe(l,») and ve L'(Q,Z, ), the variation

of the function (E(4)u, v) equals:

thus for 4 < ¢ we have |E(4)|<1, and for A >C we
have |I-E(a)|<1. SO |E(4,)|<2 and |E(4,,) <1 -
since (E(3)},, ., ad {1-E(4)},, , @ the

and:

In the final conclusion, we obtain:

2 (E(4)-E(44))

<4(q-1)+3,

thus, the variation of <E(1)u, v> cannot exceed the value
(4(q—1)+3)||u]|v| - The theorem is proven.

Definition 5. A solitary operator is a bounded linear
surjective operator U : X — X on a Banach space that for

all x e Xand y e X" satisfies the following equality:

(UXU"y) =(xy)
where, U": X" — X",
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Theorem 8. Assuming (@, X) is a functional calculus
on the measurable space (Z, X). Then there are a semi-
finite measure space (Q, F, w) and solitary operator
U:X —LP(Q,F, «)and an injective pointwise continuous

* -homomorphism F:M(Z,2)—>M(Q,F), such that
o(f)=UM U™ , where M is the operator of the

multiplication by f.
Proof. For every set A € X, we define measure
m(A)=(®(z)xx) as a function of x e X, so

(o(f)xx)=(o(f)) for every bounded f. Now, for

every bounded f, we define the space
sz[{q)(f))(’ f eMb(Z,Z)}] , thus there is a solitary

operator W, :L°(Z,Z, ) — B,
mappings M,(Z,2)—B, and f - ®(f)x.

as an extension of

Let {xi} and {x'} be two sets of unit vectors in X and
X" spaces, respectively, with properties:

X

(%% ) =Ixl%], =1vk e N

and:

<xi,x;>=0

for every i =K.
For every k, we can define the set z, =Z x{k} as an

exemplar of Z then the set Q can be represented as the
disjoint union [ Jz, . Let
k

Let us define an additive set function u by the
following formula:

/J(A):;yxk (AnZ,) VAeF.

The additive set function x is the measure on the
maximal sigma-algebra F on Q, which includes all
measurable mapping Z, =Z x{k} into Q.
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The operator W, is correctly defined
LP(Z,. =, ) and w, :L°(Z, .54, ) —>B, SO we define

U:X = LP(QF,u)

on

the operator by the condition
U™ =W, 0N L*(z,,%.p, ) cLP(QF.u)-

Then the *-homomorphism F:M(Z,2)—> M (QF),
we introduce by the formula:

(F f)(xk)="f(x), xeX

For all fe(z,z), we define the multiplication
operator calculus as M, =U®(f)u™, so the theorem has
been proven.
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