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theoretical model is presented for the of loss of stability in elastic states of
very slender rectangular shell elements axially compressed through ball-
and-socket joints without friction. According to this theory, as shown, a
loss of carrying capacity of very slender columns in elastic states occurs
when the line of force leaves a critical transverse cross-section. The critical
transverse cross-section, moreover, progressively moves because of the
superposition of bending and pure compression. The theory allows to
determine the governing differential equations of curved central lines and
their slopes, as well as the critical stresses of columns, in the form of
surface function in dependence on slenderness ratios and cross-sectional
areas. The graphs for the elastic deflected central line y(x), slope dy/dx,
dependence yi2(P), stresses and strains for a rectangular column made of
steel and compressed by ball-and-socket joints without friction, as well as
the corresponding surface graphs of critical stress, are presented in this
study. The obtained surface graphs of critical stresses are then discussed
and compared with Euler’s formulation.
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Introduction EJ%?PCM ()
Shell structures, in the field of building construction X
and engineering in general, represent a thin, curved plate
structure that is optimally shaped to transmit applied Where: ..
- . E: Denotes the Young’s modulus of elasticity of the
forces by compressive, tensile and shear stresses that act column

in the plane of the same surface. When we consider the ]
application of shell elements in load-bearing structures,
accordingly, the first issue to analyze is their load
capacity to sustain axial loads, i.e., their stability and
susceptibility to potential buckling collapse mechanisms
that could compromise the structure and occupant safety.
In the case of very slender columns, this refers to the
problem of stability in elastic states.

The basic theory of slender rods losing stability in y(x)zsin(n.ﬁx), (2)
elastic states, as known, has been originally formulated L
by (Euler, 1744; 1759). He first introduced the concept

. The moment of inertia of the cross-section area, while
y: Represents the distance from the undeformed central
line, from the y-axis

He had assumed a displacement y(x) of the column
axis as a part of a sine curve:

of critical load P and presented, according to his Where: o )
theory, the differential equation of an elastic deflected n: Denotes the coefficient of the sine curve part and
central line, that is: depends on boundaries (n = 1 for a pinned column, n
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= 2 for a column fixed at one end, n = 1/2 for a
column fixed by a pinned end and a vertically slide for
the second end, n = 0.7 for a column with a pinned
end and a pinned vertical slide at the second end)

: The length of the bar

And he has obtained the formula for a critical stress
oer 0f an axially compressed column by force as follows:

:[ jze.

The problem of the stability was later searched and
analyzed further with a focus on many other relevant
aspects for various engineering applications, like
buckling of columns composed of various
constructional materials (Gupta et al., 2001; Oleiwi et al.,
2014; Schnabl et al., 2013; Kalamar et al., 2016;
Wabhrhaftig et al., 2016; Thermou et al., 2018; Zhou et al.,
2017; Ye et al., 2018; Osmani and Meftah, 2018;
Wang et al., 2018; Naderpour et al., 2019; Qi et al.,
2019; Goroshko et al., 2020), as well as beams (Ascione
and Grimaldi, 1983; Di Sarno and Manfredi, 2012;
Li et al., 2015; Ozbasaran et al., 2015; Monsalve-Cano
and Aristizabal-Ochoa, 2016; Nguyen et al., 2018;
Belaid et al., 2018) or nanobeams (Rahmani et al.,
2017; Mohammadi et al., 2019).

Single-layer graphene sheets have been examined
in (Genoese et al., 2019), while polymer-confined
concrete columns have been discussed in (Liang et al.,
2012) and hyperelastic tubes are analyzed by (Liu,

T
n-A

Euler
cr

®3)

The slope of the curved central line - 6= &

2018). Many other research contributions have been
then related to the stability issues of a multitude of load-
bearing systems and members can be found in the
literature, including plates (Sabouri-Ghomi et al., 2008;
Rao and Ra, 2009; Xu et al., 2013; Moradi-Dastjerdi and
Malek-Mohammadi, 2017; Riahi et al., 2018; Vu et al.,
2019) and nanoplates (Malikan et al., 2018), bracing
systems (Rahnavard et al., 2018), tubes (Nouri et al., 2015;
Mozafari et al., 2018; Naveed et al., 2017; Sadath et al.,
2017; Sun et al., 2018), frames (Marante et al., 2012;
Slimani et al., 2018), pipes (Lolov and Lilkova-Markova,
2005; Melissianos et al., 2017; Moustabchir et al., 2018;
Psyrras et al., 2019), or Functionally Graded Material
(FGM) structures (Moita et al., 2018; Kiss, 2019;
Singh and Harsha, 2019), etc.

Stability Analysis

This research study herein discussed assumes as its own
method of analysis for the column stability in elastic states
that the state of stresses and strains in a critical transverse
section (after losing stability and before losing its carrying
capacity) appears as a superposition result of pure
compression phenomena and bending effects (Fig. 1 and
also (Murawski and Ktos, 2007, Murawski, 1992; 2011;
2018)). The method is thus developed on a basic
simplification for very slender columns, that is the
beginning of the load-carrying capacity lost (i.e., the
maximum achieved value of force, on a force P—shortening
AL graph) in elastic states follows the exceedance of the
force line from a critical transverse section.

dy \'X |
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Fig. 1: Stress and strain analysis in the critical transverse section for a rectangular column axially compressed by force through ball-
and- socket joints, after the loss of stability and before the loss of carrying capacity
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The fibre extension ¢ at the distance y from the
undeformed central line and the corresponding stress on
are in fact given by (Fig. 1):

+ O—p.
g:—_(/ﬂ-y) 0=p 9=i1, 4)
p-0 p
y P
Gn:Gg_O'c=i;‘E—Xa (5)

where, E is defined in Equation (1), while:

p. Denotes the radius of the curved central line

@ The angle of the central line slope, in relation to the
force line

P: The imposed axial force

A: The area of the critical cross-section

oy. Represents the bending stress

o:: The compressive stress

on: The normal stress

Due to the force equilibrium, it is:

dP:(o-Q+O'C)~dA:[i ~E—P]~dA. (6)

y
Y2l A

In this study, unlike Euler, it is moreover assumed
that the displacement of the column axis is determined
by taking into account the conditions of the small

deformation theory, as a function of the curvature
radius, that is:

o

2
y
o "

N

and the reference boundary conditions:

dy/dx=0 when x=L/2, (8)

and:
y=0 when x=0, 9)

The governing differential equations for the curved
central line d?y/dx? and its slope dy/dx, as well as the
equation of the central line y(x) for a column axially
compressed by force through ball-and-socket joints
without friction are like Equation (59), (60), (61) in
(Murawski, 2011), or Equation (2.7), (2.8), (2.9) in
(Murawski, 2018). From the assumption that the losing
of carrying capacity follows when the force line exceeds
the critical transverse section (yx = L/2 = yc), moreover,
the critical stress o for axially compressed columns
under force through ball-and-socket joints is like
Equation (65) in (Murawski, 2011), or Equation (2.13) in
(Murawski, 2018).

Theoretical Example

As a theoretical example, the graphs of the elastic
line y(x), its slope dy/dx and the dependence yi;2(P)
for a rectangular column made of steel are presented.
In doing so, a steel column agreeing with Fig. 1 is
taken into account.

Moreover, the nominal dimensions of the
examined column are set in a = 20 mm, b = 28 mm
and t = 1 mm for the resisting cross-section, while L =
2500 mm is the selected span (and A = 314.8 the
corresponding slenderness) and the column is
compressed by ball-and-socket joints. The so-
collected results are presented in Fig. 2.

Under the assumption that the loss of carrying
capacity occurs when the force line leaves the critical
transverse section (Yx=Lz = Yo = al2+t), the
dependency of various geometrical parameters on the
mechanical performance of the selected column is
highlighted in Figs. 3a-3d.

y(x)

y[mm]

0 500 1000

1500 2000 2500

X [mm]



Krzysztof Murawski / International Journal of Structural Glass and Advanced Materials Research 2020, VVolume 4: 186.208
DOI: 10.3844/sgamrsp.2020.186.208

dy/dx
N /
1 /

-3
0 500 1000 1500 2000 2500
X [mm]
(b)
aAGe
0
_1 -

4] NG

_5 - \

_6 ,

-] S~

8 \

9 "

-10

0 50 100 150 200 250 300 350
PINI

©

Fig. 2: Evolution of (a) elastic line y(x), (b) elastic line slope dy/dx and (c) function y.(P) for a rectangular steel column (dimensions:
a=20 mm, b=28mm, t =1 mm, L =2500 mm) compressed by ball-and-socket joints
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Fig. 3: Surface functions of critical stress for rectangular shaped shells made of steel and axially compressed by force through ball-
and-socket joints, according to the technical stability theory
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Fig. 4: Surface functions of critical stress for axially compressed (by force through ball-and-socket joints) rectangular shaped shells

made of steel, according to the technical stability theory
The focus in Fig. 3 is given to:

a) The critical stress that is shown in Fig. 3a, as a
function of the cross sectional area A and
slenderness ratio A at a/b = cost and t/b = cost
The function shown in Fig. 3b is the same of Fig. 3a,
but the parameters = a/t, { = b/t and y = a/L are
used under the condition that t = cost
The same function is shown in Fig. 3c, with the
exception that t cost with the parameter u
constant, but with y and & modify
Finally, the function is shown in Fig. 3d with
constant parameters u = a/t and ¢ = b/t, but variable
yandt

b)

c)

d)

The critical stress can be described also by the
empirical formulas presented in Fig. 4.

For thin walled columns (t > 0), the corresponding
formulas for the critical stress analysis are presented in
Fig. 5. Again, the sensitivity of critical stress is shown as
a function of:

the cross sectional area A and slenderness ratio A at
a/b = cost

a)

192

b) slenderness ratio A and L/a = var at a/b = cost

For comparative purposes, the Euler’s formulas of
critical stresses for rectangular columns in the
dependence on 4, y, ¢and t are then presented in Fig. 6.
More in detail, the analysis is proposed as a function of:

a) The slenderness ratio A

b) The parameters p= a/t = var, y = alL = var, { =
b/t = cost

c) The parameters = b/t= var, y = a/L= var, u=
alt = cost

d) And finally the parameters t = var, L = var, a = cost,
with b = cost

In the case of the reference rectangular column (a =
20 mm, b =28 mm, t =1 mm, L = 2500 mm) the critical
stress according to Euler’s theory is calculated in
out®" (1) = 16.592 MPa. The reference value of Young’s
modulus is set in E = 166600 MPa, according to past
stability studies on thin walled columns (Murawski,
2011). In this regard, the critical stress for the same
column, according to the technical stability theory, is
predicted in e rectanguiar(4, A, alb, t/b) = 3.562 MPa.
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Fig. 5: Surface functions of the critical stress of axially compressed (by force through ball-and-socket joints) rectangular shaped
shells made of steel, according to the technical stability theory
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Fig. 6: Surface function of the critical stress based on Euler’s formulation of rectangular shaped shells made of steel and axially
compressed by force through ball-and-socket joints
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Fig. 7: Surface function of the limited slenderness ratio Aei-it based on the technical stability formula of rectangular shaped shells
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columns made of steel, in dependence on A and a/b = var

Since the described phenomenon occurs in an elastic
state for steel shells, it is thus expected that their
slenderness ratio should be at least A > Aei.ir, according to
Euler’s theory.

The limited slenderness ratio Aei; is then calculated
according to the technical stability theory in Fig. 7. For
thin walled columns the formula for the limited
slenderness ratio 4 ¢.""-*2"d can be also seen in Fig. 8.

Stress and Strain Analysis

According to the technical stability theory, the state
of stresses and strains in the shell belonging to the
critical transverse section of a rectangular shaped column
compressed by ball-and-socket joints, after the loss of
stability, is as the result of a superposition of bending
and pure compression (Fig. 1) and thus:

& E=0,=0,+0, :il-E—E
P A
AL (10)
=E [iy—j=E~(igg—gc)=>
p L
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the technical stability formulation, of thin walled rectangular

=g, =%, —¢,. (11)

It results that the shell normal stress on is like
Equation (71) in (Murawski, 2011), or Equation (2.19)
from (Murawski, 2018):

The graphs of the functions of the normal shell stress
on, Normal strain &, transverse stress oy and transverse
strain & in the selected rectangular column (a = 20 mm,
b =28 mm, t =1 mm, L = 2500 mm), axially
compressed by force through ball-and-socket joints, are
presented in Figs. 9, 11 and 13.

The stresses and strains are proposed in dependence
of x and y, where x = 0+L and y = -a/2, -a/4, -a/20, 0.0,
a/20, a/4, al2, respectively.

The graphs of the functions of the normal stress
on x=Li2(y), normal strain & x=2(y), transverse stress
oy x=r2(y) and transverse strain g x=12(y) in the critical
cross-section (x = L/2), depending on y and X, are
presented in Figs. 10, 12 and 14 for load values set in P=
0.1, 0.5, or 1.0 Pg.

The graphs of the function of the coordinate Yon-o,
«=12(P) of a zero normal stress on x=12(y) = 0 in the
critical cross-section (x = L/2) in dependence on the load
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dependence on the load P is presented in Fig. 15b. As
also previously described, the values of Young’s
modulus E = 166600 MPa and Poisson’s ratio v = 0.3
were taken into account for calculations.

P are presented in Fig. 15a and the graphs of the function
of the deformation ALy=Ly=a22(P) in the critical (middle)
cross-section (x = L/2) of the rectangular shaped steel
shell on two opposite generating lines (y = = a/2) in
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20,30 =8 -0,000001800,00450
iag a2 B
g § LN
/IZI EI\
-0,32 1 @ 8 -+ -0,000001920,00480
-0,34 - -0,00000203|0,00508
T
a
=
0,36 -0,00000215/-0,00538 ="
>‘ c
2 s E
3 -
-0,38 - -0,00000227|-0,00568 <
-0,40 - -0,00000238|-0,00595
-0,42 -0,00000250|-0,00625
0 500 1000 1500 2000 2500
X [mm]
(@)
=+/-a/2.+/-al4 +/- ,
0,125 oy, &y, Aa(Xy=+/-a/2,+/-a/4,+/-a/20,0.0) 0,00000075(0,0000150
0,120 | L 0,00000072|0,0000144
0,115 - L 0,00000069|0,0000138
0,110 - - 0,00000066|0,0000132%
2 £
e 8 A0 & =
20,105 - < z ——ﬁ—ﬁf 2= %% "/ 0,00000063(0,0000126
\'b; \q To-e ©—0—-9 & © - /d
\ :
0.100 \E{\ A | 0,00000060/0,0000120
[\ 1Z|/
\ /
tk 2
0,095 - w ¢ - 0,00000057|0,0000114
7
A3 2
s >
0,090 I = I 0,00000054|0,0000108
0 500 1000 1500 2000 2500
X [mm]
(b)

Fig. 9: Values of (a) stress on(x,y), strain &n(x,y), deformation AL(x,y) and (b) stress oy(X,y), strain &(x,y), deformation Aa(x,y) where
x=0+L and y = -a/2, -a/4, -a/20, 0.0, a/20, a/4, a/2 respectively, for P = 0.1 P¢r in a rectangular steel shell (dimensions: a =
20 mm, b =28 mm, t =1 mm, L = 2500 mm) compressed by ball-and-socket joints
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Fig. 11: Values of (a) stress on(X,y), strain &n(x,y), deformation AL(x,y) and (b) stress oy(x,y), strain &(x,y), deformation Aa(x,y)
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rectangular steel shell (dimensions: a =20 mm, b =28 mm, t = 1 mm, L = 2500 mm) compressed by ball-and-socket joints
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Discussion of Results

The main conclusion which can be drawn out from Fig.
3a is that in order to determine the critical stresses
"™ rectanguiar fOr - general rectangular shaped shell
elements, the slenderness ratio A is not sufficient. The
critical stress estimates should be indeed related also to

the cross-section area A and to values of the section
ratios a/b and t/b.

For a given slenderness ratio A like in original Euler's
formulation) it is possible to obtain many different
values of the critical stress oc®"rectanguiar in dependence
of the cross-section area A and the ratios a/b and t/b.
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Fig. 13:

Values of (a) stress on(X,y), strain &(x,y), deformation AL(x,y) and (b) stress ay(X,y), strain &(x,y), deformation Aa(x,y) for P
= 0.5 Per, in a rectangular shell made of steel (dimensions: a = 20 mm, b =28 mm, t = 1 mm, L = 2500 mm) compressed by

ball-and-socket joints (where x = 0+L and y = -a/2, -a/4, -a/20, 0.0, a/20, a/4, a/2 respectively).
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Fig. 14: Values of (a) normal stresses-strains on, &, AL(y,x = L/2) and (b) transverse stress-strains oy, &, A2t(y,x = L/2) for P = 1.0
Pcr in a rectangular steel shell (dimensions: a = 20 mm, b =28 mm, t =1 mm, L = 2500 mm) compressed by ball-and-socket

joints

The theoretical results, moreover, show that the
simplifications used in the technical stability theory like
taking under consideration only normal stresses, the
assumption of flat cross-section planes and small slope
of central line, involves certain limitations on its
application in the engineering practice. The first of those
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limitations, for rectangular shaped shells, is that the
cross-section area A must be bigger than the unit.
Otherwise, the function approaches asymptotically to
the vertical flat plane A = 1 (Fig. 3a).
The surface function in Fig. 3a with a/b =0.714, t/b =
0.0357 equals Euler’s function oe=" (1) for A = 2.6327.
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Fig. 15: Values of (a) coordinate yen=o, x=L(P) of zero normal stress on = 0 and (b) deformation Alx=Ly=+ar2(P) in the critical cross-
section (x = L/2), in dependence of P for an axially compressed rectangular shaped shell made of steel (dimensions: a = 20

mm, b =28 mm, t =1 mm, L = 2500 mm).

Because of this reason, it is found that: o=¢"(1) >
O™ rectanguiar (4, A, alb = 0.714, t/b = 0.0357) for
A<2.6327 and o FU( )< rectanguiar(4,  Aalb
0.714,t/b = 0.0357) for A < 2.6327.

Some conclusions that can be thus drawn from the
analysis of the surface function for ce*®"rectangutar(2s, ,& =
28, t = 1) that was shown in Fig. 3b.
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With the increase of x and the decrease of y, in
particular, it is observed that the stress value
O™ ectanguiar (14,7,¢ = 28, t = 1) also increases and this
is in agreement with the original Euler’s formulation, as
also shown in Fig. 6b. The graph in Fig. 3c, moreover,
shows that with the increase of both the ¢ and y
parameters, the measured stress value e rectanguiar
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(., &= 20, t = 1) decreases at constant values of the
ratio ¢ = a/t and thickness t.

The graph in Fig. 3d, finally, shows that with the
increase of the ratio b/a and the increase of the ratio t/a,
the stress oo™ Srectanguiar(t, 7, 1 = 20, &= 28) decreases at
constant values of the ratio y = L/t and the thickness t.

Figure 4b shows that with the increase of the ratio b/a
and with the increase of ratio t/a, the stress
0" ecranguiar(b/a, t/a, A= 314.8, a = 20) decreases at
constant values of slenderness ratio 4 and a.

From the analysis of the surface function o, Pals-thin-
walled, ianguiar (A4, A, a/b=0.714) shown in Fig. 5a and of the
surface funCtlon Gcrballs—thin-walIedrectangular (ﬂ, A, a/b = 0714)
that is proposed in Fig. 5b, it is then possible to observe
that - in case of thin walled columns - with the increase of
the slenderness ratio A and cross-section area A at constant
values of the ratios a/b, the measured stress value
oyl thin-walled o auiar(4, A, a/b = 0.714) also decreases.

The surface functions oeZe s 5405 o tanguiar = (14,1,8)
and O-crEu]ervs*ba”‘vrectangular (a, b, L, t), based on Euler’s
formulation, are not sensitive to the cross-section area A.

However, the Euler’s formula does not distinguish
the obtained results in dependence on the profile of the
cross-section for the examined column.

This is indeed something that the technical stability
formulation can capture.

On the graph in Fig. 7a, it is possible to see that the
limited slenderness ratio et (A, b/a, t/a = 0.05), with the
increase of the b/a ratio, minimally decreases, while
strongly decreases at constant values of the ratio t/a with
the increase of the cross-section area A. On the graph in
Fig. 7b we see that the limited slenderness ratio Ae.ic (A,
t/a, b/a = 1.4) with the increase of the ratio t/a increases
and with the increase of the cross-section areas A
decreases strongly at constant values of the ratio b/a.

On the graph in Fig. 8 we see that the limited
slenderness ratio e (A t/a, b/a = 1.4) with the
increase of the ratio a/b increases and with the increase
of the cross-section area A strongly decreases.

On the graphs in Figs. 9a, 10a, 12a and 13a it is
possible to see that the values of the stresses on(X,y),
strains &n(x,y) and deformations AL(x,y) for P = 0.1 P,
and 0.5 P in the rectangular shell made of steel with
dimensions: a =20 mm, b =28 mm, t =1 mm, L = 2500
mm compressed by ball-and-socket joints have minus
sign, i.e., all fibers in parallel to the column axis
direction are compressed. That means also that all fibers
in perpendicular to the direction of the column axis
direction are tensioned (Figs. 9b, 10b, 11b and 12b).

From the graphs in Figs. 13a and 14a it can be
noticed that the values of stresses on(X,y), strains &(x,y)
and deformations AL(x,y) in the rectangular shell (for P
= P¢) have partially negative sign. In this region, the
fibers that are parallel to the column axis are
compressed, while they are tensioned in the direction
perpendicular to the column axis (Figs. 13b and 14b).

In the region where the stress, strain, deformation
values have positive sign, the fibers in direction parallel
to the column axis are tensioned while they are
compressed in the direction perpendicular to the column
axis direction (Figs. 13b and 14b).

The phenomena observed during past experimental
tests (Murawski and Klos, 2007) proved that the
extensions of the two opposite generating lines are
negative at the beginning of the phenomenon of the loss
of stability. With the increase of time, however, one of
them goes to positive values, as also shown on the graph
in Fig. 16. This observation is in line with the technical
stability theory (Fig. 15a) and this proves the accuracy of
the proposed theory.
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Fig. 16: (a) Extensions AL in time for a pine column (870x¢#12 mm), as obtained from (b) the strain gauges placed on the two
opposite generating lines (b) in the mid-span cross-section (Murawski and Ktos, 2007).
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The graph in Fig. 153, finally, shows the coordinate
Yon=0, x=L2(P) of @ zero normal stress on x=Lr2(y) = 0 in the
critical cross-section (x = L/2), in dependence of the
imposed load P. It is shown that this coordinate is going
from infinity to zero, while the load P increases from
zero towards Pgr.

Conclusion

The design issue of stability for load-bearing
members, in general, is a critical step of the overall
design process and should be properly addressed. In this
study, the attention was focused on the proposition and
validation of a theoretical formulation for the technical
stability analysis of slender columns in compression. The
theoretical study was thus addressed with the support of
case-study calculation examples carried out on slender
columns made of steel.
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